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CHAPTER 1
INTRODUCTION

1-1. General.
a. This series of manuals, entitled Designing
Facilities to Resist Nuclear Weapon Effects, is
organized as follows:

TM 5-858-1 Facilities System Engineering
TM 5-858-2 Weapon Effects
TM 5-858-3 Structures
TM 5-858-4 Shock Isolation Systems
TM 5-858-5 Air Entrainment, Fasteners, Pene

tration Protection, Hydraulic-Surge
Protective Devices, EMP Protective
Devices

TM 5-858-6 Hardness Verification
TM 5-858-7 Facility Support Systems
TM 5-858-8 Illustrative Examples

A list of references pertinent to each manual is placed
in an appendix. Additional appendixes and
bibliographies are used, as required, for documenta
tion of supporting information. Pertinent
bibliographic material is identified in the text with
the author's name placed in parentheses. Such
bibliographic material is not necessary for the use of
this manual; the name and source of publications
related to the subject of this manual is provided for
information purposes.

b. The purpose of this series of manuals is to pro
vide guidance to engineers engaged in designing
facilities that are required to resist nuclear weapon
effects. It has been written for systems, structural,
mechanical, electrical, and test engineers possessing
state-of-the-art expertise in their respective
disciplines, but having little knowledge of nuclear
weapon effects on facilities. While it is applicable as
general design guidelines to all Corps of Engineers
specialists who participate in designing permanent
military facilities, it has been written and organized
on the assumption a systems-engineering group will
coordinate design of the facilities.

c. Technical Manual 5-858 addresses only the
designing of hardened facilities; other techniques to
achieve survival capacity against nuclear weapon at
tacks are deception, duplication, dispersion,
nomadization, reconstitution, and active defense. A
facility is said to be hardened if it has been designed
to directly resist and mitigate the weapon effects.
Most of the hardening requirements are allocated to
the subsidiary facilities, which house, support, and
protect the prime mission materiel/personnel
(PMMP). This manual is applicable to permanent
facilities, such as those associated with weapon
systems, materiel stockpiles, command centers,
manufacturing centers, and communications centers.

d The nuclear weapon threats considered are listed
below. Biological, chemical, and conventional weapon
attacks are not considered.

- Weapons aimed at the facility itself or at nearby
targets

- A range from many, relatively small-yield
weapons to a single super-yield weapon

- Weapon yields from tens of kilotons to hundreds
of megatons

- Weapon delivery by aerial bombing, air-to
surface missile, surface-to-surface missile, or
satellite-launched vehicle

- Detonation (burst) of a weapon in the air, at the
ground surface, or beneath the ground surface

- Direct-overhead bursts for a deep-buried facility
- Near-miss bursts for a near-surface facility, pro-

ducing peak over-pressures from tens to
thousands of psi at the facility

e. The designing of facilities resistant to nuclear
weapon effects is an evolving specialty that uses a
relatively narrow data base that incorporates both
random and systematic uncertainties. The range of
these uncertainties may vary from significant (order
of 1 to 2 magnitudes) to normal (10 to 100 percent
variation from average values). The applicable uncer
tainty value depends on the specific weapon effect or
hardening objective under consideration. Loading
uncertainty is generally more significant than
resistance uncertainty. Awareness of the appropriate
uncertainty (extent of ignorance) factor is essential
not only for system engineering trade-offs, but in the
utilization of available analysis or test procedures.
Studies and experiments are being conducted to im
prove methodology, to better define random uncer
tainties, and to reduce systematic uncertainties. This
manual will be revised as significant improvements
occur in either methodology or data base.

1-2. TM 5-858-3. Structures
a. This volume delineates methodology for the
designing of structural elements and structures.
Aboveground, partially buried, and fully buried struc
tures are treated. Emphasis is placed on providing
resistance (hardness) to the airblast and ground-shock
weapon effects.

b. In addition to airblast and ground-shock loading,
protective structures must be evaluated for loads im
posed by Jther nuclear weapon effects such as ther
mal and nuclear radiation and ejecta/debris impact.
Normally, buried structures have adequate protection
against these other effects because of the shielding
provided by the ground. Aboveground structures and

1-1
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flush or partially buried structures are more suscep- .
tible to radiation and debris effects. When reinforced
concrete is used for construction, the concrete
thickness (mass) required to resist the airblast and
ground-shock loads provides shielding against radia
tion and debris impact. However, whether this
shielding is adequate depends on the thickness of the
concrete, the nuclear weapon effects environment,
and the fragility/tolerance levels of the personnel and
equipment within the structure. Techniques for
predicting the environments are provided in TM
5-858-2, Weapon Effects. Techniques for determin
ing required nuclear-radiation shielding or attenua
tion associated with various construction materials
and permissible radiation levels for personnel and
equipment can be obtained from several sources. (See,
for example, Abbot et aI., 1971.)

c. As a rule, radiation considerations will not be the
governing factor in a hardened design but must be
checked once the structure concept has been selected
and preliminary sizing of structural components
established. The design may need modification if ad·
ditional radiation attenuation is required. At very
high levels of free-field radiation, materials may be
damaged by photon or neutron energy deposition
within exposed structural members.

d. Thermal radiation from the fireball can also
damage exposed structural materials, and may re
quire installation of sacrificial surface materials on
exposed structural members. Glasstone and Dolan
(1977) discuss this subject in detail.

e. Cratering ejecta/debris or man-made objects that
are transported by the blast wave may impact hard
ened structures. The latter will be the type of debris
usually associated with tornado-tossed objects or
missiles, such· as construction materials, pipes,
telephone poles, vehicles, etc. Crater ejecta includes
earth clods and rock missiles, and the resulting load

1-2

on a structure is related to the static weight of the
ejecta plus the dynamic load due to impact. In this
case, the overall response of structural elements is
based on energy momentum balance or the impact for
cing function. Overall response includes flexure and
reaction shear in the structural element...

f The effect of impact by man-made debris depends
on the material and geometrical properties of the im
pacting object. The impact phenomenology can be
analyzed as either a localized or a gross effect. Local
damage may inelude penetration perforation, scab
bing, or punching shear in the region of impact on
the structure. The gross effect requires an analysis
of the overall response of the structural element and
must consider the "softness" or crushing of the im
pacting object. The deformation characteristics of the
debris are used to develop an applied force time
history and the analysis for overall response to the
force is performed as for an impulsive load. In analyz
ing the gross effect of a hard impact, energy and
momentum balance techniques are used to predict
maximum response.

g. In recent years a considerable number of
analyses and tests have been performed to support
hazard safety analySIS of nuclear plant facilities
under impact from tornado-tossed debris missiles. Ex
isting ballistic-missile impact equations have been
changed as a result of the analyses and new empirical
equations have been.developed on the basis of results
from simulated tornado-missile impact tests. There
are several references that provide design approaches
to localized effects and to struCtural response when
considering the gross effect of debris impact on a
structural element. (See Kennedy, 1975; ASCE, 1976;
and McDonald, 1977.) The approach used for gross
structural response analysis follows procedures
similar to those provided in chapter 8.
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CHAPTER 2
BASIC OBJECTIVES OF THE STRUCTURE

2-1. Obiectives vs. availability requirements
a. The structure, which is one system of the
multisystem facility, has three basic objectives or
functions to fulfill:

House the prime-mission materiel/personnel.
Mitigate hostile external natural en
vironments to levels tolerable to the prime
mission materiel/personnel.
Mitigate nuclear weapon effects to levels
tolerable to the prime-mission materiel!
personnel.

These basic objectives, along withtypicaJ second-level
objectives, are listed in table 2-1 and coded for their
ayailability requirements for the preattack, trans
attack, and postattack time frames. Preattack
availability is defined as the probability, at any ran
dom time until button-up or the first weapon detona
tion, that the system will be in a fully operable state.
Transattack availability is required from button-up
or detonation of the first weapon until the attack is
completed. Postattack availability is required from
the end of the attack until the facility objectives are
fulfilled. Procedures for determining the values to be

Table 2-1. Basic Objectives of the Structure

•Applicabi Ii ty

Prime- Prime-
Mission Mission

Functional Requirement Materiel Personnel

1. IIOUSE

PROVlDE Space FOR O~. O~.
Access/egress 0.&. 0.&.

ACCOMMODATE Installation OF 0
Maintenance O.&A.

2. MITIGATE OOSTILE EXTERNAL NATURAL ENVIRONMENTS

Meteorological 0 ~. O~.
Hydrologic TO 0 ~. 0 ~.

MITIGATE Tectonic LEVELS 0 ~. 0 ~.TOLERABLE
Chemical TO 0 ~. O~.
Biological 0 ~. 0 ~.

3. MITIGATE NUCLEAR-WEAPON EFFECTS

Initial nuclear radiation ~ ~
EMP ~ ~
Fireball ~ ~
Thermal radiation ~ ~
Airblast TO ~ ~
Airblast-induced ground shock LEVELS ~ ~MITIGATE TOLERABLE
Crater-induced ground shock TO ~ ~
Crater ~. ~.
Ejecta/debris impact ~ ~
Ejecta/debris depth ~. ~.
Dust ~. ~ •Firestorm ~.

Q.
Residual nuclear radiatioQ ~. ~ •

.
AppJicahiJ it y Preuttack Tr,on,"! T"ck Postattack

Applic.bl e to most missions 0 ~ •Mission-peculiar appl i cabi I i ty 6- .& A
U.S. Army Corps of Engineers
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assigned to each time-frame duration are described
in TM 5-858-l.

b. In general, design procedures to satisfy re
quirements for preattack availability follow conven
tional standards of design that meet structure integ
rity, cost, and environmental requirements. Ap
propriate military building codes will be appli~able

for housing and for mitigation of hostile external
natural environments. Special considerations of
seismic risk will be considered for seismically active
regions. Because of the need to mitigate nuclear
weapon effects (harden the system), conditions im
posed by transattack and postattack availability re
quirements will result in hardened system concepts
that will dictate supplementary design criteria for
preattack availability. Subsystems beyond the struc
ture itself that require extraordinary design because
of hardening the facility are delineated in TM
5-858-4, TM 5-858-5, and TM 5-858-7.

c. Transattack and postattack availability re
quirements will dictate the design criteria for mitiga
tion of nuclear weapon effects. The design objectives
are threefold: (1) the structure and its contents must
be able to experience tolerable levels of nuclear
weapon effects (attenuation of input); (2) they must
survive the effects (resisting capacity); and (3) essen
tial functions must remain intact (uninterrupted
performance).

2-2

d. The structure is the principal facility subsystem
that provides transattack availability. Attenuation
mitigates most of the nuclear weapon effects to
tolerable levels; depth of burial, thickness ofconcrete,
steel liners, sealed environments, and isolators are
various methods employed. The effects of airblast,
ground shock, and, in some cases, ejecta impact have
to be further mitigated by designing structural
elements that have the resisting capacity to maintain
structural integrity-elements with sufficient
strength and ability to deform.

e. Design objectives for postattack availability are
dictated by endurance criteria. Attenuated levels of
nuclear weapon effects such as radiation, dust, and
firestorm have to be maintained until the external
hostile environment allows egress. Furthermore, the
postattack mission may have to be carried out in such
an environment. The endurance period is therefore
a totally or partially buttoned-up period during which
the structure must provide the housing for prime
mission materiel and personnel.

f Multiple attacks may occur and facilities may
have to be designed to resist them. If the intervals
are very short (seconds or minutes), the entire multi
attack period is a transattack availability period. For
longer periods (hours, days), transattack- postattack
transattack sequences must be considered. For multi
ple attack, design procedures must include nondete
riorating design details as provided in chapter 7.
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CHAPTER 3
DESIGN REQUIREMENTS

3-1. Introduction.
a. The structure design must meet a set of re
quirements prescribed by the facilities system
engineering group or its equivalent. These re
quirements will be continually refined as the facility
develops.

b. General design and construction for preattack
environment will, at the least, adhere to standard
practice as defined by military specifications and stan
dards, such as those pertaining to reliability, main
tainability, and safety. In seismically active regions,
design requirements will be specified.

c. One or more of the following 13 nuclear weapon
effects will be specified, depending on the specific
threat and facility:

- Initial nuclear radiation
- Electromagnetic pulse (EMP)
- Fireball
- Thermal radiation
- Airblast
- Airblast-induced ground shock
- Crater-induced ground shock
- Crater
- Ejecta/debris impact
- Ejecta/debris depth
- Dust
- Firestorm
- Residual nuclear radiation

These specifications will be presented as curves,
tabulated data, and mathematical relationships.
Volume TM 5-858-2 discusses nuclear weapon
effects.

d. Environmental compatibility requirements may
be imposed. Typical requirements will be related to:

- Construction environment abatement
- Site-conforming structure
- Site disturbance and renovation

3-2. Functional requirements

The functional requirements of the structure will be
defined by the facilities system engineering group.
The group will state the time frame in which each
function must be accomplished and the beginning and
end conditions of each function. The structure objec
tives listed in chapter 2 represent very sketchy
delineations of first-level functional requirements.

3-3. Technical requirements

Each functional requirement will be translated into
a set of quantitative technical requirements. Ex
amples of technical requirements are:

- Volumes, areas, and dimensions
- Size and location of penetrations (access/egress

and umbilical)
- Loads imposed by the housed materiel and per

sonnel, such as heat, moisture, pressure, vibra
tion, chemical, forces, etc.

- Fragility levels imposed by materiel and person
nel, such as radiation, pressure, shock, dimen
sional distortion, rigid body rotation, loss of gas
or liquid seal, etc.

3-4. Technical design criteria

a. Site. The site will be characterized as defined in
chapters 1 through 9 of TM 5-858-1.

b. Service life. The service life will be specified as
a minimum period during which the .structure pro
vides specified functions without requiring major
rehabilitation. The service life specified for the struc
ture will, in general, be 20 years. Often, a design is
required to be adaptable to upgrading for extended
life.

c. Availability. The structure availability will be
specified as a minimum percent oftime during a given
preattack period wherein the structure must be in a
committable state at the start of the attack, when the
attack occurs at an unknown (random) point in time.
Structure availability will, in general, be specified as
~99.9 percent in any calendar year.

d. Hardness. Specifications of design hardness will,
in general, take the following deterministic form:

Design the structure for the
name of weapon

__ and attendant effects from __ _ kt (or
effect number yield
Mt) weapon(s) detonated at a range of ft

and a height of ft.

Such a specification will be repeated for each weapon
effect appropriate to the facility of interest. An
equivalent single-weapon attack representing the ef
fects resulting from a certain number of bursts may
be specified, or the designer may be given multiple
weapon attack criteria so that the effects of material
degradation can be included.

e. Endurance. The structure endurance will be
specified as a minimum period oftime that the struc
ture must successfully perform its functions after hav
ing absorbed the first burst or after button-up~ This
period can range from minutes to months.

f Design reliability. In general, it will be specified
that the design be based on mean (average or ex
pected) value of any design parameter whose inherent
uncertainty leads to significant perturbation of the
total system cost. A conservative bounding will be

3-1
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used for all other parameters. For example, mean
values would be used for the cost-significant
parameters of the following generic variables, as
required: ..

- Weather conditions
- Atmospheric conditions
- Geologic conditions

3-2

- Weapon-effect parameters
- Physical, mechanical, thermal, electrical, and

chemical properties
- Dimensions, areas, volumes
- Analysis assumptions
- Failure levels
- Workmanship
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CHAPTER 4
DESIGN PHILOSOPHY

4-1. Major elements
a. Introduction. Because of the high cost of structural
hardening and the probabilistic nature of success (or
failure) of a system subjected to a nuclear weapon at·
tack, the design philosophy for translating the re
quirements presented in chapter 3 into rational, cost·
effective hardening designs will have many unique
provisions.

b. Select structure failure mode. In addition to struc
ture collapse, one or more of the following-when
excessive-might constitute structural failure, de·
pending on the tolerance criteria of the housed
system:

- Radiation rise inside the structure
- Pressure rise inside the structure
- Dimensional distortion of the structure
- Rigid-body rotation or tilt of the structure
- Degradation of the structure material due to

nuclear radiation, heating, or straining
- Loss of gas or liquid seal
- Quantities of projectiles, debris, or dust

penetrating the structure
- Quantities of projectiles, debris, or dust

generated within the structure
- Transmission of shock to structure contents

It may be cost effective to conceptualize the structure
and (as required) the housed system and facility
materiel so that structure collapse is the predominant
and overriding structure failure mode. The reconcep
tion of the system and facility materiel is a
facilities/system engineering responsibility (TM
5-858-1).

c. Maximize energy absorption. It will be cost effec
tive to maximize the inelastic energy absorption
capacity of a structure whose failure mode is struc
ture collapse. This can be accomplished by designing
a ductile structure. Deflections beyond the dynamic
yield point of the material are defined by a ductility
factor, JA, which is the ratio of maximum acceptable
transient deflection, om' to deflection at effective
elastic yield point, Oy. The allowable value of JA to be
used depends on the material properties and the
failure mode used for each individual element. When
the failure mode is structure collapse, large inelastic
deformations are permissible up to the threshold of
collapse. However, very large deformations of struc
tures may cause instability. Although individual
structural elements may have very large permissible
ductility factors, the ductility factor for the complete
structure should be determined by consideration of
the overall response of the structure. When failure
is defined by deformation tolerances, it is sometimes

necessary to design the element to remain elastic; i.e.,
a ductility factor of unity is used.

d. Minimize synergistic damage. In order to
minimize the attractiveness of multiple-warhead at·
tacks, minimize synergistic damage (total damage
greater than the sum of the increment-s). The most
common examples of synergistic damage are the P -
oeffect in severely distorted structural members, the

local buckling of steel structural members, and the
shear resistance degradation of concrete structural
members in areas of high bending moment. (P - 0 ef
fects are secondary moments in axially loaded struc
tural elements resulting from the drift or distortion,
due to lateral forces, of the member.) The P - 0 effect
and local buckling can be minimized by judicious
selection of the state of incipient structure collapse
used as a failure criterion. The effect of shear
resistance degradation in concrete members can he
minimized by proper detailing, as discussed in chapter
7.

e. Minimize air-borne debris. Protect structures sen
sitive to impact from air-borne debris, such as radar
faces and antenna structures, by controlling
unhardened construction on the site. Unhardened
structures should be located far enough from the
hardened structure so that particles of debris carried
by the overpressure shock wave will drop to the
ground before they can reach the structure. If, for
functional reasons, such structures must be located
within this critical distance, they should be so de
signed that they will not become a source of debris.

f Separate design and refined analysis activities.
Computerized analyses, such as dynamic, inelastic,
and two- and three-dimensional analyses for struc
ture/medium interaction or structure response, will
provide: (1) inputs and validation to the ongoing
design, and (2) postdesign validation. The design
group will direct and integrate all analyses (which
may be executed by others) with the designing.

g. Quantify uncertainties. Properties of structural
materials, behavior of structural members, and ap
plied loads are not fully predictable and are therefore
sources of uncertainty. As a result, the safety and ser
viceability of a proposed structure cannot be achieved
in an absolute manner. A rational structural design
procedure must consider all uncertainties involved in
the design process and maintain a desired level of
reliability for a proposed structure.

(1) The desired levels of reliability are obtained
by assigning acceptably small values to the prob
abilities of undesirable response. Because of the
uncertainties and risk involved, such a design pro
cedure must be based on the theory of probability and
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be developed at the concept stage. Loads and
resistances must be defined for final design.

(2) Assessment of failure probability requires
quantification of the following uncertainties:

- Applied Loads (peak value, duration, wave
form)
(elastic limit, ultimate
strength, modulus, Poisson's
ratio)

- Resistance Models (flexural, shear, axial, and
bearing resistance capaci
ties)

- Natural Frequencies and Mode Shapes
- Structural Damping
- Approximations in Mathematical Models
- Quality Control of Construction

Methods of estimating these uncertainties are dis
cussed in appendix A.

4-2. Design procedure

a. Step 1. Determine the mean and coefficient of
variation values of all load and resistance terms, ac
counting for uncertainties and for errors in modeling.
Use both statistical data and theoretical models as
input. (See typical examples in appendix A.)

b. Step 2. Determine component reliabilities
against various failure modes, using failure modes
specified by the facilities system engineering group
(TM 5-858-1).

c. Step 3. Determine design parameters such as
safety factors, capacity and reduction factors, and load
factors, using values derived in steps 1 and 2 as input.

d Step 4. With design parameters determined, pro
ceed as for deterministic design. The values calculated
for steps 1, 2, and 3 will vary from site to site, from
structure to structure, and even for different points
within a structure.

4-3. Depth selection

a. Depth classifications. The depth at which the struc
ture is constructed has a profound influence on the
structure concept, hardness, cost, and design pro
cedure. Cost-effective structure concepts and hardness
levels are shown in table 4-1 for five generic depths.
The resistance/geometry lists in table 4-1 are
presented in the order of increasing hardness. Choice
of structure configuration must consider the
resistance levels, site conditions, and operational re
quirements. Unless the intended function dictates
aboveground construction, or unless the required
resistance levels are quite low, construction
belowground will be most cost-effective.

b. Aboveground. A structure is classified as
aboveground when all or a portion of the structure
projects above the ground surface (fig. 4-1).

4-2

c. Flush. A structure is classified as flush when it
is countersunk in the ground so that the structure roof
is level with the ground surface (fig. 4-2).

d. Partially buried. A structure is classified as par
tially buried when it is beneath a soil cover deep
enough to defeat initial radiation, ejecta/debris im
pact, and residual radiation, but shallower than one
half of the structure diameter (fig. 4-3). (Consider
structures with mounding slopes steeper than 1:4 to
be aboveground structures subject to overpressure
and ground-shock loadings.)

e. Shallow buried. A structure is classified as
shallow-buried when it is covered by soil at least one
half ofthe structure diameter in depth, yet the struc
ture is still close enough to the surface that it cannot
absorb direct overhead bursts (fig. 4-4).

f Deep buried. A structure is classified as deeply
buried when it is buried to a depth that allows the
structure to absorb direct overhead bursts (fig. 4-5)..

4-4. Selection of structural concept
a. Tradeoff analysis. If the structure design re
quirements do not dictate or implicitly suggest the
depth classification, the structure designer is faced
with performing tradeoff analyses among the can
didate classifications. All other things assumed to be
equal, select the classification that minimizes the
number of applicable weapon effects (table 4-1). Study
carefully the operations and equipment to be housed,
since these determine acceptable clear spans and ac
ceptable space configurations. The availability of good
foundation material is also an important factor in the
choice of structure type.

b. Resistance level. For efficient use of construction
material, shell configurations (arch, dome, cylinder)
are superior to box structures (flat slab and wall
elements). Slab thicknesses become excessive with in
creasing combinations of loading and span. When
large clear spans are required for functional reasons,
the shell type of structure may be demanded.

c. Space utilization. Space is better used by box
structures since the interior clear height does not
decrease near the exterior walls as it does in shell
structures. Using space in zones of reduced headroom
may be difficult and can result in wasted floor area.

d Foundation design. With box structures the ver
tical load is transmitted to the foundation material
by many columns and walls and is thereby distributed
over the entire area of the structure. Foundation loads
for arch and dome structures are concentrated at the
perimeter and may require installing massive
footings or carrying the foundation deeper in order
to reach rock or more competent soil.
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(a) Safeguard radar power plant (box type)

LAUMCH PREPAMT IOH
EOotll PMENTVAl!LT

LPEV

I1ECHAH I CAL ENV IROHH£NTAl
EOoUIPMENT VAULT

LAUNCH RAIL

BAFFLE

COVERS~ ~ TRACKS TO PERMIT
~~~~/ COVER REHOVAL FOR
'~ ~.' LOADING AND HAINTENANCE

LAUNCH RAI L

SPARTAN MISSILE

NOTE: SHOCK ISOLATION SYSTEM NOT SHOWN

(b) Spartan launch cell (silo)
U.S. Army Corps of Engineers

Figure 4-2. Example of Flush Structures
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KAIN ACCESS SHAFT

MIN UTILITY SHAFT
("IKING ACCESS SHAFT)

lUST
LOCI

u.s. Army Corps of Engineers
Figure 4-5. Example of a Dee~Buried System

'JO"K CIWIIE"
(I'll NING)

4-5. Development of structure concepts

a. Requirements. Final design of a hardened struc
ture must be preceded by a systematic effort to ar
rive at the optimum configuration that satisfies all
functional and protective requirements. In brief, the
requirements the structural system must satisfy are:

- Meet the functional requirements of the system
it will house by providing space and the desired
environment

- Protect the contained equipment, materiel, per
sonnel, and internal environment against
specified weapon effects

- Be designed for economical construction within
reasonable time schedules

There are, at times, special additional requirements.
For example, it may be specified that an underground
military center be designed to remain sufficiently in
tact after multiple attacks so that access/egress at a
predetermined time is possible.

b. Selection of candidate concepts. Select several
geometric concepts for feasibility of construction, for
specific advantages in the internal layout of space,
and for necessary structural resistance to both static
and dynamic loads.

c. Evaluation of candidate concepts. Evaluate con
structibility in terms of cost and schedules. Evaluate
each concept for its adaptability to the changing re
quirements of the system it will house.

d. Selection ofpreferred concept. The preferred con
cept must satisfy at least all functional requirements
and it should meet schedules for beneficial occupancy.
If several candidate concepts meet these re
quirements, the results of a cost-effectiveness analysis
should be the criteria for final selection.

e. Design considerations during concept selection.
Consider the following:

(1) Where possible, use curved surfaces to resist
blast pressures with membrane stresses. Arch and
dome structures with flat foundations require base
slabs that resist soil reactions by flexural and shear
stresses. Cylindrical structures with hemispherical or
ellipsoidal ends and spherical structures resist all
loads primarily by membrane action.

(2) Reinforce openings in the shells for blast
valves and doors with a thickened section ofthe shell
in the form of a ring. Localized bending at the ring
and membrane stresses should be resisted by the
reinforcement.

4-9
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(3) In relatively rigid structural elements, such
as reinforced-concrete slabs, stresses are usually
determined by assuming a uniform application of the
blast pressures. However, any effects of nonunifor
mities in loading should be resisted by the proper
placing of reinforcing bars. For structures with flexi
ble walls, such as corrugated metal tunnels and
shafts, design the structures to maintain their stabil
ity under dynamic and static loading. Consider also
the effect of nonuniform loading as the blast wave
travels along the structure.

(4) Even small relative motions as the blast wave
travels along the structure are critical at rigid con
nections, such as junctions of pipes with structures,
tunnels with structures, and any point of stress con
centration where relative movement is possible be
tween two structural elements. Minimize the number
and amplitude of these movements.

(5) Downdrag forces developing between soil and
the structures buried in soil are often significant.
These are forces that are applied to the exterior walls
of a structure as the soil around the structure is com
pressed by the blast overpressure. The maximum
value that the downdrag can attain is the shear
strength of the soil. Downdrag forces are usually a
large percentage of the total dynamic load.

(6) Equipment and personnel inside the structure
are often placed on shock-isolated platforms. The
shock-isolated internal structures are supported from
the external structure by hangers, columns, or beams,
depending upon the shock-isolation system used, and
space for relative motion is allowed. The shock
isolation system to be used has a strong influence on
the final configuration of the structure (TM 5-858-4).

(7) The housed system and the facility may be
designed concurrently. Therefore, if changes in the
housed system are made while the facility is being
designed, changes in structure design (sometimes
drastic) must be accommodated with minimum
change in concept. The design assumption that
everything will end up larger than originally specified
is safe but expensive. System changes should be an
ticipated as far in advance as possible.

4-6. Preliminary design
a. Define the interface between the facility and the
housed system. Analyze all housed system re
quirements and evaluate their effect on the design of
the structural system.

b. Specify the nuclear weapon effects in the form
of design criteria and develop this information with
relation to the site and structural concept selected.

c. Identify design loads: Overpressure, ground
shock, earth loads, dead loads, and live loads. For ex
ample, calculate the attenuation of overpressure with
depth, the load distribution on the structure, the ef-

4-10

feet of load duration relative to the natural period of
the structure, and the downdrag forces.

d Determine the allowable stresses and the
allowable ductility factors for the various elements.

e. Specify, in outline form, structural materials and
the required properties, as well as the type of con
struction, backfill, and finishing.

f Compute sizes, thicknesses, basic dimimsions,
and layout of all structural elements.

g. Include enough detail in the drawings that a
preliminary design of the structural system may be
clearly expressed in terms of plans, elevations, and
sections.

4-7. Final design detailing
a. Concrete detailing. Detail the members and con
nections for continuity, ductility, and resistance to
loads in any direction. Diagonal tension reinforce
ment should be perpendicular to the member axis
because inclined bars form planes of weakness under
conditions of shear reversal (rebound). Doubly rein
forced members with the reinforcing adequately tied
are more ductile than singly reinforced sections.
Joints should be detailed for ductile behavior of the
completed element. Overreinforced members fail by
crushing the compression concrete without tension
reinforcement yielding. Avoid this type of brittle
failure in hardened construction by using underrein
forced design procedures. When heavy concentrations
of longitudinal reinforcing are required, provide for
adequate transverse reinforcement using ties, stir
rups, or transverse bars to prevent bond failure where
splitting of the concrete occurs.

b. Steel and composite construction. Arch or circular
sections for underground construction, steel beams for
composite construction, and steel doors/closures are
examples of economical steel construction. Ductility,
continuity, and development offull plastic strengths
at joints are also required for steel construction.
Design the connections so that ductile behavior takes
place in the member. Design the connections for ten
sion members to develop the yield strength of the
member. Properly detailed welded joints provide max
imum structure continuity and a minimum of local
stress concentration. High-strength bolted joints for
shop or field connections are acceptable substitutes
for welded connections. Bolted connections utilizing
A-307 bolts should not be used in blast hardening
design. Proceed with final design detailing after all
major design decisions have been made.

4 - 8. Design verification
Verify structure performance under specified weapon
effects by performing design verification analyses,
described in chapter 9. (Read also TM 5-858-6 for ex
panded discussion of methodology and procedures in
verification analyses.)
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CHAPTER 5
MATERIAL PROPERTIES

5-1. Materials of interest

There are five materials commonly encountered in
unhardened structure design that are also of interest
in design of hardened structures:

- Concrete and reinforced concretes
- Steels
- Plastics and reinforced plastics
- Soils (gravels, sands, silts, and clays)
- Rock masses

Because of the rebound characteristics, prestressed
concrete should not be used in hardened structures.
Plastics are sometimes used as an integral part of a
rugged mechanical or structural system. The last two
are, of course, the geologic materials of the structure
site. To achieve ground-shock attenuation between a
rock site and the structure, backpacking materials
such as concrete, plastic, select gravel, and select sand
can be used.

5-2. Material properties required for design

a. Knowledge of physical, mechanical, and thermal
properties of materials is required for hardened
design. Corrosion and aging will modify several of the
properties and must be accounted for during design.

b. Physical properties of interest are:
Unit weight
Porousness
Permeability
Moisture content
Grain size and distribution
Planes of weakness (macroscopic)

c. Mechanical properties:
Moduli of deformation
Creep rate
Yield strength
Fracture strength
Shear strength
Cohesive strength
Fatigue strength
Ductility
Internal damping

d. Thermal properties:
Coefficient of expansion
Conductivity
Specific heat
Ignition temperature
Melting-point temperature
Boiling-point temperature
Heat of fusion
Heat of vaporization.

e. Understanding the physical and mechanical
properties is required for design against initial radia-

tion, airblast, ground shock, ejecta/debris impact, and
dust erosion. Understanding the physical and ther
mal properties is required for design against EMP,
fireball, thermal radiation, and firestorm effects.-

f Understanding the properties of the structural
materials is more important for protective construc
tion design than for conventional design because the
loadings from nuclear weapon effects are unusually
severe and because construction costs must be
minimized without jeopardizing critical functional re
quirements. Consider the deformations and stresses
induced in members as they approach or exceed the
yield. Also, allow for the special changes that occur
in the engineering properties ofloading rate sensitive
materials subjected to rapidly applied loads.

g. Understanding the physical properties of soil and
rock is required for predicting the ground shock from
a nuclear detonation at a particular site, predicting
the cost of excavation, and comparing structural con
cepts. This knowledge is required when the selection
of a site is still flexible. In the early stages of site selec
tion, before borings and soil tests have been made,
it is usually necessary to enlist the aid of a trained
geologist in predicting the types of materials to be
encountered.

5-3. Assignment of numerical values

a. Assign numerical values to the properties of
materials that will reflect the material in place on
a specified attack date and under specified type and
rate of load application. In general, the modifying ef
fects of nuclear radiation and load interaction (e.g.,
the effect of temperature on yield strength) are small
but both should be examined. Some loads require ex
ceptional design, e.g., a sacrificial material thickness
(real or calculated) used to absorb intense nuclear and
thermal radiation.

b. Definition of physical properties is generally
based on laboratory testing of enough specimens to
establish mininium and average values; refer to
TM 5-858-6 for the statistical sample size of
specimens required to establish minimum and
average values.

c. Disparity between specified minimum values
and average in-place values is most pronounced for
mechanical properties of structural materials.
Average in-place strengths of concretes and steels, for
example, can exceed the minimum specified by
several tens of percent. Use an enhancement factor
of 1.15 for estimating the in-place average yield point
of steel. To estimate the mean value (qu) of the un
confined compressive strength of concrete, three

5-1
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separate enhancement factors must be applied to the
specified minimum strength as indicated in the
following equation:

d. In defining thermal properties it should be noted
that the coefficient of expansion will vary several tens
of percent over the range of possible thermal
re~ponses (from cold weather temperatures to near
melting temperatures); however, a single equivalent
value of the coefficient is adequate for all stages of
design. The modeling of the more highly temperature
dependent conductivity and specific heat parameters
(several hundred percent variation) should refle'ct the
criticality of the response. The temperature
dependence ofthe coefficient of expansion, conductiv
ity, and specific heat is well documented for the five
generic materials of interest.

e. Design and detailing of structures must ensure
ductile behavior. Except where system requirements
mandate that stresses in structural elements not ex
ceed yield values, take advantage of the yielding of
the material. However, where yielding occurs and the
amount of yielding must be limited, select appropriate
values for the ductility factor 1.1. the ratio of maximum
allowable deformation to the yield deformation). The
allowable value of 1.1. will dependon the function of
the particular element, the type of failure mode, and
the construction material. Table 5-1 gives recom
mended 1.1. values for structural steel and reinforced
concrete.

5-4. Static properties of structural steel

a. Metals can be grouped in two classes based on their
lattice structures. The first class is the face-centered
cubic, and includes aluminum, copper, and steels that
are heat-treated or cold-worked until they lose the
definitive yield point characteristic of these metals.
The second class of metals is the body-c~nteredcubic
lattice, and includes structural ,and alloy steels.

(5-1)

1.15 (average enhancement of design mix
to assure the specified minimum)

FG= R/I00 (enhancement due to aging)
, 2 1/2R = 1O[l7,0156-(loglOdays-2,76343)]

- 1.909356
FD= 1.25 (dynamic enhancement)

The above values for enhancement are typical sug
gested averages each of which may be modified or
refined depending on the information available. As
an example, FQ may be reduced to 1.1 or less when
very careful control is exercised; this often is done in
constructing test structures. In analyzing existing
structures when a record of the cylinder tests is
available, FQ may be modified to account for the dif
ference in the specified minimum and the average
cylinder breaking strength. The equation for com
puting FG is based on moist curing at 73 OF for the
number of days indicated up to 580 days (FG assumed
to remain constant after 580 days). If moist curing is
discontinued after a time, the FQ for the days of moist
curing should be added to 0.03 percent per day for the
days in dry air; when cured only in dry air, assume
moist curing for 7 to 13 days depending. on how
massive the section and the relative surface area ex
posed to air. The dynamic enhancement factor (FD)

is dependent upon the rate of strain, discussed in
paragraph 5-6b for concrete and paragraph 5-5b for
reinforcing steel.

Table 5-1. Allowable Ductility Factors for Structures*

Design Structural Reinforced
Controlled Steel Concrete

Flexure 5.0 3.0

Shear 5.0 1.3

Axial Compression 1.3 1.3

Ring Compression 2.5 1.3

*Chapter 8 contains ductil ity data
for elements

U.S. Army Corps of Engineers
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Metals of this class have a yield level that is in
fluenced by the rate of loading. An effect of carbon
and other additives is to produce steels with a distinct
yield strength, ultimate strength, and elongation at
fracture. The most commonly used structural steel is
A36, which is a mild, or low-carbon, steel capable of
withstanding large strains at fracture. High-strength
steels are produced by adding various percentages of
alloying elements that increase the yield and ultimate
strengths while decreasing the elongation at fracture.

b. The stress/strain curve in figure 5-1
demonstrates a number of the mechanical properties
of steel. In addition to the terms shown in figure 5-1,
the following are important:

(1) Shear modulus of elasticity, G, is the ratio of
shearing stress to shearing strain within the elastic
range, and may be determined by the expression

v = Poisson's ratio
E= Modulus of elasticity

For steel, the common value of v ranges from 0.25 to
0.33 in the elastic range.

(2) Impact strength is the ability of the steel to
absorb energy at high rates of loading.

c. The stress/strain curves for a number of steels
are shown in figure 5-2. These curves are for
minimum properties defined by the corresponding
American Society for Testing and Materials (ASTM)
standard. The actual tensile properties may differ
from these values significantly. Figure 5-3 shows the
distribution of upper yield strengths of mild steel
specimens representing 33,000 tons of steel procured
for nine different projects over a 13-year period.

d In reinforced concrete structural members which
are underreinforced, the energy absorption is directly
related to the strength and elongation of the yielding
reinforcing bars. (Elongation is a measure of the duc-.
tility of steel and the ability of the structural member
to absorb energy. At fracture, elongation varies from
about 20 to 34 percent). In the rolling of deformed
bars, the steel is cold-worked or strain-hardened
which increases the strength but reduces the elonga
tion. The minimum tensile strengths of deformed bars
and wires and the minimum allowable elongations
are specified by ASTM.

e. Steel plates varying in thickness from 1/2 to 2
in. have been heated continuously at high
temperatures and tested, with the results shown in
figure 5-4. The modulus of elasticity of structural
steel decreases as the temperature increases. Up to
a temperature of 900 of, the decrease in the modulus
is approximately linear and is equal to about 650,000
psi per lOO°F increase. Above 900°F, the modulus of

G = E
2(1 + v)

where

(5-1)
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elasticity decreases at a greater rate (Bresler et al.,
1968).

5-5. Dynamic properties of steel

a. Figure 5-5 shows the effect of dynamic loading on
the stress/strain diagram for mild steel. It is seen that
the yield stress increases to some dynamic value fds '
the yield-point strain increases, the modulus of
elasticity remains constant, and the ultimate strength
increases slightly. The most important dynamic prop
erty is the increased yield strength, shown in figure
5-6 for mild steel.

b. The effect of dynamic loading is the same for·
deformed reinforcing bars as it is for structural steel.
Figure 5-7 shows the dynamic yield stress for in
termediate and structural grades of reinforcing steel
loaded at various rates. Intermediate-grade reinforc
ing bars with static yield stresses from 39.5 ksi to 54.6
ksi were tested at loading times as fast as 5.0 msec
(Keenan-Feldman, 1960). The average stress rate is
plotted against percent increase in yield stress in
figure 5-8 and the average strain rate is plotted
against increase in yield stress in figure 5-9.

c. Lateral stress, temperature, and rate of loading
all have an influence on whether steel will behave
in a brittle or ductile manner. Under normal condi
tions, steel loaded uniaxially behaves in a ductile
manner, yielding when slip due to high shear stress
occurs along certain cleavage planes. The shear stress
at which slip occurs along these cleavage planes is
the yield strength and the maximum principal ten
sion stress at fracture is the brittle strength. The brit
tle strength of steel is not affected appreciably by
temperature variations and increases slightly with
impact loading (Bresler, et al., 1968; Gaylord-Gaylord,
1968) (fig. 5-10). Yield strength, on the other hand,
increases both at lower temperatures (fig. 5-4b) and
with increased loading rates (fig. 5-5).

d. The effect of state of stress can be seen by com
paring two simple elements: one loaded uniaxially
and one loaded triaxially, with both lateral stresses
equal (fig. 5-11). In the uniaxial element, yielding
occurs when the axial stress exceeds two times the
shear stress 01u)' This stress at yield is less than the
brittle strength and the material will have a ductile
behavior. The triaxial element, on the other hand,
yields when the maximum principal stress (oz) ex
ceeds the lateral stress (ox) plus two times the shear
stress 01u)' This higher principal stress respresents
a higher yield stress. If the lateral stress (bx) is large
enough, then the yield stress in the primary direction
will exceed the brittle strength and the steel will frac
ture without yielding. This difference in material
behavior is significant for structural elements that
are confined in the direction perpendicular to the

. loading, such as closures with edge restraints under
normal loading.
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e. Residual stresses provide lateral stresses in an
element. This condition increases the yield stress in
the primary direction and makes brittle fracture more
likely. In structural members, residual stresses are
produced by rolling, which strain-hardens the steel,
and by differential cooling rates at various points in
the structural shape. Effect of residual stresses must
be included in analysis when the allowable stresses
are at yield level. The heat of welding, particularly
improper welding, produces differential temperatures
in the steel member, causing residual stresses. Bolt
holes cause high residual stresses at points of max
imum load stress.

f A measure of the ductility or brittleness of steel
is determined from the Charpy V-notch test (ASTM,
1972). In this test a standard rectangular beam with
a V-notch at midlength is struck by a pendulum. Each
steel alloy has a characteristic brittle transition
temperature, below which the steel exhibits brittle
behavior. The energy absorbed as determined by the
Charpy V-notch test at the transition temperature is
15 ft-lb. As the temperature is increased above the
brittle transition temperature, a second transition to
ductile behavior occurs with Charpy V-notch energy
absorption of 45 ft-lb, as shown in figure 5-11. Steels
with lower transition temperatures are less likely to
experience brittle fracture. A few typical transition
temperatures corresponding to 15 ft-lb of energy, as
determined by Charpy V-notch test, are tabulated
below:

Steel Transition Temperature, of

A36 +30
A441 +15
A514 -50

g. A number of factors in the welding process can
degrade weld metal, decreasing the strength of the
weld. Such defects may not be visible. It is essential
to follow the welding and inspection procedures
established by the American Welding Society (AWS).
In good welding the metal is normally stronger than
the adjacent parent metal. For full penetration welds,
most specifications prescribe tensile, compressive, and
shear stresses equal to or greater than the adjacent
parent metal. AWS specifications and the American
Institute of Steel Construction (AISC) manual should
be consulted for minimum mechanical properties for
various electrodes. The AISC Manual (latest edition)
specifies the recommended design stresses. The same
general mechanism that produces dynamic increase
in the yield strength of the parent metal produces a
comparable dynamic increase in the weld metal. Since
the weld is designed to be stronger than the parent
metal for static conditions, it will also be stronger for
dynamic loading. Enhancement factors can be applied
to the minimum stresses specified in the AISC
Manual.

5-12

h. Since standard unfinished bolts normally show
little or no yielding, bolted joints should not use
A-307 bolts. High-strength bolts should be used for
all shop and field connections. The proof load, which
is the required AISC tension load for bolts, is taken
as 0.7 times the ASTM designated tensile strength
of the bolt. In computing tensile loads, use tensile
stress area as defined in the AISC Manual. For shear
capacity, take either the shank area or the root area
through the threaded section, depending on where the
shear plane is. The minimum strength specifications
for various types of bolts are given by ASTM (1968).
In blast design, friction-type joints are not permitted.

5-6. Conventional-strength concrete

a. Reinforced concrete adapts readily to unusual con-"
figurations and loading conditions. Even though con
crete is brittle, reinforced-concrete structures can be
designed to respond to dynamic loading in a ductile
manner and are well-adapted to survive dynamic
loading conditions. Chapter 7 describes special design
details that insure inelastic behavior with minimum
deterioration in stiffness and energy dissipation
under repeated loadings.

b. The unconfined (uniaxial) compressive strength
of concrete f~ increases with rate ofloading (fig. 5-12).
As the rate of straining increases, f~ increases and the
modulus of elasticity Ec corresponding to the initial
slope of the stress/strain curves increases slightly, but
the strain at maximum stress remains nearly con
stant. However, a constant value for Ec should be
used. Figure 5-13 shows an average curve for the
dynamic increase in concrete compressive strength
with increase in rate of strain. A range of strain rates
is shown for average concrete structural members
under dynamic loads. For rates of straining between
0.03 and 0.3 in./in./sec, the increase in compressive
strength will usually vary from 20 to 40 percent, with
25% assumed as the average increase. Determine the
average rate of strain by dividing the yield-point
strain by the time to reach yield point. Use dynamic
analysis to determine time to reach yield point; using
the known yield-point strain (normally assumed as
0.002), obtain the average rate of strain. A dynamic
increase factor corresponding to the actual rate of
strain can then be determined from figure 5-13. The
dynamic strength of concrete in compression, fdc ' is
normally assumed to be 1.25 f~, unless otherwise
determined from data similar to figure 5-13. The
ultimate strength of concrete in tension, shear, and
bond may also increase under rapid rates of strain.
However, because conclusive data on the effects of
strain rate are lacking, no increases for dynamic
loading should be made of these states of stress.

c. The design strength of concrete is usually
specified as the minimum strength achieved 28 days
after pouring. However, cement continues to hydrate;



1M 5-858-3

6~----r------r-------r'----------
AV STRAIN RATE =

V"l
Q..

o
o
o

V"l
V"l
L.LJ
c::
I
V"l

O.l 0.2 0.3 0.4 0.5
STRAIN, PERCENT

Figure 5-12. Effect of Rate of Strain on Stress/Strain Curve for Concrete Compression Tests (Watstein-Bores~ 1952)

2.0 r------,r-------r----...---........--..-------

APPROXIMATE RATE OF STRAIN
FOR STANDARD 28-DAY
COMPRESSIO~ TEST

• STRONG CONCRETE (AV f' ~ 6210 PSI)
C -01---4

• WEAK CONCRETE (AV fl. 2530 PS I)
C

1. 2 t----I-----+--'7.L--+--.+-_rII'C'

1.4

1. 6 j----t---+---f----+---+---+---L-...I

1.8

RANGE OF STRAIN RATE
0.8~---+---+--+--FOR AVERAGE CONCRETE

STRUCTURAL MEMBERS
o. 6 ~~---L_--L..:~_.L....-_--L._-~-..,.....L_----J

10-6 10-4 10-2 100

AVERAGE RATE OF STRAIN, IN./IN./SEC

- U.....
"-

U
-"'0
q...

o
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consequently, concrete continues to increase in
strength after 28 days, although at a decreasing rate.
Figure 5-14 shows a typical curve of this increase.
In protective construction, an increase of as much as
20 percent over the 28-day concrete strength can be
used (and is included in the enhancement factor at
paragraph 5-3c) when the controlling design is based
on nuclear weapon effects.

d. Concrete members are normally subject to direct
and shear stresses. However, combined stresses can
be reduced to three principal stresses acting at right
angles to each other on an appropriately oriented
elementary cube in the material. Shear stresses act
ing in planes of principal stresses are zero. Biaxial
stress behavior results when one of the principal

stresses is zero; if two of them are zero, a uniaxial
stress condition exists.

e. Criteria for the strength of concrete subjected to
uniaxial, biaxial, and triaxial stress are based
primarily on test data. Concrete is stronger under
multiaxial compressive stress. This increase in
strength is advantageous in the design of protective
structures, since there are many situations in which
concrete is confined by the surrounding material. For
example, buried shells loaded primarily in compres
sion and concrete wall surfaces will normally be
under a biaxial stress condition.

f B~axial strength of concrete fbe may be 15 per
cent hIgher than the uniaxial strength f~ when equal

5-13
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compression stresses act in two perpendicular direc
tions (figure 5-15). Reading the figure, one sees that
the increase in compression strength can be about 25
percent if the lateral compression stress is about 70
percent of the uniaxial strength.

g. Under triaxial compression the strength and
ductility of concrete increases even more significantly
(Park-Paulay, 1975) used data based primarily on
tests of concrete cylinders loaded axially to failure
while subjected to confining-fluid pressures to provide
the following relationships:

f'c

where

f~c Compressive strength in direction of

°1
Unconfined compressive strength of
concrete

f3 Experimental parameter
02' 03 Principal normal confining stresses

This effect is illustrated in figure 5-16, which shows
that the parameter f3 can range from 0 for no confine
ment to roughly 4 for triaxial confinement.

h. A series of biaxial and triaxial tests of concrete
cube specimens of 4000-psi nominal unconfined com
pression strength is documented by Endebrock and
Traina (1972). Figure 5-17 shows the relationships
among the three principal stresses at failure when
all stresses are compressive. For the biaxial stress
(03 = 0) condition, a confining pressure (02) of 0.301

increases the strength of concrete by about 25 per
cent. For a triaxial stress condition in which a
uniform lateral confining pressure of 0.201 is used
(02 = 03 = 0.201)' the compressive strength is higher
by a factor of 5.50 as compared to the unconfined com
pressive strength f~. Results from this test indicated
that a triaxial state of stress resulted in much higher
strength increases than indicated by equation 5-3.
This disparity characterizes the inadequacy of the
present state of the art for predicting the failure
characteristics of concrete under triaxial stresses. Ex
tending the results to real structures and to varia
tions in concrete strengths is unreliable, since most
experimental work has been carried out at constant
concrete strength. However, the limited data
available indicate that concrete strengths under triax
ial loading conditions are significantly higher than

(5-3)

(5-4)

Axial compressive strength of confined
specimen
Uniaxial compressive strength of uncon
fined specimen
Lateral confining pressure

f'c

However, equation 5-1 is not applicable to
nonuniform lateral confining pressures, which are
more typical for protective structure design. For
nonuniform confining pressures, equation 5-3 may
be rewritten by substituting the average of the two
principal confining pressures, 02 and 03' for the
lateral confining fluid pressure, Of, and using f3 in
place of 4.1 as an experimental parameter represent
ing a lateral stress coefficient. These substitutions
result in the following equation:

02 + 03
f' = f' + f3 -=--------:::

CC C 2

where

f~c

f~c = f~ + 4.1 Of

5-14
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those obtained from normal unconfined compressive
strength tests. Specific recommendations on the use
of higher concrete strengths because of biaxial or tri
axial loading conditions will have to be deferred until
more testing has been performed, especially tests in
which the concrete strength is varied.

i. Concrete used for protective construction is nor·
mally massive in section and heavily reinforced. In
addition, a steel plate may be anchored to concrete
surfaces as primary or secondary reinforcing or as
EMP protection. Because of these factors, concrete
will normally be subjected to some degree of confine
ment that will justify increasing maximum allowable
compressive stresses. The amount of confinement
should be computed and figure 5-16 used to deter
mine the increased allowable stress.

j. A common example of concrete confinement by
transverse reinforcement is the use of closely spaced
steel spirals or hoops in members subjected to axial
loads. See SEAOC (1975) for column tie details. When
the concrete is heavily loaded and stresses approach
the uniaxial strength of the concrete, transverse

5-16

strains become high because of progressive i
cracking. The concrete bears out agair
transverse reinforcement which then applie
fining reaction to the concrete. Numerous te~

shown that confinement by transverse reinfOl
can considerably improve the stress/strain ch
istics and ductility of concrete at high strai

k. For strength of concrete confined by I

spirals the relationships given by equation t
apply approximately (Richart et aI., 1928)
spirals are sufficiently close (conventiona.l
meet this criterion) to apply a near-uniform p:
calculate the confining pressure from the h(
sian developed by the spiral reinforcing. The
confining pressure Or on the concrete reache~

imum when the spiral reinforcing reaches tJ
strength fs' Yield strength can be static or d
depending on strain rate. From equilibriun
forces acting on the half-turn of a spiral,

2fs As
Of =-

Ds
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(5-6)

where
As Area of spiral reinforcing bar
D Diameter of spiral
s Pitch of spiral

equation 5-5 is similar to the relationship developed
in ACI 317 (1977) commentary on spiral reinforce
ment for ductile frame columns subject to flexure and
axial loads. Substituting equation 5-5 into equation
5-3 gives the axial compressive strength of concrete
confined by a spiral as follows:

f A
f ' f' + 8.2~ee = e

Ds

I. Hoops are less effective than circular spirals for
confining the concrete. Because the pressure of the
concrete against the sides of the hoops tends to bend
the bars outward, confining reactions occur only near
the corners of the hoops. A considerable portion of the
concrete cross section remains unconfined.

m. Park and Paulay (1975) suggest the use of the
stress/strain curve proposed by Ken and Park (1971)
for concrete confined by rectangular hoops (fig. 5-18).
The characteristics of the suggested curve are as
follows:

is the cylinder strength f~, although there is evidence
that rectangular hoops will cause an increase in
strength. The principal advantages of confinement by
hoops are increased ductility and improved
stress/strain characteristics after yielding of the con
crete, as evidenced by the ability to sustain increased
stresses at very large strains. Figure 5-19 shows the
influence of rectangular steel hoops on the
stress/strain curve defined above when the concrete
cylinder strength is 4000 psi and s/w = 0.5.

n. The ACI commentary determines the lateral con
fining pressure provided by hoop reinforcing by
developing the cross-sectional area of one leg of a
single hoop used to provide confinement to the rec
tangular core of a compression member. This ap
proach assumes that the same average compressive
stress exists in the rectangular core as would exist
in the core of an equivalent circular spiral compres
sion member having equal gross area, core area,
center-to-center spacing of lateral reinforcement, and
strength of concrete and lateral reinforcement. From
equilibrium of the forces acting on one hoop,

0h = 2As fy (5-10)
sw

The relationships given in equation 5-8 assume that
the maximum stress reached by the confined concrete

(5-11)

w

= Area of hoop reinforcing bar
Spacing of hoops
Hoop dimension normal to lateral con-
fining pressure

However, for equal confinement of concrete, rec
tangular hoops are not as efficient as spirals in pro
viding lateral confinement to the concrete. The
American Concrete Institute (AC!) assumes a 50 per
cent reduction in efficiency-

As fy
°h= -

sw

where
As
s

o. Individual reinforcing ties can also be used to
confine the concrete by anchoring the main reinforc
ing, similar to the use of hoops in anchoring column
reinforcement. Confining stresses will rely on the ef
fectiveness of the main reinforcing steel to prevent
lateral displacement of the concrete, on the yield
strength of the ties, on the spacing of the ties in each
direction, and on embedment or anchorage of the ties.

p. A steel plate is sometimes used to line the in
terior surface of concrete structures with circular
cross sections, such as tunnels, cylinders,

Substituting equation 5-11 into equation 5-3 gives
the axial compressive strength of concrete confined
by a hoop as follows:

A f
f~e = f~ + 4.1~ (5-12)

sw

5-17

(5-9)

(5-7)

(5-8)

a y = Ratio of volume of
transverse reinforcement
to volume of concrete core
measured to outside of
hoops

= Width of confined concrete
measured to outside of
hoops

= Spacing of hoops

w

0.5

(SOu + (SOh - 0.002

3 + 0.002 f~

(SOu =
f~ - 1000

(SOh = ~ayv5

where
Z

0e = 0.2 f~

s
Region CD: (e ~ (ZOe

Region BC: 0.002 ~ (e ~ (ZOe

0e = f~ [1 - Z ((e - 0.002)]
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Figure 5-19. Influence of Quantity of Hoops on Stress/Strain Curve for Concrete (Park-Paulay, 1975)

hemispheres, etc. The liner plate is anchored to the
concrete by shear lugs and provides reinforcement as
well as confinement of the concrete. Assume the
amount of confinement provided by the liner as

fsW
Of ~ - (5-13)

R
where

Of == Confining pressure on concrete
fs Static or dynamic yield strength of the

liner depending on strain rate
R Liner mean radius
W Liner thickness

Account for the buckling of the cylindrical plate in
calculating the maximum confining pressure pro
vided by the liner. Plates with RIW < 150 will pro
vide confinement without buckling.

5-7. High·strength concrete

a. At increasing hardness levels, consider the use of
high-strength concrete as an alternative to the more
conventional structural concrete. Concrete with a
compressive strength of 5,000 psi or more can be con
sidered high-strength concrete. Although concrete
that approaches a compressive strength of 10,000 psi

5-18



or more after 90 days has been developed for special
applications, the use of concrete having strengths in
excess of6,000 psi has been limited, and routine pro
duction practices are not as well established for high
strength as for conventional concrete strengths.
Nevertheless, high-strength concrete has been suc
cessfully used in dynamic simulation tests of protec
tive structures.

b. The dimensions of structural members can be
reduced by designing for high-strength concrete.
However, building codes control the length-to
thickness ratio of compression members and restrict
deflections of flexural members. In hardened struc
tures not occupied by personnel, building code limita
tions on deflections of flexural members by be ex
ceeded if the design assures that the strength re
quirements will be met. For hardened structures oc
cupied by personnel during the preattack period,
building code deflection should be adhered to. Also,
the ACI code reduces the depth of the equivalent rec
tangular compressive stress block used in ultimate
design for each increment of 1,000 psi above 4,000 psi
concrete. This reduction for high-strength design
penalizes its use (Saucier, 1965), which mayor may
not be realistic when high-strength concrete is used
for hardened structures. However, the ACI approach
is recommended until further research and tests sup
port a change.

c. Despite these limitations, high-strength concrete
appears attractive in the design of hardened facilities.
Many of these structures are buried circular shells
or arches where the walls act primarily as compres
sion members and buckling stability is the limiting
criterion for thickness. In addition to the radial com
pression loads, buried shells will also experience
asymmetric loads that are influenced by the stiffness
of the shell. Asymmetric loadings induce pro
gressively higher bending stresses as the section
thickens. The reduced shell thickness made possible
by increasing the concrete strength will help
minimize bending stresses.

d. The in-place cost of high-strength concrete is
greater than for conventional concrete because of the
additional cement per cubic yard, better quality
aggregate, and the extra control required in its pro
duction, compaction, and curing. However, it is possi
ble that the total cost of the facilty may be less
because of reduced concrete thickness and less
excavation.

5-8. Ultra-high-strength concretes

a. New construction materials under development
will produce ultra-high-strength concretes. The
Portland Cement Association reports that concrete
strengths as high as 11,000 psi are being ready-mixed
at the job site and strengths of 15,000 psi are being
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produced in the laboratory using normal-weight ag
gregate. Concrete-polymer composite materials are
also being developed to produce high-strength con
crete (NTIS, 1978). Polymer concrete, in which the
polymerized monomer acts as the binder for the ag
gregate, can produce strengths up to 20,000 psi.
Portland cement concrete can be impregnated with
a monomer, which is subsequently polymerized in
situ, to increase the compressive strength by two-fold
or more. US Army Waterways Experiment Station
ewES) developed a granite-simulant grout mixture to
produce strengths of approximately 20,000 psi.
However, before these ultra-high-strength concretes
can be considered for full-scale application to
hardened structures, additional investigation,
demonstration, and experience will be necessary,
especially in determining in-place material costs.

b. Randomly dispersed steel fibers of short length
and small cross section can be intermixed with or
dinary concrete. Length of the fiber normally varies
from 3/4 to 1-112 in, depending on concrete mix and
application. The diameters of wire fibers range from
10 to 16 mils. Rectangular fibers of comparable
thickness produced by shearing sheets or flattening
wire are also available. Crimped or deformed steel
fibers improves'the physical properties of the con
crete, notably because they: increase first-crack flex
ural strength; increase ability to carry load after
cracking by arresting crack growth; improve ductility
and fatigue strength; and provide high spall
resistance. The improvement in concrete properties
depends on the volume, aspect ratio, shape, and bond
characteristics of the fiber. Generally, fiber concrete
properties are directly proportional to fiber volume
for a given fiber and a given concrete mix, up to a
volume of fibers of about 4 percent. A minimum fiber
content is normally considered as 0.25 percent by
volume.

c. Steel fibers in concentration of up to 4% by
volume have been found to increase the first-crack
flexural strength of concrete up to 2.5 times the
strength of plain concrete (ACI, 1973).

d. The effectiveness of steel fibers to increase the
compressive strength ofconcrete has not been firmly
established. Results from research and field applica
tions of fiber reinforcing indicate a range from little
increase to as much as 100 percent increase in
strength over the plain concrete. The addition of 5 to
6 fibers by volume can be estimated conservatively
to increase the compressive strength by 10 to 20 per
cent. The establishment off'c for fiber-reinforced con
crete is by strength testing similar to plain concrete
except that splitting tensile strength tests are used.
This f'c is then enhanced in the same manner as con
ventional concrete (par. 5-3c).

e. A series of tests ofbeams designed to fail in shear
which were cast with steel-fiber-reinforced concrete
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was reported by Paul and Sinnamon (1975). In addi
tion to the randomly dispersed steel fibers, the test
beams were reinforced with a single, conventional
reinforcing bar but with no shear reinforcement. Test
results were used to develop a rationale for predict
ing the ultimate shear capacity of fiber-reinforced
concrete beams subject to bending and shear. The ap
proach was to modify the ACI code formula for deter
mining shear capacity of conventional beams without
shear reinforcement. at was assumed that the code
relationships were related primarily to the com·
pressive strength of the concrete.) However, it was
known that the tensile capacity of fiber concrete
varies with fiber content and is not related well to
the compressive strength. To incorporate this rela
tionship into a shear capacity formula, the modulus
of rupture was introduced to reflect the effect of fiber
content on the tensile strength of the fiber concrete.
Fitting test results to the modified code formula pro
vided the following relationship for ultimate shear
capacity of fiber-reinforced concrete beams:

aSH
7.5~ == 1.07 + 155000 s u (5-14)

, FMF WH u

Ultimate shear capacity of concrete at
section
Effective depth of beam
Width of beam
Effective depth of the beam
Modulus of rupture of fiber-reinforced
concrete
Steel to concrete ratio, A/WH
As Area of tension steel
reinforcement
Total applied design shear at the
section
Applied design load moment at the
section

When a member is subjected to axial compression as
well as moment and shear, the shear capacity of the
member is increased. Based on the ACI code, an
amplification factor can be used to increase the shear
capacity due to thrust. In the absence of data on the
effect of axial force on shear capacity for fiber
reinforced concrete members, it is suggested that the
following amplification factor be used as given in the
ACI code.

WH == Gross area of section

f Steel fibers do not significantly affect the
modulus of elasticity or Poisson's ratio for concrete.

g. Fiber-reinforced concrete has certain character
istics that may be applicable, under unique condi
tions, to the design of hardened structures. The
uniform dispersal but random orientation ofthe steel
fibers provides isotropic strength properties not com
mon to conventionally reinforced concrete. The in
creased ultimate strength and the improved ductility
after first cracking are desirable properties for con
ditions requiring special construction materials.
There has not been enough experience in mix design
and testing to specify strength and physical
characteristics of fiber-reinforced concrete based on
the relationship between design strength of the con·
crete and the fiber content, specified as a percentage
by volume and the properities and shape of the fiber.
The mechanism that controls the first crack strength
or the ultimate strength is not well understood, but
important in determining strength are: volume, spac
ing, orientation, aspect ratio (length to diameter or
thickness), bond characteritics, and specific surface
of the steel fibers. A recent investigation (Agbabian
Associates, 1978) of fiber-reinforced concrete spheres
subjected to hydrostatic compression showed that the
average wall stress at implosion was 2.2 times the un
confined compression strength. Previously the same
ratio for plain concrete spheres had been found to be
1.4 (Haynes, 1976). This shows the additional
enhancement of strength under confinement provided
by fiber reinforcement. The Agbabian investigation
also showed the external pressure at implosion to be
1.49 times the pressure at the development of in-plane
cracks, usually interpreted as the onset of inelasti
city. This ratio for plain concrete spheres was 1.25.
This shows the improvement in ductility after first
cracking as a result of fiber reinforcement.

h. Fiber-reinforced concrete has an application in
blast-resistant construction because it exhibits
greater ductility and resistance to spalling and
fragmentation than plain concrete. However, as with
other high-strength concretes, more experience is
needed to relate strength to mix designs and to deter
mine construction costs and quality control re
quirements. Fiber-reinforc~dconcrete should be used
in conjunction with conventional forms of reinforcing
and not as a substitute for steel reinforcement.

N
Amplification Factor == 1 + 0.0005 _u_

WH
where

Nu

5-20

(5-15)

Design axial load normal to the cross
section occurring simultaneously with
Vu' to be taken as positive for com
pression and to include the effects of
tension due to shrinkage and creep, lb

5-9. Plastics and other materials
a. A crushable backpacking material is sometimes
used in the design of hardened facilities sited in rock.
Placed between the structure or element to be pro
tected and the rock excavation, the backpacking
material dissipates the ground-shock energy reaching
the structure. Energy is reflected because of the



mismatch in shock impedance and is absorbed
because of inelastic straining, thereby reducing the
peak stresses and peak accelerations in the structure.

b. A suitable backpacking material should possess
a relatively low crushing strength and a high degree
of compressibility without a significant increase in
applied stress. Also, the backpacking material must
possess a multiple-attack loading capability; be resis
tant to aging effects and to the infiltration of ground
water; be relatively insensitive to strain-rate changes;
be readily available in most areas; be easy to handle
and place; and be reasonably inexpensive to fabricate
and install.

c. Stress/strain properties of backpacking materials
are normally based on confined static properties
because data available from dynamic test programs
are limited. The two basic types of idealized
stress/strain curves for potential backpacking
materials (fig. 5-20) define the properties of a variety
of materials. The elastoplastic material shown in
figure 5-20a typifies insulating concretes and plastic
foams. The plastoelastic material shown in figure
5-20b typifies many granular materials. Since
multiple-attack considerations will require the most
efficient energy absorbers, elastoplastic materials are
more applicable to protective construction.

d. Properties for materials that generally exhibit
elastoplastic behavior are given in table 5-2. These
materials include low-density concretes, rigid foamed
plastics, and foamed glass. Note that such materials
are available for a wide range of properties.

e. Two types of low-density concretes are available:
cellular concrete and concrete using vermiculite or
polystyrene as the aggregate. A wide range of com
pressive strengths can be obtained depending on the
cement paste, the admixture, and the aggregate used.
When exposed to groundwater for long periods, the
strength of low-density concrete decreases owing to
chemical attack and degradation; laboratory tests
should simulate these conditions in order to establish
design values. These concretes can be emplaced with
conventional construction equipment and techniques
and have a low cost-per-unit volume compared to that
of plastic backpacking materials.

f Closed-cell or rigid foam plastics generally ex
hibit elastoplastic behavior, while the open-cell or
flexible plastics usually exhibit a plastoelastic
stress/strain behavior. Foamed plastics can be foamed
in place or be precast and placed in slabs around struc
tures. Use a closed-cell type in a groundwater environ
ment and choose the material constitutents that will
have the highest possible percentage of closed cells
in the foam. A wide range of strengths and densities
are available. The more common types of foamed
plastics considered for backpacking are polystyrene,
polyurethane, epoxy, and phenolic. Foamed plastic
materials are more costly than other types of
backpacking.

1M 5-858-3

g. Foamed glass comes in precast elements that
must be fitted around structures and may not be con
venient for backpacking large areas. However,
foamed glass is impermeable to groundwater and its
cost is between low-density concrete at low cost and
foamed plastics at high cost.

h. Gravel is a common backpacking material that
exhibits plastoelastic behavior if not fully compacted
when placed. The modulus of elasticity can be varied
by specifying the degree of compaction, but a value
of approximately 30,000 to 40,000 psi provides
reasonable characteristics for backpacking materials.

5-10. Properties of soils

a. A large part of this chapter is a summary of
material prepared for the Defense Nuclear Agency
(DNA) in Nuclear Geoplosics, Part 2 Section 3 (AA,
1972). (For further background and detailed test
results, see the reference.)

b. The properties of all soils are influenced by in
itial void ratio, degree of saturation, stress history,
loading path, and rate of loading. The stresses that
develop within the soil mass depend on the relative
compressibilities of the soil skeletons and pore fluid.
Strength arld stiffness are related to effective stress
(Skempton, 1961). Effective stress is defined as the
total stress minus the pore fluid pressure.

c. During airblast or ground-shock loading, the rate
of loading is generally faster than the rate at which
pore fluid can be expelled. Since the fluid is generally
much less compressible than the soil skeleton,
pressure builds up in the pore fluid. In soils with less
than 100 percent saturation, large volume changes
occur during dynamic loading as air is compressed in
the voids. In soils with 100 percent saturation, a large
percentage of the total stress will be taken up by the
pore fluid.

d. If the saturation is very low (less than 30 per
cent, the effective stress is greater than the total
stress because pore pressures are negative due to the
surface tension of the water adhering to the soil par
ticles. The surface tension lessens as the degree of
saturation increases. If the initial saturation is high
enough that the soil reaches 100 percent saturation
as it is compressed, the subsequent increase in mean
normal stress is practically all accounted for by an
increase in pore water pressure. At high stresses,
where voids are eliminated, plastic flow or melting
of the solid constitutent occurs. Typical pore-pressure
parameters are shown in figure 5-21 which relates
the pore pressures to total stress in uniaxial strain
hydrostatic compression, and triaxial compression
experiments.

e. Dry, coarse-grained soil under hydrostatic com
pression exhibits three distinct phases in the mean
normal-stress/volumetric-strain (P/jJ) relationship.
The first phase occurs at low stress lp.vels (below 10
bars) where the soil behavior is influenced by the in-
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itial void ratio and the initial state of stress (Vesic
Clough, 1968; Ko-Scott, 1967). The second phase oc
curs when intergranular stresses become high enough
to cause crushing of the soil grains (below about 100
bars). The third phase occurs after the influence of
the initial void ratio and crushing have diminished.
Most of the energy absorption, however, occurs in the
initial phase. At stresses above 10 bars, the soil
unloads nearly along the loading path.

f Fine-grained soils (clays) are more cohesive than
coarse-grained soils and behave differently under
stress. Because most fine-grained soils, though mixed
with coarser particles, are more flocculated than

dispersed, the application of external stresses may
cause irrecoverable deformations and impose impor
tant stress-history effects on the soil. In partially
saturated clays irrecoverable volumetric strains as
high as 60 percent of the maximum can occur (fig.
5-22), Note that during unloading significant
hysteresis begins when the transition zone is reached.

g. Coarse-grained soils exhibit several typical shear
stress/strain relations, as shown in figures 5-23, 5-24,
and 5-25. The following observations can be made:
(1) The shear stress/strain curves are concave to the
shear strain axis and shear strains are irreversible;
(2) the initial shear modulus increases with the

a
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Figure 5-20. Idealized Stress/Strain Curves of Potential Backpacking Materials
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where Vs = the undrained shear strength

where Y is the shearing strain and T is the shearing
stress. Other parameters are given in figure 5-30.
Note that Tm is the maximum shearing stress where
the tangent modulus of the stress/strain curve is equal
to zero and Tm = yrGo' To obtain shearing strengths,
multiply Tm by a safety factor of 1.50 for static loads
and 1.25 for dynamic loads. The secant shear modulus
may be obtained by the definition:

G = T/y (5-19)

5-11. Properties of rock

a. The mechanical properties of rock for ground-shock
effects include rock stiffnesses, ductility, strength,
and postfailure behavior. (Agbabian Associates,
1972). These properties are functions of temperature
and interstitial fluid pressure of stress state and
magnitude, and loading path and rate. A distinction
is made between the mechanical properties of
competent rock and rock masses that have weakness
planes such as bedding planes, joints, or faults. When
properties of the in situ rock mass are defined from
properties of competent specimens and from
examination of the orientation, spatial distribution,
areal extent, and mechanical properties of the
weakness planes, categorize the mass: (1) Anisotropic
continuum with average or effective mechanical
properties (or isotropic and homogeneous in the most
idealized case; (2) Discontinuous with different
properties for the blocks of competent rock and for the
discontinuities (bedding planes, clay seams, joints, or
faults) separating the blocks.

(5-17)

(5-18)

= Shear wave velocity

{

(l70 - 78.2e) (oJ 114, for round· grained
clean sands (e <0.80)

= (159 53.5e) (0
0
)114, for angular-grained

clean sands
Mass densi ty of the soil
Average confining pressure
Void ratio
Shearing strain amplitude

00
e
Y

where
Vs

For clays:

Alternatively, fit curves to equation 5-17.

Y T [ I T IR-l]-=-1+0'--
Yr Tm CITm

(5-16)

amount of initial effective confining pressure and
with relative density; (3) the maximum shear stress
increases with effective confining pressure; (4) after
several cycles of unloading and reloading, if the
previous maximum shear stress is not exceeded, the
unloading/reloading shear stress/strain relations are
approximately linear; and (5) the shear modulus is
influenced by both the level of shear stress and the
mean normal stress.

h. There is an important level of pressure called the
"breakdown" stress that affects the shear
stress/strain relations and shear strength. At
pressures higher than the breakdown stress, the grain
is crushed and the shear strength, unaffected by
initial void ratio, increases linearly, along with the
tangent moduli, with increasing mean normal stress
(fig. 5-26).

i. Shear stress/strain relations for fine-grained,
partially saturated soils have the characteristics
shown in figure 5-27. The influence of the confining
stress on the shear modulus and strength is
significant until it exceeds the transition zone in the
hydrostatic-pressure/volumetric-strain curve. Beyond
the transition zone, the influence of the confining
pressure is slight. This is because a large portion of
the increase in the external hydrostatic stress is taken
up by the pore fluid.

j. Dynamic behavior of dry soil is not rate sensitive
but loading rate effects especially the pore pressure
of saturated soils. For normally consolidated clay
soils, rate sensitivity at small strains «0.5 percent)
is related to distortion, whereas at larger strains (>5
percent) related to a volume change. Dynamic triaxial
tests on compacted clay indicate that the secant
modulus is highly dependent upon the rate of loading.
Typical results to 1 percent strain are shown in figure
5-28. When dynamic loading rates on the order of 6
msec to peak are compared to laboratory rates of a
few minutes to peak, a factor of two is shown to exist
between fast-loading and quasi-static tests.

k. Appropriate laboratory and field tests will be
required to determine the required soil stiffness. An
appropriate approximation of shear modulus is the
secant modulus corresponding to the strains that will
be experienced by the soil. Variations of the shear
secant modulus as a function of shearing strain are
given in figure 5-29 for representative sands and
saturated clays.

l. Formulas developed by Richart (1975) for the low
strain shear modulus Go are presented below in
figure 5-30. For sands:
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b. Stiffness is defined as the effective bulk and
shear moduli and is determined from experimental
data. Bulk modulus is usually obtained from plots of
mean stress vs. mean strain or volumetric strain;
shear modulus is obtained from plots of maximum
shear stress, 1/2 (01 - 03)' vs. maximum shear strain,
£1 - £3'

c. Figures 5-31, 5-32, and 5-33 show typical data
for sandstone and granite. Generally, the stress/strain
behavior is highly non-linear and the rock properties
are very site dependent. The increase in rock stiffness
as hydrostatic pressure increases depends upon the
initial porousness of the rock. With increasing
hydrostatic pressure, weakly consolidated and altered
rock will show a very rapid increase in stiffness as
preexisting cracks close and pores collapse.

d. The shear stress/strain behavior of rock depends
on mean stress. Rapid changes of the effective shear
moduli (proportional to the slopes of the curves 1/2
(01 - 03) vs. (£1 - (3» both at low and high shear stress
are typical of weakly consolidated and altered rock
types.

e. General data defining the relationship between
stress/strain behavior, loading history, loading path,
and strain rate are sparse. At high stress levels,
loading history is important because of
deformation-induced anisotropy. Rock properties thus
become directionally dependent. Loading history also
determines the stress/strain behavior of rock during
unloading. Stress path appears to have little influence
on rock behavior in triaXial compression (01 >02 = 03)

but may be significant in multiaxial compression
(01 * 02 = 03)' Measurements on granite at strain
rates up to 100 in./in./sec and up to 1 kbar of
hydrostatic pressure indicate that the effective moduli
and the strains at fracture increase by no more than
approximately 10 to 20 percent compared with
quasi-statically determined values.

f Yield strength is commonly defined as the stress
or stress difference at which plots of 01 or 01 - 03 vs.
£1 depart significantly from linearity (fig. 5-34).
Sometimes yielding is defined as the stress that
produces a predetermined amount of strain, say 2 to
5 percent. This definition of yield strength is
ambiguous unless it is normalized, for example, with
respect to an elastic modulus of the rock. Similar
difficulties arise in defining ductility. The term is
almost always used in a qualitative sense to indicate
the strain prior to failure.

g. Figure 5-35 shows "ductility" data for a variety
of rock types. Yield strength and ductility generally
increase rapidly with increasing hydrostatic pressure.
Above a certain threshold value of hydrostatic
confinement, the yield stress of some rocks appears
to depend much less on confinement. From what is
now known, however, such behavior is more an
exception than a rule. Experimental evidence

TM 5-858-3

indicates that ductility is substantially lowered with
increasing magnitude of the intermediate principal
stress. Both yield stress and rock ductility depend
strongly on temperature and strain rate; yield stress
decreases and ductility increases at elevated
temperature and/or at low strain rate.

h. Ultimate strength is defined as the maximum
stress difference or deviatoric stress that rock can
sustain. Ultimate strengths of several types of rocks
are shown in figure 5-36. The strength of rock
increases rapidly with increasing hydrostatic
pressure. The actual relationship between strength
and confining pressure is generally not the same as
the relationship between yield stress and pressure.
Strength also depends on the intermediate principal
stress, as shown in figure 5-37. If strength is
expressed only as a function of the hydrostatic
component of stress, neglecting the influence of the
intermediate principal stress, then the predicted
strength will always be less than the actual strength.
However, high intermediate principal stresses, if they
exist, should be considered because they change rock
behavior by making it more brittle; an increase in
strength is accompanied by a decrease in ductility.

i. The influence of stress path on the strength of
isotropic rock is generally negligible. Strain rates
produce a relatively small increase in the strength
of dry rocks. Interstitial fluid pressure and
temperature can be important.

j. Mechanical properties of failure planes must be
known to predict postfailure behavior. The
relationship between shear stress and displacement,
as well as the variation of shear strength of joints with
relative displacement of joint surfaces, depends on
joint geometry. Figure 5-38 shows a typical set of
records of shear stress vs. displacement parallel to the
joint surfaces. Once the initial shear stress has been
reached, the strength of joints varies in one of five
ways (most common are (2) and (3) below):

(1) The shear strength remains constant.
(2) The shear strength decreases monotonically

to the residual shear strength. In this case, the initial
shear strength equals the maximum shear strength.

(3) The shear strength increases to "maximum
shear strength" and then decreases to the residual
shear strength.

(4) The shear strength drops to a local "minimum
shear strength," increases again, and subsequently
drops to the residual shear strength.

(5) The shear strength increases, approaching the
residual shear strength asymptotically. In this case
the maximum shear strength equals the residual
shear strength.

k. Figure 5-39 shows schematic plots that define
the maximum shear strength Tm as a function of
normal stress (on)' joint roughness, and joint grouting
for joints in a particular rock type. Intact rock is also
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Figure 5-32. Shear Stress/Axial Strain Relations for Coconino Sandstone (Swolfs, 1971)
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(5-22)

Tangent moduli in two orthotropic
directions
Shear modulus between the two
orthogonal directions
Initial tangent modulus of
concrete, constant for all directions
(tangent modulus corresponding to
zero strain)
Strain in the direction considered
Peak stress in biaxial compressive
loading
Strain corresponding to the peak
stress
Poisson's ratio for concrete,
assumed to be a constant

v

in which
Ei Ej

c' e

The stress/strain behavior of concrete in tension is
depicted in figure 5-42.

f The main properties of the reinforcing steel
treated in the composite model are the area of the
steel (percentage of steel area) and its stress/strain
behavior. Both of these properties are prescribed in
directions parallel to the axes of the steel bars. These
areas are then transformed to the principal directions
of orthotropy, where they are incorporated with the
tangent moduli of the steel to form the composite
moduli. The stress/strain behavior of the steel is

for Ox < 0y and OX ~O; OX and 0y are the confinement
stress components in which

fc Unconfined tensile strength of concrete
y/ Slope of cracking envelope = fc!f~ in

which f~ is the unconfined compressive
strength of concrete

Ox Minimum nonpositive stress normal to
Oz

Ratio of principal stress in
orthogonal direction to principal
stress in direction considered

The directions of orthotropy are assumed to coincide
with the principal directions of stresses until tensile
cracking occurs, after which they remain
permanently rigid. Unloading and reloading in
compression assume a constant modulus equal to the
initial modulus Ec' The complete loading, unloading,
and reloading characteristics of the plain concrete are
shown in figure 5-41. In tension, a constant Ee is
assumed in all cases until cracking occurs (fig. 5-42).
Then the concrete modulus is set to zero until
rebonding. After rebonding, the postrebonding
modulus is set to a value lower than Ec' usually
selected as 0.5 Ec'

e. The cracking strength of concrete fef , where Oz

~ fCf in the direction of 0z' is assumed to be

(5-20)

(5-21)(l + v) (Ei + Ei)
C C

shown. The variation of shear strength of joints is
generally related to the magnitude of the frictional
resistance that can be mobilized.

where
C, Joint cohesion at zero normal stress

J
Cf Coefficient of friction
~ Friction angle

For most rock, Cf varies in the narrow range between
0.4 to 0.7, and ~ between 22 deg and 35 deg. The
influence of interstitial water pressure is taken into
account by subtracting the pore pressure from Cj and
on'

5-12. Stress/strain models
a. Experimental data are used to develop analytical
models of materials for use in design or analysis of
the response of protective structures and their
surrounding geological medium. The designer/analyst
has freedom to adapt such material property models
to the special requirements of the structure/medium
systems. The mathematical models described below
are complex exemplaries of structural and geologic
materials used for design verification.

b. The stress/strain behavior for structural steel is
generally assumed to be linearly elastic and perfectly
plastic, and is identical for both tension and
compression. Initial loading, unloading and reloading
follow a path whose slope is the same, as shown in
figure 5-40, a diagram applicable for either structural
steel or reinforcing steel.

c. A reinforced-concrete model may be obtained by
combining the separate properties of the plain
concrete and the steel. The model is orthotropic,
homogeneous, and possesses the main characteristics
of both materials.

d. Plain concrete is represented by a variable
modulus model in which the elastic moduli in
orthogonal directions under virgin compressive
loading are assumed to be functions of both the strain
and the confinement (AA, 1975a). The functional
relationships of the two elastic moduli for a biaxially
stressed element, originally suggested by Liu et al.
(1972), are given by:

G·, =IJ
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(5-26)

(5-27)

material during loading, unloading, or reloading is
given by

In the absence of reinforcement (as = 0) the effective
modulus is set equal to a nominal minimal value to
avoid numerical difficulties.

i. Rebonding occurs when, during unloading, the
strain becomes negative (i.e., compresaive). The
composite modulus is composed of a weighted average
(according to the percentage of steel area) of the steel
modulus and a fraction of the virgin-concrete
modulus. Thus

where n may be taken to be approximately 0.5 in the
absence of experimental data.

j. Models that represent soil layers may assume a
hysteretic, piecewise linear stress/strain behavior and
a Mohr-Coulomb-type failure envelope as shown in
figure 5-43. These models must be curve-fitted to
experimental data of a given site. Empirical constants
as well as measurable material properties are
required to develop such models. Definitions ofterms
and relationships shown in the figure are given below:

(5-23)

(5-24)

where
Ee Elastic modulus of plain concrete (eq.

5-21)
Elastic modulus of steel
Projected fraction of steel area in the
direction considered

ae 1 - As = Fraction of concrete area
After the occurrence of cracking, one or all of the
directions of orthotropy are fixed. The effective
modulus using projected areas for that direction is
then given by

assumed to be linearly elastic and perfectly plastic
and is identical for both tension and compression (fig.
5-41).

g. Based on the transformed percentage of steel
areas in the three principal directions of orthotropy,
the effective modulus Er of the uncracked composite
material for each direction is given by the weighted
mean between steel and concrete moduli, using
respective steel-area percentages as weighting factors
in each orthotropic direction:

Virgin Loading for J.l ~ J.l m , ~ ~ 0

(5-30)

(5-29)

(5-28)

3B(1 - 2v)

2(1 + v)

= B1 for or J.l < J.l2 }

= B2 for J.l1 > J.l ~ J.l2

B

B

G

UnloadinglReloading for J.l > J.lm B = B1

F =Yll+Y12J1--VJZ~0}
(for J 1 ~ Y10)

F = Y 25 - J 1 ~ 0

F = Y16 - -VJz ~ 0

A = 1 - lOX
for X ~ 0.15--

3

10(1 - X)
for 0.15 < X ~ 1.0

17

in which Ais a bond-slip parameter that is based on
experimental data. This parameter may be defined
approximately by

where X is the ratio of tensile stress to yield stress.
The onset of cracking is determined when the stress
carried by concrete, 0e' has exceeded its tensile
strength, that is, whenever 0e > fer where 0e is
calculated by

(5-25) F < 0 not permitted (5-31)

in which or is the effective average principal stress
computed for the element of interest and fer is given
by equation 5-22.

h. After cracking and before the occurrence of
"rebonding," concrete is assumed to lose all its
strength in the cracked direction and the stress in the
reinforcement is not allowed to exceed the yield stress
of steel. The effective modulus of the composite

In these equations
J 1 First stress invariant (oii) 1 ( )
Jz Second stress deviator invariant 2 0ij 0ij
B Bulk modulus
G Shear modulus
v Poisson's ratio (assumed to be constant)
J.l (l + f) (1 + Ez) (1 + Ee) - 1

Excess compression (negative for com
pressive strains)
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(5-38)

B == Bm (or maximum B) encountered in
history

(5-37)

for B~ < Bm

B' == B + Pm - Bm(l-I m -lJR)

o m 1-1*[ 1 _ exp(I-IR ::m)]

B == Bm - [Bm - B~] exp [- (j..I - j..IR)/j..I*l

3 (1 - 2vu)
G == Maximum of 2" Bm or largest G

(l + vu)
encountered in load history

•1.1 Time derivative of 1.1
lJm Maximum excess compression reached in

previous load history
Er, Ez' and Ee are the three axial strains
B1, B2, j..I1' 1.12' Y11' Y12' Y16' and Y25 are empirical

constants, as shown in figure 5-44
As an illustration of the application of the above rela
tionships, table 5-3 shows the material properties at
a site for which laboratory data were available. (The
profile of this site is shown in figure 11-1.)

k. An idealized uniaxial-loading stress/strain curve
for material backfilled around a buried structure is
shown in figure 5-44. This example is included to
show that the piecewise linear uniaxial stress/strain
curve obtained from laboratory' data may be approx
imated by a single continuous high-order polynomial
curve. In this example, the variable modulus model
is obtained as a fourth-order polynomial. The
laboratory data are given in the figure.

Virgin Loading for 1.1 ~ lJm• ~ ~ 0

UnloadinglReloading for 1.1 > j..Im

Bm == Do + D1j..1m + D21J~ + D3j..1~

Pm == [ox(j..Im) + 0y(l-Im) + Oz(l-Im)] /3

I-IR == [1 - exp ~: ]~

Yield Criteria

== Y u + Y12J1 -. ~J2;;>' oj
(for J 1 ;;>, Y 10)

== Y 25 "'- J1 ;;>, °
== Y16 - \jJ2;;>, 0 (for J1 < YlO)

F

F

F

F < °not permissible (5-39)

in which
V u == Unloading Poisson's ratio
Do. D1, D2, j..Io' j..I*, Ii, and Y10 are empirical con

stants determined from the loading/unloading
uniaxial stress/strain curve and the yield
criteria.

All other variables are as defined for the soil
model by equations 5-28 through 5-31.

(5-32)

(5-33)

(5-35)

(5-36)

(5-34)

B(l - 2v)
==---

2(1 + v)
G

B

5-49
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CHAPTER 6
BEHAVIOR OF STRUCTURAL ELEMENTS

For rectangular sections of width Wand depth H

WH2
Z = -- = 1.5 times the elastic section modulus

x 4

section moduli of rolled sections. Plastic section
modulus is the summation of static moment of the
tension and compression areas of the structural
member about the neutral axis.

b. An important consideration in the evaluation of
the plastic flexural strength of structural steel
elements is the lateral support of the beam's compres·
sion flange. The compression flange should not buckle
before reaching the flexural strength of the beam.
This and other restrictions, such as width/thickness
ratio of the projecting elements of the compression
flange and depth/thickness ratio of the web, have led
to semiempirical formulas that are specified by the
AISC Manual. Design procedures should generally
comply with these guidelines in order to preclude
premature failure of structural shapes. Equivalent
length coefficients for laterally unsupported beams
are given in table 6-1.

c. The load-deflection diagram of structural steel
is usually ta ken as elastoplastic if ductility factors are
selected such that deformations do not reach the
strain-hardening phase of the steel. Nonlinear load
deflection relationships, however, may be used if a
more accurate description of the response of the struc
tual element is required.

d. A typical nonlinear load-deflection relationship
is given by the Ramberg-Osgood functions, as shown
in figure 6-1 (Popov·Pinkney, 1968). The equation for
computing deflection for a given load is:

~ = E. [1 + a E. lC-1 ] (6-3)
op Pp Pp

where P and 0 are the load and deflection, P is the
plastic load, ~p is the deflection at P = P ,ana a and
lC are positive real numbers for curve fitt1ng. The ex
ponent lC is a measure of the sharpness of curvature
of the load-deflection curve. Test results show that
a = 0.5 and lC = 8 are practical average values for use
in the Ramberg-Osgood equations.

e. The area enclosed by a hysteresis loop (loading
and unloading of the steel number) is given by the
approximate relation

Hysteresis Loop Area = (~)(P2 - P 1yl' (6-4)
lC + 1

(6-1)

Plastic moment
Yield strength of the steel
Plastic section modulus with respect
to the major and minor axes,
respectively

6-1. Load capacity of structural elements

a. The load-carrying capacity of structural elements
depends on their material properties, shape and size
of cross section, dimensions and support conditions,
and load distribution. Material properties are dis
cussed in chapter 5. In this section, the load-carrying
capacity of reinforced concrete and steel elements as
influenced by shape and size of cross section is
presented. Dimensions, support conditions, and load
distribution are discussed to the extent that they in
fluence the stress distribution across a cross section
and thereby the load-carrying capacity of the element.
For example, the presence of an axial load could
reduce the moment-carrying capacity of the element,
or a laterally braced column could carry increased
axial loads by allowing the column to yield without
becoming unstable prematurely.

b. Generally, the load-carrying capacity is deter
mined by static considerations. The dynamic load
carrying capacity is obtained by replacing properties
of the material under static load with the properties
under dynamic load. Where there is insufficient data
on dynamic behavior and it is known that the static
load conditions are the .lower bound of the load·
carrying capacity, the static load-carrying capacity is
taken to be the measure of the dynamic load-carrying
capacity of the structural element.

6-2. Flexural strength of structural steel

a. Plastic design in structural steel is a standard pro
cedure for protective construction. The flexural
strength of structural shapes is obtained from the
expression

(6-2)

For rolled sections, the plastic section modulus is 1.10
to 1.23 times the elastic section modulus. The AISC
Manual ofSteel Construction (AISC, latest edition) in
cludes plastic design selection tables based the plastic

The hysteresis loop area can be used to estimate struc
tural damping (AA, 1975a). The relationships for the
loading and unloading branches of the load-deflection
curve are shown in figure 6-2. In the figure, (3 is the
slope factor (a measure of the stiffness of the struc
tural element); it is usually close to unity.

6-1
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Table 6-1. Effective Length Factors (AISe, 1969)

(al (b) (c) (d) (e) (f)

~ .1_1,:1';1-'
12?J [!J

t
~ ~ rz~ [~~~.lI.w P,

I \ / I
I I I \ I I

I
,

I \ I I

Buckled shape of column I I \ I I
I I I

is shown by dashed line I \ I I
I \ I I
I \ I I
\ \ II I 1
\
\ \ I
I I

1/ ,
1'777 77;'TT 1;';7; 'T I~t t t + +

Theoretical K value o 5 o 7 1 .0 1 0 2.0 2.0

Recommended design
value when ideal condi- 065 0.80 1 2 1 0 2 10 2.0

. tions are approximated

""r Rotation fixed and translation fixed

End condition code Y Rotation free and translation fixed

WflJ Rotation fixed and translation free

y Rotation free and translation free

p
p

p
o

6
P

=

6-2

1 ---- - - ---- -r----.,.....-=~---------

Figure 6-1. Ramberg-Osgood Function (Popov-Pinkney, 1968)
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Figure 6-2. Hysteresis Loop (Popov-Pinkney, 1968)

+ a.
P - P

2
2P

p

f The designer may be required to select from
steels of different yield strengths. He may also be in
terested in the significance of the difference between
the minimum and average value of the yield strength
of a specified steel. (The elastic modulus is essentially
the same for all steels.) Consider a cantilever beam
with load P at free end (Popov-Pinkney, 1968) and
first develop relationships for equal strength and
equal stiffness.

(1) Two structures of equal strength: Both can
support the same ultimate plastic load, but the elastic
deflections corresponding to this load level will dif
fer by the ratio of the yield strengths. Thus

P -p
P2 - PI

(2) Two structures of equal stiffness: These are
structures for which E1I1 = E2I2; since the elastic
modulus is the same for all steels, 11 = 12, The respec
tive ultimate plastic loads differ by the ratio of the
yield strengths, as do also the corresponding elastic
deflections.

f
P =~P

PI f P2
82

g. An example from Popov-Pinkney (1968) is
reproduced here as figure 6-3. A comparison of load
deflection curves for A441 and A36 steel is shown
using the Ramberg-Osgood curves. The hysteresis
loops generated from these curves are used to make
four comparisons in figure 6-4: (a) equal strength/
equal load; (b) equal strength/equal deflection; (c)
equal stiffness/equal load; and (d) equal stiffness/equal
deflection. The following observations are made for
this example. Performance of equal strength struc
tures would be similar with somewhat larger defor
mations when A441 steel is used. For equal stiffness
(members of identical cross section), and for a design
that is dictated by the load capacity (case c), the duc
tility of the structure using A441 steel has not been
fully developed. Larger loads (case d) would produce
ductilities that correspond to the values experienced
with the use of A36 steel. Similar conclusions, obvious
to the designer, would have been reached if
elastoplastic load-deflection relationships were used
instead of the Ramberg-Osgood type. The example is
given here, however, to emphasize the importance of
using steel properties to their fullest advantage,
depending on the specific application.

6-3. Shear strength of structural steel

a. The average stress at which an unreinforced web
is fully yielded in pure shear is given by f/V&
Plastic bending strength of W beams is maintained
until shear yielding occurs over the full effective

6-3
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depth (ASCE, 1961). The static shear strength at yield
may be expressed by:

where
He = Effective depth of web, distance be

tween centroids of flanges::: 0.95 H (H
is the full depth)

t = Web thickness
b. The effect of transverse shear forces is to reduce

the full plastic moment. Denote the reduced plastic
moment by Mps ' Theoretically, it is shown that

(6-7a)

(6-7b)

where
Mp = Plastic moment
Vs = Shear force corresponding to first yield

in shear
He Effective depth of beam web
fs Yield strength of steel
Z = Plastic section modulus

As an extreme condition, when shear produces full
yielding of the web, and if it is assumed that the en
tire additional shear is taken by the flanges, using
equations 6-5 and Vs = Vu gives

3 f t 2H 4M =M __ s e
ps p 64 Z

or using the full depth H,

(6-5)

(6-6)M = M _ ~ (VS2) (He2)
ps p 64 f Z

S

22 r---r---,....-----r--,-----,r---,--,....-----r--....,.----,

~A441 EQUAL TO A36 IN STRENGTH

A441 EQUAL TO A36 IN STIFFNESS

5432

SPECIMEN TYPE FI
CL = 0.48
r := 9.05

20

18

16

14
III
a..
~ 12
Cl«
0
....J 10

8

6

4

2

0
0

DEFLECTION, IN.

Figure 6-3. Comparison of Load Deflection Curves A-36 and A441 Steels (Popor,rPinkney, 1968)
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EQUAL STRENGTH DESIGN

(c) (d)

EQUAL STIFFNESS DESIGN

Figure 6-4. Comparison of Equal Strength and Equal Stiffness Designs (Popov-Pinkney, 1968)

6-5



1M 5-858-3

For webs of members subject to plastic bending, Hit
should not exceed the value given by the following
expressions:

P
when - ~ 0.27

Py

Fy Witt

36 17..0
42 16.0
45 14.8
50 14.0
55 13.2
60 12.6
65 12.0

MlMp

In which
M The lesser of the moments at the

ends of the unbraced segment
The end moment ratio (+ for reverse
curvature, - for single curvature)

c. Width-thickness ratio specifications for single
web shapes and built-up sections are contained in
AISC (1969); the proportions for minimum thickness
of column shapes are shown in figure 6-5. For either
flange, W/t f should not exceed the following values.

These theoretical equations give conservative results
because the implied reduction in moment capacity
does not occur owing to strain hardening. It is recom
mended (ASCE, 1961) that, based on test results, no
reduction ofthe plastic moment due to shear be made
if the magnitude of the shear force at the ultimate
load is less than Vu' More recent tests (Popov
Stephen, 1970) with cyclic loads show that in the im
mediate proximity of a rigid support a large portion
of the shear is transferred from the web to the flanges
and then to the support. Design practice neglects the
shear transfer capacity of flanges. Considering all
these variables, it is desirable to proportion W
sections so that Vs < Vu when the full plastic moment
Mp is developed and to consider Mp (without reduc
tion) to be the flexural strength of the beam.

6-4. Combined flexural and axial loads on
structural steel

a. In structures subjected to lateral loads imposed by
a blast, the columns will be subjected to bending
moments as well as axial loads, and they should be
treated as beam-columns. The maximum allowable
load for an axially loaded compression member for
plastic design is given as

(6-8)

(6-10)

(6-11)

when R. > 0.27 (6-9)
Py

= Maximum applied moment
= Applied axial load

An2E
(KL/r)2

0.85 for members in frames subject to
sidesway
0.6 - 0.4 M1!M2, but not less than 0.4
for members in frames braced against
sidesway; where M1!M2 is ratio of
smaller to larger end moments (+ for
reverse curvature, - for single
curvature)
0.85 for members in frames braced
against sidesway, subjected to

d. Members subject to combined axial load and
bending moment should satisfy the following interac
tion formulas:

where
M
P

M
when +1.0> - > -0.5

Mp

M
when -0.5 ~ - ~ -1.0

Mp

L = 1375 r
cr F

y

where
A Gross area of member

Maximum allowable axial stress depen
dent on the slenderness ratio of the
column

This relationship may also be used for dynamic loads.
(See AISC Specification for the Design, Fabrication,
and Erection ofStructural Steel for Buildings, latest
edition.)

b. Most compression members are also subjected to
bending moments and, therefore, act as beam col
umns. If axially loaded members are sufficiently
braced against buckling, the applied moments and
axial forces will cause the structural element to go
into the plastic range. Insufficient lateral bracing and
a large difference between bending stiffnesses about
the principal axes will cause the structural element
to bend out of the plane of the applied moments and
twist at the same time. For columns of intermediate
slenderness ratio, this type of buckling takes place
when parts of the column have yielded. Recommended
spacing of the bracing to avoid this instability is given
in AISC (1969) by the following expressions for critical
spacing:

Lcr 1375
-=--+25

r Fy

6-6
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(6-13)

6-7

(6-15)

(6-16)

0.1

where

I , (c - d')
(s = (u --c-

6-5. Flexural and shear strength of reinforced
concretes

a. Moment resistance under dynamic loads is ob·
tained by using the dynamic strength for reinforcing
steel and concrete in the formulas for static strength.
The increase in strength of beams under dynamic
loading may be obtained by using the increased
strength of the separate materials. In order to achieve
increased ductility, reinforced concrete beams should
be doubly reinforced. The ductility ratio at failure,
based on tests, is given by

where
K Effective length factor given in table

6-1 (from AISC Commentary, 1969)
Values of Os for various slenderness ratios may be ob
tained from tables in appendix A of the AISC
specification 1969. Figures 6-6 and 6-7 show approx
imate interaction equations for wide-flange section.

/.l Ductility ratio
du Collapse deflection
ds Maximum elastic deflection
as Tension steel reinforcement ratio
a~ Compression steel reinforcement ratio

Shear failures should be avoided in order to permit
full development of the flexural resistance. Beams
should be designed with web reinforcement that
develops the shears resulting from the ultimate mo
ment capacities at the ends of the members. Because
of lack of sufficient data on dynamic shear failure of
beams, static strength values should be used for shear
strength evaluation. The above considerations, com
bined with ultimate strength theory, are sufficient to
evaluate the flexural and shear strength of reinforced
concrete members. Textbooks on reinforced concrete
design may, therefore, be used for the relationships
of parameters that describe flexural and shear
strength. With proper adjustments for the various
capacity reduction factors (8) and the dynamic
strengths of materials, the CRSI Handbook (1978)
may be used for the preliminary selection of member
sizes. For ready reference, the basic flexural equations
for rectangular sections are given below (see standard
textbooks for Tee beams and other structural shapes).
For flexure without axial load, the ultimate strength
at the concrete section is assumed to be limited by
yielding in the tensile steel and a strain in the outer
most compressive fiber, (~' equal to 0.003. The rein
forcing steel in compression will have a strain:

/
LONGITUDINAL WEB
STIFFENER (WHEN NEEDED)~I l.--

h = H-2t f t
f

Figure 6-5. Typical Beam Section Reinforced to Prevent Web
Buckling (COE, 1965)

For columns braced in the weak direction

transverse loading between supports,
and with ends restrained

= 1.0 for' members in frames braced
against sidesway, subjected to
transverse loading between supports,
and with ends unrestrained
Maximum moment. that can be
resisted by the member in the absence
.ofaxial load

C ~J2n2E
C F

. y

The axial stress permitted on a compression member
in the absence of bending moment is:

- 1 - (KL/r>2] F
2 C2' Y

... C (6-14)
Os

5 3(KLlr) (KL/r)3-+. _~_'-

3 8 C '8 C3
C C .

For columns unbraced in the weak direction

M =[1.07 - (L/ry
)~JM ~ M (6-12)

m 3160 P P,

e. In the plane of bending of columns which would
develop a plastic hinge at ultimate loading, the
slenderness ratio (L/r) shall not exceed Cc
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The compressive stress in the steel is given by

O'=EE~=EE~(C~dl)=29 X 106 X 0.003 (C~dl)

(6-20)

as a result, the out-of-plane loading stress approaches
the flexural stress and the concrete is confined as it
would be in a two-way slab, the strain that tl,.e con
crete can sustain without crushing will be greater
than the assumed ultimate strain of 0.003. In such
a case, the limit imposed by equation 6-19 may be
relaxed if supported by a special investigation based
on an acceptable failure criterion such as Prager
Drucker criterion or other acceptable coulomb yield
surfaces that can be adequately fitted to concrete
triaxial test data. To use the confinement of the con
crete to increase the allowable stress one must study
the phasing of the triaxial stresses to make certain
that the deviatoric stress remains within the failure
envelope. This type of design refinement is not recom
mended for one-of-a-kind structures or where com
puter facilities are not available for determining the
time-dependent parameters.

c. The ultimate resisting moment, M u ' of a rec
tangular section with both compression and tension
reinforcement and no axial load may be calculated by

(6-17)

d'

d

= 87000 ( 1 _ d'id ), c1d

where
c Distance from compression surface of

concrete to neutral axis
Distance from compression surface of
concrete to centroid of tension
reinforcement
Distance from compression surface of
concrete to centroid of compression
reinforcement

Under special conditions, and only if demonstrated
by tests, E~ may be taken to be larger than 0.003 for
blast-loaded structures. This value should not,
however, be assumed to be larger than 0.005.

b. The ultimate resisting moment of a rectangular
section with tension reinforcement only and no axial
load may be calculated by

k1 = 0.85 for f~ ~ 4000 psi

0.85 - 0.05 ( f~ - 4000) for f~ < 4000 psi
1000

The limitation of equation 6-19 is for a typical beam
or slab with a depth that is small compared to the
span. If the depth-to-span ratio of a slab is large and,

(6-21)74,000 klf~d'

fsd(87,000 - fs)

d'

A's
h

a~ = A~lWd

where

Area of compression steel reinforcement
Depth of rectangular stress block (As 
A~) fs/0.85 f~W

Distance from compression, surface of
concrete fiber to centroid of compression
reinforcement

Equation 6-20 is valid only when the following ex
pression is satisfied

where

When (as - a~) is less than the value given by equa
tion 6-21 or when effects of compression steel are
neglected, the calculated ultimate moment shall not
exceed that given by equation 6-18. The quantity
(as - a~) shall not exceed the value of as given by
equation 6-19. These formulas are valid for reinforc
ing steel strengths in a range allowed by ACI (1977).
Ifyield strengths of 87 ksi or larger are used, the for
mulas give zero or negative results. This indicates
that the compressive steel cannot yield without caus
ing a strain in the concrete greater than 0.003 in. If
the compressive-steel stress at the failure of a slab

(6-19)

(6-18)

55,500 klf~

fs(87,000 + fs)

where, for unconfined numbers,

where
Mu
W
d

Ultimate resisting moment
Width of section
Distance from compression surface of
concrete to centroid of tension
reinforcement
Tensile steel reinforcement ratio
(A/Wd)

As Area of tension reinforcement steel
fs Yield strength of reinforcement steel
f~ Compressive strength of concrete

To ensure a ductile response the reinforcement ratio,
as' in equation 6-18 must not exceed that calculated
by

6-9
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is less than the yield stress, the formula for the
ultimate moment should be changed to the following:

M u = Wd2[a~ (a' - 0.85 f~) (1 - d'/d)

+ 0.85 klf~(c/d) (l - k1C/2d)] (6-22)

in which the compression stress in steel, d', is deter
mined from

a' = 2:S~ 1[fs + (87,000 + 0.85 f~) ::]

- ([fs + (87,000 + 0.85 f~) ::r
- 348,000 a~ [fS - 0.85 klf~ (d'/d)/asas

+ 0.85 f~~]t2
f

and the depth from the compression surface of con
crete to the neutral axis of a flexural section, c, is
determined from

c = d' [ 87,000/(87,000 - a')]

The above equations are valid only when a' < fs'
When a' ~ fs' equation 6-22 may still be used to
determine Mu by substituting fs for a' and computing
c with the following equation:

c = d [ ais - a~ (fs - 0.85 f~) ] 10.85 klf~ (6-23)

The maximum permissible values of as are deter
mined as follows:
When !J.' = fs' as - a~:;;; 0.75 ab' when ab, the steel
ratio producing balanced conditions at ultimate
strength, is

(6-24)

where s is the stirrup spacing, Av the stirrup area,
and f the horizontal projected length of the inclined
crack. The shear capacity is then

If the flexural reinforcement yields, the concrete
shear-resisting part must be assumed to be inactive.
According to ACI, the shear stress at cracking may
be calculated by

as = 1.9~ + 2500 aMSd :;;; 3.5-vr;-
u

6-10

where as is the ratio of tension steel reinforcement
area to concrete area, d is the distance from compres
sion surface of concrete to centroid of tension rein
forcement, Mu is the ultimate resisting moment, and
SdJMu shall not be taken greater than 1.0. If the ax
ial load is present, Mu is substituted in

M = M _ P (4H - d )
m u 8

where Mm is the modified ultimate moment due to
presence of axial load, H is the overall thickness of
member, and P is the axial load normal to section
with shear loads, positive for compression.
However, as should satisfy

as :;;; 3.5 f~ (1 + 0.002 :H ) psi

instead of 3.5 vr:;.

when !J.' < fs' as :;;; 0.75 ab/(l - 0.75 o'a~/fsas)'

and

o'/fs = [(87,000 + fs)/fs ] (1 - d'/d) - 1

When o'/fs exceeds unity, the compressive steel is at
yield point stress and equation 6-22 applies.

d. The shear capacity of a section is expressed as

where So and Ss are the shear carried by the concrete
and by the transverse reinforcement, respectively.
The shear carried by the concrete is

where as is an average stress (the nominal shear
stress) assumed to be uniform over the area we and
is taken as the magnitude that causes the first
diagonal crack. The shear force carried by vertical
web reinforcement (stirrups) is

f
S = s Ayfs

The static stress values are used to determine the
allowable dynamic shear stress. This conservative ap
proach is used for design because of the complexity
and uncertainty of including all of the dynamic
parameters inf1~encing shear strength.



The balanced moment, Mh, is computed by

Ph = fc'Wk1 74,000 d f (A'(87,000 + f
s
) + s s - As) (6-27)

M = f'Wk 74,000 d ( " 43,500 dk1 ]
h c 1 (87,000 + fs) d - d - (87,000 + fs)

(6-28)

Distance from plastic centroid to cen
troid of tension reinforcement,

+ A'f (d - d' - d") + A f d"s s s s

TM 5-858-3

h Depth of equivalent rectangular stress
block = k1c

D Overall depth of a rectangular section
or diameter of a circular section

W Width of rectangular section
c Distance from compression surface of

concrete to neutral axis
a Calculated stress in tension steel

The balanced load, Ph' is computed using the follow
ing equation

where
d"(6-26)

6-6. Combined flexural and axial loads on
reinforced concrete

a. Columns with axial loads and bending moments
can fail by yielding of the tension steel or by crushing
of the concrete. Since the ultimate load in each case
is determined by different stress conditions, design
is facilitated by using a plot of axial load capacity vs.
moment capacity. An example of such a plot is shown
in figure 6-8. Equations to construct axial load
moment capacity design curves similar to figure 6-8
for any reinforced concrete column are available in
standard textbooks. These formulas, however, do not
account for the increased strengths due to dynamic
loading. For ready reference and to illustrate pro
cedures, given below is the ultimate strength of short
rectangular members subject to combined bending
and axial load and with bars in one or two faces, each
parallel to the axis of bending. The following equa
tions apply when h is not more than D and all of the
reinforcement in anyone face is located at approx
imately the same distance from the axis of bending.

where
Pu Axial load capacity under combined ax

ial load and bending
d (1 87,000]

- (87,000 + fs)

3000 r-----,------r------,-----.------r--------.
4 NO.-ll BARS EACH

2A = 6.24 IN.
s

FACE~

: : ]20
11

• •
, --+..J.-2411 -+"'+

MIN ECCENTRICITY AS ~ \ ,
REQU I RED AC I (1971) I- 21," 21,"

FAILURE BY COMPRESSION ~------\~~~----~

e = 0.10

2000 t----~\--'--~~----l---

1000

Mp TENSION
0';:-__---:~---:;----~I:....----1-----l...-.------l

o 3 6 9 15 18

MOMENT CAPAC ITV. LB-I N. 106

Figure 6-8. Axial-Load/Moment-Capacity C ;:; R';:; durve Jor- emJorce Concrete Columns (COE, 1965)
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(6-35)

(6-36)

M = M (Po - Pu )
u b Po - Pb

When Pu' Po' Pb and Mb are either known or com
puted and Pu >Pb' the moment capacity, Mu' is found
by

Members subjected to a small compressive load (Pu
<0.15 Po) may be designed for Mu = Pue using equa
tion 6-18 or 6-20. The axial load capacities deter
mined by all of the previous equations apply only to
short members. If long members are required, their
capacities should be reduced for the effects of length.
according to the requirements of the ACI Code.

6-7. Ultimate load for two-way slabs

a. Square slab. The ultimate uniform unit load that
a square two-way slab can carry is expressed by the
following formula:

(6-29)

(6-30)

f/O.85 f~

m-l
Eccentricity of axial load at end of
member measured from the cen
troid of the tension reinforcement
reinforcement in two faces this

where
m
m'
e'

For symmetrical
reduces to

Pu = 0.85 f~Wd [-as + 1 - e'/d + 1(l - e'/d)2

1/2]+2 asm'(1 - d'/d) + 2 ase'/d~

b. When the ultimate capacity of a member is con
trolled by tension (Pu < Pb) the ultimate strength will
not exceed that computed by

Pu = 0.85 f~Wd [a~m' - asm + (l - e'/d)

+ {(l - e'/d)2 + 2(e '/dXasm - asm')

1/2]+ 2 asm'(l - d'/d)~

With no compression reinforcement, equation 6-29
reduces to where

c. When the ultimate capacity of a member is con
trolled by compression (Pu > Pb) the ultimate load is
assumed to decrease linearly from Po to Pb as the mo
ment is increased from zero to Mb and

L Length of the side of the square slab
M 1 Positive yield moment per unit length
M2 Negative yield moment per unit length

If the slab is simply supported, M2 is zero. The yield
moments, M1 and M2, are computed using the
methods previously described. Any inplane axial
stresses will alter the yield moments and must be
allowed for as described under "Combined Flexural
and Axial Loads," (para. 6-6). Equation 6-36 is based
on the Yield Line Theory, assuming diagonal yield
lines as shown in figure 6-9.

b. Rectangular slabs. The ultimate uniform unit
load that a rectangular two-way slab with edge
moments can carry cannot be computed directly but
must be solved by iteration as described below and
shown in figure 6-10.

Step 1. Select a value for "a."
Step 2. Compute Va by the formula:

(6-32)

(6-31)

Gross area of section
Total area of longitudinal reinforcement
steel
Ultimate axial load with no flexural
moment

For this assumption the ultimate strength is given
by equations 6-33 and 6-34.

where
A

~

Pu = 0.85 f~Wd [- asm + 1- e'/d + {(I - e'/d)2

2e'amf1/2]+ s
d

(6-33) Step 3: Compute Vb by the formula:

where
e Eccentricity of axial load measured from

plastic centroid
eb Eccentricity of load Pb measured from

plastic centroid

Pu := Po - (Po - Pb) MulJ\1b

6-12

(6-34)

4 L2(M1 + M3)

Vb = L2 (~+ ~\
1 3 2/

Step 4. If Va is not equal to Vb' go to Step 1 and
select a new value for a and recompute. When the two
values converge, the ultimate uniform load is
determined.



The notations used above have the following
meanings:

Va = Ultimate uniform unit load that trial seg
ment A can support

Ub Ultimate uniform unit load that trial seg-

TM 5-858-3

ment B can support
M1 = Positive yield moment
Mz = Negative yield moment on short sides
M3 = Negative yield moment on long sides
A, B, a, b are identified in figure 6-10.

I.

Figure 6-9. ,Yield Lines for a Square Slab

LZ------------1
U.S. Army Corps of Engineers

Figure 6-10. Yield Lines for a Rectangular Slab
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c. Strength of deep beams. By definition, deep
beams are beams with webs that are narrow and deep
and the span to depth ratio is less than two or three.
The conventional procedures used for design and
analysis of normal reinforced concrete beams are not
valid for determining the strength of deep beams. In
the design of protective structures, especially above
ground construction, structural elements such as floor
or roof slabs and walls are used to transmit lateral
loads to the foundation. These slab and wall com
ponents are treated as deep beams and, depending on
their orientation and function, are referred to as
diaphragms (slabs) and structural walls (shear walls).
They are usually stiffened and supported laterally
along their edges by the intersecting floor, roof, and
wall slabs. Portions of such intersecting slabs act as
flanges to stiffen and strengthen the webs of the deep
beams and should be so considered in the analysis of
such beams. Under blast loading, deep beams are
generally stressed by loads applied normal to their
surfaces in addition to the deep beam loading.
Because of their proportions both shear and moment
stresses and strains must be included in determina
tion of their strength and deformation. Procedures for
design of deep beams acting as diaphragms or shear
walls are described below. For a general discussion
of the conventional, simply supported, and continuous
deep beams and the reinforcing steel patterns recom
mended for various loading conditions, i.e., uniform
concentrated, top or bottom application, etc., the
reader is referred to standard textbooks (e.g. Park
Paulay, 1975) and available text reports on deep
beams (e.g. Benjamin-Williams, 1957).

d. Static shear loads. Characteristic static load
deflection curves obtained for structural walls are
shown in figure 6-11. These curves were obtained
from tests (Benjamin-Williams, 1957) of the structural
walls of the type shown in figure 6-12. The walls are
primarily shear-resisting elements. Tension and com
pression columns in the test represent the effect of
the face walls or columns in a prototype structure, and
normally resist axial loads induced by overturning
reactions. The horizontal beam represents the effect
of the roof slab. The wall panels were reinforced with
equal percentages of vertical and horizontal steel bars
uniformly distributed throughout the wall. Extra bars
were placed in the columns and beam to simulate
typical reinforcing for these elements. The structural
wall deflection prior to the development of the initial
tensile cracks is obtained by using simple bending
and shear deformation equations. The deflection at
first cracking, dc' for the cantilever shear wall shown
in figure 6-12.

where the first term in the parentheses is a bending
factor, the second term relates to shear, and where

Se Horizontal static load resistance of wall
at first cracking

Ee Modulus of elasticity of concrete
I Moment of inertia about centroid of

horizontal section through shear wall
including frame but neglecting all
reinforcement

L Length of shear wall
W Thickness of the shear wall
H Height of shear wall

The shear wall deflection, du' at which the ultimate
resistance is reached is given by the relation:

(6-38)

When Su is equal to or less than Se' equation 6-38
has little significance. However, for all cases it is used
as a design criterion to indicate the upper limit of
deflection for which the shear wall may be designed.
The above shear wall criteria are based upon tests in
which the parameters were varied within the follow
ing limits:

- Column steel ratio 0.01 to 0.033
- Column steel adequately encased in concrete
- Concrete strength of 2000 to 4000 psi
- Length to height ratios of 0.9 to 3.0
- PIC ratios of a to 3.26 where C is the compres-

sion column influence factor computed as

Ai~ [15 + 1.9 (ttl lb and P is the panel strength

taken as fyptL, lb
- fs of 42 to 52 ksi
- Shear wall steel ratios, a < as < 0.015

e. Dynamic shear loads. Equations for structural
wall capacity at first cracking of the concrete and at
ultimate resistance are based on static tests. Dynamic
capacities may be obtained by using dynamic strength
values for the concrete and steel. The design equa
tions are as follows: The horizontal dynamic load
resistance of a shear wall at first cracking, Sde' is
given by

Sde == 0.1 f~ L W

where
f~ Ultimate concrete compressive strength
L Wall panel length
W Wall panel thickness

The horizontal ultimate dynamic resistance of a shear
wall, Sdu' is given by

d == SeH ( H2 2.2)
e Ee 3 I + LW

6-14

(6-37)

2.2 Pd+--
Cd

(6-39)
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fdsas W L

A~f~ (15 + 1.9 (~r]
fds ::= Dynamic yield strength of steel
as Ratio of shear wall reinforcement in

each direction (vertical and horizontal
steel ratios are to be made equal)

A~ Area of column steel in compression
side of wall

H Wall panel height

The ratios Cd/Sdu and Pd/Sdu are plotted in figure
6-13 as functions ofP&Cd. These values may be used
in the design of the shear wall steel reinforcement and
are obtained by using equation 6-32.

S = ULT IMATE LOAD SUSTAINED BY WALL
u

Sc = LOAD CAUSI~
FIRST CRACK I

'\POST ULTIMATE CURVE

~
I
I FOR

....J I SMALL LlH WALLS

....J I<1:
~ I
z
a
Cl

~POST ULTIMATE CURVE
<1:
a FOR
-I

IX: LARGE l/H WALLS
<1:
L.LJ
:::I:
V'l

°u

WALL DEFLECTION, 0

Figure 6-11. Characteristic Load-Deflection Curves for Structural Walls (COE, 1965)

COMPRESSION
COLUMN

L

S----. ---.. ---.. ---..~

BEAMt
I I

H

WALL PANEL ....-lTENS ION--;
COLUMN

RIGID FOUNDATION

Figure 6-12. Structural Wall Test Model (COE, 1965)
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Figure 6-13. Dynamic Ultimate Load Ratios vs. Ratio of Panel Influence Factor to Column Influence Factor (cOE, 1965)

f Combined shear and normal loads. When struc
tural walls are subjected to blast pressures normal
to the plane of the wall at the same time that they
are acting to resist shearing forces in the plane of the
wall, the combined normal and shear load resistance
at first cracking is defined by the straight line inter
action equation

N'u

where
S'u Ultimate applied shear load under com

bined loading
Ultimate shear load resistance with no
normal load
Normal load applied at yielding of rein
forcement under combined loading
Normal load resistance at yielding of
reinforcement with no shear load

The value ofNu can be determined by use of the ap-
plicable equations for the bending strength of one- and
two-way slabs. The wall deflection in the direction of
the shear load under combined shear and normal load
is not affected appreciably by the normal load and can
be computed from equations 6-37 and 6-38.

g. Structural walls with opening. Structural walls
that contain openings, such as those required for cor
ridors and doorways, offer less resistance to shear
loads than solid walls. These walls can be analyzed
by treating them as a rigid frame, taking into con
sideration the deformations due to shear. The shear
resistance of the portions of the wall between open
ings can then be determined by beam or deep-beam
formulas depending on their dimensions.

6-8. Composite beam slabs
a. Plastic bending strength. Figure 6-14 shows a
typical section through a concrete slab that is sup
ported by steel beams and with shear connectors so
designed that the beams and slab can be assumed to
act together as a unit. Since the yielding of the steel
beam controls the ductility, it is desirable that such
yielding occur before the ultimate compressive capa
city of the concrete slab is realized. The ultimate com
pressive strength of the concrete flange should,

(6-41)

(6-40)

f'c

Applied shear load at first cracking
under combined loading

Sc = Shear load resistance at first cracking
with no normal load

N' = Total normal load at first crackingc
under combined loading
Total normal load resistance at first
cracking with no shear load

0.1 f~ L W2
=

6 H (0.07 - 0.04 !i)
L

L Length of shear wall
H = Height of shear wall
W = Thickness of shear wall

Static ultimate concrete compressive
strength

The ultimate combined normal and shear load
resistance is defined by the circular interaction
equation

where
S'c
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therefore, be made at least twice the yield tensile
strength of the steel beam. This will make the neutral
plane of the composite beam lie within the concrete
slab, and, if the concrete strength in tension is
neglected, the ultimate stress distribution shown in
figure 6-15 will be approached as plastic bending
occurs. The plastic bending resistance is determined
from

Mp = A fds(~+ z) (6-42)

times the thickness ofthe concrete slab,
whichever is smallest

A = Area of steel beam
fds = Dynamic yield strength of structural

steel beam
fdc Dynamic compressive strength of

concrete
The compressive strength of the total concrete flange
and the tensile yield strength of the steel beam,
assuming the dynamic strength values are developed
under dynamic loading, are given by

where
z

W
H
L

A fdsW - --='-
2 L fde

Thickness of concrete slab
Depth of steel beam
Width of concrete slab = spacing be
tween beams, 1/2 the beam span, or the
width of the steel beam flange + 8

(6-43)

Area of concrete slab
Area of reinforcing steel parallel to
beam in width L

w

H

t--------L--------l

Figure 6-14. Composite Beam-Slab Section (COE, 1965)

w

H

c

T

z

H/2

Figure 6-15. Plastic Stress Distribution in Composite Beam (COE, 1965)
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where

60,000 psi times the throat area of the weld. The max
imum shear stress intensity iIi the concrete on sec
tion a-a (fig. 6-16) is

(6-47)
(

L - w) (A f ) Sm
L ds S

a
vm = ---2-W-L-'-----='

Maximum vertical shear in length, L'
Average vertical shear in length, L'
Length between sections of zero and
maximum moment being considered

This maximum shear stress must not exceed the
allowable shear stress given by

b. Strength of channel type shear connectors. A
channel type shear connector is illustrated in figure
6-16. The channel is rigidly welded to the top flange
of the supporting wide-flange beam and the concrete
transfers horizontal shear by pressure on the connec
tor. The strength, Q, of such a shear connector
developed during plastic distortion is (Viest et al.)

Q ~ ( " + ,;) w Vf"fdo (6-44)

where
w Length of shear connector channel·
tw Web thickness of channel
t f Maximum thickness of channel flange

The total number of shear connectors required be
tween the points of zero and maximum moment is

A fdsn = -- (6-45)
Q

S Total shear at section considered
d' Distance between resultant tension and

compression forces at section considered
Equation 6-46 is merely an alternate of equation
6-45 for obtaining the spacing of shear connectors.
Equation 6-45 may be used to check the total number
of connectors obtained by the use of equation 6-46.
For purposes of calculating the required spacing of
shear connectors, d' may be taken as H/2 + 2W/3.
This approximation will give conservative spacing of
shear connectors outside the region of plastic moment,
but it is justified by the fact that exact computation
of the moment arm is difficult because of the con
tinuously changing stress distribution in the transi
tion range between plastic and elastic sections. The
spacing of the shear connectors will vary inversely
in proportion to the vertical shear, S. For simply sup
ported beams loaded at the center point, the shear is
constant and therefore the spacing is constant. For
uniformly loaded beams (fixed end or simply sup
ported), the shear varies linearly and spacing of shear
connectors along the beam is carried out exactly as
in the design of stirrups in conventional reinforced
concrete beam design. As shown in figure 6-16, the
length, w, of a shear connector should not be more
than the width of the beam minus 2 in. The height
of the channel, dc, should be greater than W/2 and
also greater than W - w/2. The smallest channel sec
tion meeting these requirements will be the most
economical section. It is recommended that for these
shear connectors, the weld strength be taken as

f'e

The required spacing of shear connectors is

se = Qd'/S

where

(6-46)

Ratio of steel reinforcing placed parallel
to the steel beam; A/LW
Ratio of steel reinforcing placed perpen·
dicular to the steel beam in excess of
that required to carry the slab bending
stresses
Static ultimate compression stress of
concrete

fs Yield stress of reinforcing steel
The concrete slab must be designed independently for
bending and shear stresses resulting from its behavior
as a slab or deep beam spanning between the steel
beams.

6-9. Composite slabs with steel liners

a. Introduction. Structural slabs used as blast
closures often consist of a steel plate overlaid with
concrete and welded to a confining steel liner at. the
periphery of the concrete slab (fig. 6~17). Circular and
rectangular shapes may be used. The steel plate pr07
vides bottom tensile reinforcing, electromagnetic
radiation shielding, and protection against concrete
spalling. The retaining ring provides an anchorage
for the bottom plate (reinforcement), .permits use of
increased allowable concrete bearing and shear
stresses because of, confinement, and increases
reliability of closure operation by prevention of spalls
along the periphery of the closure...

b. Ultimate load resistance ofcircular slabs. Three
equations relating closure material properties and
dimensions .to the maximum load-carrying capacity
of the closure are presented below for flexure, shear,
and bearing failure mpdes. The equations ::ire based
on the analyses of empirical relationships ainong test
data combined with ultimate strength theory. Failure
levels· determined .by. these equations compare
favorably with available test data (AA, 1977).
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Figure 6-16. Dimensions of Channel Shear Connectors (COE, 1965)
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Figure 6-17. Composite Closure Configuration

(6-48)

for thin ring

for thick ring

U Ultimate uniform unit loading

for thin ring (t,,, :;)

for thick ring ( t, > :;)

e

where

c. Flexural capacity. The yield-line theory for
ultimate strength design of concrete slabs is the basis
for determining the flexural capacity ofthe composite
closure design. However, the unique features of the
concept also require consideration of the following fac
tors when determining equilibrium forces acting on
the slab segments:

-Confinement of concrete due to lateral forces im
posed by periphery ring

-Influence of increased moment capacity due to
horizontal thrust induced by friction at the support
(bearing) area

-Effective span of closure as related to width of
bearing surface
Based on the above considerations, Agbabian
Associates (1977) derived the following quadratic
equation for use in determining the flexural capacity,
U, of a simply supported, circular, composite slab
closure:

U2 + 4f~U[~'_ ~_ (h + (tb/2) _ PI + P2)J
tp2 R 3 tp R f'

c
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where
U = Ultimate uniform unit shear load

f Bearing capacity. The bearing failure of a closure
slab is characterized by the crushing of concrete above
the bearing region. Agbabian Associates (1977) sug:
gests a method for evaluating the bearing resistance
of a composite closure design that considers the con
fining pressure imposed by the peripheral steel liner,

e. Shear capacity. The ultimate shear capacity of
a composite closure is governed by the shear strength
and cross-section of the concrete slab as well as the
influence offrictional forces at the bearing area and
confining pressure from the steel ring. Based on the
shear failure criterion given in the Air Force Manual
for Design and Analysis of Hardened Structures,
Crawford et al. (1974), and on work by Plamondon
(1968) and Crist and Vaugh (1968), the ultimate shear
capacity, U, of a composite closure slab can be taken
as

b
~

U
k

Ultimate uniform unit bearing load
flf'
Co~fficientof friction between the con-
crete and the steel ring (normally
assumed as 0.6)
R = Rj

Angle of internal friction of concrete. If
not available from Mohr diagram, use
~ ::: 40.0 (f~)O.13

g. Applicability of ultimate load resistance equa
tions. The influence of confining stresses imposed by
the periphery ring and the in-plane loads imposed at
the closure edge attenuates as the span to depth ratio
increases. It is recommended that the use of the equa
tions for determining ultimate flexural, shear, and
bearing capacity be limited to closures with span to
depth ratios ~ 6. For ratios> 6, the closures should
be treated as two-way slabs.

where

6-10. Fiber-reinforced concrete

a. As in other structural materials, the strength of
fiber-reinforced concrete can be defined in terms of
an elastic limit stress (als'o called the first crack
strength) and the ultimate strength. Fiber content,
fiber geometry, and the distribution of the fibers have
significant effects on the properties of fiber reinforced
concrete, and the designer must select the actual prop
erties he requires, then determine if a mix can be
designed to satisfy those requirements. Publications
of the American Concrete Institute (e.g., ACI, 1973
and 1974) provide guidelines, bounds on expected in
crease in strength, as well as detailed mechanical
properties.

b. The load-deflection diagram of a fiber-reinforced
concrete specimen loaded in flexure exhibits linearity
up to the proportional (elastic) limit or point of first
cracking. The load deflection curve beyond this point
is nonlinear up to the maximum load, which defines
the ultimate strength.

the shear strength of the concrete, the shear
resistance of the steel bottom plate, and the friction
between the uncrushed concrete slab and the steel
confining ring. Utilizing this approach, the bearing
capacity, U, of a circular composite closure is given by

U~ f;H:~} R2~JR1r ++.n2(w +})]

+2~" k ~1[h-b '.+5
0 +})J} (6-511

(6-49)

f'c
tp
R'

Compressive strength of concrete
Coefficient of friction at bearing surface
Radial distance from CL to bearing
reaction*
Radial distance from CL to outside sur
face of confining ring

,R Ro - t s
h Depth of concrete
ts Thickness of steel confining ring
tb Thickness of steel bottom plate
fs Yield strength of steel

Equation 6-48 is based on the ultimate static load to
which no safety factor has been applied. Appropriate
enhancement factors may be applied to f~ and fs (para.
5-3c).

d. Limitation offlexural equation. When the forces
contributing to lateral compression in the concrete at
the periphery of the slab become large, the depth of
the compression zone may exceed the depth of the
slab. When this occurs, the limits of equation 6-48
are exceeded and the flexural capacity, U, ofthe com
posite closure should be computed by the following
equation.

2 [ fstsh ]
U ~ tpR f~ (h - tb) - R - fstb

*R' may be assumed equal to Rj for very rigid supports. The resultant reaction force will vary hom the ed!IJe (~' = R;l to the center of the
support (Il:' = (R j + Ro)/2) as the stiffness of the support varies from rigid to very flexible.
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c. One theory concerning the first crack strength
of fiber-reinforced concrete states that material prop
erties can be predicted from the individual properties
of the matrix and the fibers. Up to the proportional
limit, both the plain concrete and the fibers behave
elastically. Increasing the volume of fibers increases
the proportional limit approximately linearly.
Researchers have observed that the effect of fibers on
the first crack strength of concrete reinforced with up
to 4% by volume and subjected to flexure, tension, or
compression is small and linear. An approximation
of the influence of fibers on the elastic properties of
the composite concrete-fiber specimen can be
estimated by

where E r , Er, and Ec are the moduli of elasticity for
the composite, the fibers, and the concrete, respec
tively. Vr and Vc are the volume fractions of fiber and
concrete. The equation is valid for composites with
continuous fibers, elastic behavior of the materials,
and no slippage between fibers and matrix. This rela
tionship gives upper bound values because, due to
possible debonding of the fibers, microcracking may
occur before the proportional limit is reached. The
theory discussed above is based on the assumption
that the proportional limit depends on volume, orien
tation, and aspect ratio of the fibers.

d. The maximum loads, as indicated by the
nonlinear load-deflection curve, is controlled primar
ily by fibers gradually pulling out and the stress of

TM 5-858-3

the fiber. The decrease in load after ultimate is
reached is much less for fiber reinforced concrete than
for plain concrete and the total energy absorbed before
complete failure is at least an order of magnitude
higher. This provides a significant increase in
ductility or toughness when compared to conventional
concrete design. Up to an aspect ratio of 150, a linear
relationship exists between aspect ratio and strength
(aspect ratio is the fiber length divided by the
equivalent diameter or thickness of the fiber). Based
on this relationship, an expression for the ultimate
strength is

where fr and fc are the stress values of the fiber
reinforced composite and the concrete matrix, respec
tively; Land D are length and diameter or thickness
of the fiber; and C and F are constants that have to
be obtained from test data for various types of fibers.
The maximum value of C is unity and constant F
depends on the bond strength between fibers and the
matrix and on the randomness of the fibers.

e. Until more definitive data based on tests and
field experience becomes available, any increase in
strength resulting from the addition of fibers to the
mix can be neglected during the design phase. The
structures can be designed as if they were constructed
from conventional reinforced concrete and any addi
tional strength provided by the fibers can be utilized
during the hardness verification phase of the
program.
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CHAPTER 7
NONDETERIORATING DESIGN DETAILS

7-1. Introduction
a. Protective construction incorporates special
nondeteriorating design details in order to resist
multiple attacks. These attacks may be sequenced
from a multiple warhead with the arrival-time phas
ing of airblast and ground shock measured in
milliseconds, or from several warheads delivered at
intervals of seconds, minutes, or days. The combined
effects of airblast and ground shock will depend on
the phasing and direction of the loads and motions
and on the location of the structural element within
the parent system. If lateral loading is the
predominating effect, the structural element may ex
perience complete reversal of deformation due to the
relative locations of structure and points of detona
tion (ground zero).

b. The structural elements must withstand
repeated loading without jeopardizing PMMP. The
principal objective is to develop the required ductility
at connections in order to assure nondeteriorating
behavior of structural elements. This section will em
phasize considerations and procedures for designing
connections. The design procedures are adapted
primarily from cyclic loading tests performed to in
crease the data base for earthquake engineering. It
is therefore necessary to use the appropriate provi
sions of earthquake-resistant design in order to avoid
stiffness and strength degradation that would make
a protective structure vulnerable to subsequent
attacks.

7-2. Multiple loading of steel members
a. Introduction. Inelastic action occurs mostly at the
joints of a structure since they are frequently located

at points of maximum shear and moment. In beam
to-column connections, inelastic behavior should be
confined to the beam. Columns should remain elastic,
except very short columns that can be allowed to yield
without being loaded into the range of instability.
Develop design details using equivalent static loads
such that, at ultimate load, equilibrium conditions are
satisfied within the assumptions of plastic behavior
of the material.

b. Welded and bolted connections. The following
guidelines have been substantiated by tests:

-Welds: Butt welds can develop the tensile yield
stress of the parent metal on their
minimum throat section and should be
used for beam-column connections
unless circumstances requiring use of
fillet welds and/or bolted connections.

-Bolts: Bolted joints designed as moment con
nections should develop the full bend
ing strength of the member.

c. Types of connections. Five types of connections
were tested under cyclic loads (Popov-Pinkney, 1968).
These are shown in figures 7-1 to 7-4. Under 5 cycles
each at nominal ±1/2 percent controlled strain in
crements (approximately ±1 in. of tip deflection)
where there was no deflection due to workmanship,
no significant deterioration was noted at loads that
stressed the connection to the elastic limit. One
specimen was subjected to 100 cycles with a tip deflec
tion of about 2.6 times its maximum elastic deflec
tion without showing significant deterioration. Loads
of greater severity caused various failures: flange
buckling, cracking in the plate at the end of the weld,
or cracking in the flange at the outermost bolt line.

fl COLUMN
I·

fl LOAD
-I

2 1 6"

FULL PENETRATION BEVEL WELD

-....

8WF48 STIFFENERS

BOLTS

I

~ LATERAL GUIDE, TOP FLANGE
I
I

8WF20
o 0 0 0

o 0

o 0

LOAD

Figure 7-1. Beam-Column Connection, Type I, Detail Showing Test Device (Popov-Pinkney, 1968)
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FILLET WELD

- -------------------- -- TOP VI EW

SI DE VI EW

EL WELD

PLATE.. ..
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~
~~ERECTION BOLTS.

I TO ANGLE

I \i'LLET WELD, .~:J NO RETURNS

.. A FULL PENETRAT ION BEV.. y
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~------------ I-==..~p----------
I
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/

Figure 7-2. Alternative Beam-Column Connection, Type II (Popor>-pinkney. 1968)

EACH BOLT WITH WASHER
UNDER TURNED ELEMENT

TOP VIEW

SIDE VIEW

LATE

PENETRAT I ON BEVEL WElD

PLATE

F===~ ~~~~~~:;;~F~' LLER PLATE

Figure 7-3. Alternative Beam-Column Connection, Type III (Popor>-Pinkney. 1968/
,
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TOP VIEW

T PEA RED PLATE

==== f=i========ii~

FULL PENETRATION BEVEL WELD

SIDE VIEW

PLATE, FILLET WELDS

----. ~:----. ---------~~----------.' BOTTOM VIEW

~FILLETED PLATE AND
RADIUS FILLETS

Figure 7-4. Alternative Beam-Column Connection, Type V (Popov-Pinkney, 1968)

where the subscript i refers to the point of last load
reversal and {3 is the ratio of the slope of the unloading
curve to the slope of the initial loading curve ({3 = 1
in most cases).

f Ductility factor. The ductility factor ~ has been
defined as the ratio of total deformation to elastic
deformation at yield. In multiple loading, this is not
a cumulative damage indicator unless the recoverable
deformation between loadings is accounted for. The
residual plastic deformations of previous loadings,
plus the deformation of the final loading, should be

. taken as the value of ductility that describes the duc
tile behavior of a multiple-loaded structural element.
In figure 7-6, it is seen that the ductility ratios ~I'

1-l2, and /-Aa depend on the loading/unloading history.

7-3

d. Load/deflection relationships. When designing
for multiple loading, take into account the hysteretic
properties of the connection of the steel members. An
equation based on the Ramberg-Osgood relationship
defines the loading and unloading branches of the
load-deflection diagram.

(7-1)

where P and 0 are load and deflection, P is the
plastic load, and op is the deflection at P =1>p' The
a and x are experimentally determined numbers.
Average values for a and x are 0.5 and 8, respectively.

e. Hysteretic cycles. Data for multiple loading may
be obtained from cyclic tests or approximations based
on cyclic tests. Unloading and reloading develop
hysteretic cycles, shown in figure 7-5, that may be
fitted by a curve of the Ramberg-Osgood form: .

el - eli _ 1 P - Pi [ .IP - Pille-I]-- - --- 1 + a --
elp {3 Pp 2Pp

(7-2)
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d. Shear stiffening in columns. When unbalanced
moments or external forces cause shear stresses in ex
cess of the column web capacity, stiffening should be
provided for the column. Such stiffening may take the
form of diagonal stiffeners or web doubler plates.

e. Straight corner connections.
(1) Web thickness required.

where
t Required web thickness at beam col-

umn junction
Mp Plastic moment
fs Yield stress
Hb = Beam depth
He = Column depth

(2) Web stiffening. If the web of a connection is
too thin, it may be reinforced by doubler plates, or
by diagonal stiffeners welded to the flanges and to the
web. The area of a symmetrical pair of diagonal stif
feners should be

(7-5)

(7-6)

= Tan-1 (Hb/Hc)' angle of diagonal
stiffeners
Plastic moment
Stiffener thickness

t =

in which
e

p
p

p

+------\.!3-------l

lJ'-------'. 2---.....

Figure 7-6. Definition ofDuctility Factor fl (PoporrPinkney, 1968)

7-3. Guidelines for connection details

a. Introduction. Suggested details (ASCE, 1961) will
ensure that local buckling is prevented while the
plastic moment capacity of the connection is
developed under the applied loads. They are based on
experimental data and engineering practice. For more
detailed information, refer to -ASCE 41 (1961) and
AISC (1969, supp.), Presented below are guidelines
and equations for designing connections between
beams and column flanges, and for corners and
haunches and different conformations.

b. Unstiffened columns. Column stiffeners are not
needed adjacent to the beam compression flanges if

f Taper haunches. (1) Lateral buckling. The critical
unbraced length of a compression flange that may be
strained to the point of strain-hardening throughout
its entire length without premature lateral buckling
is conservatively estimated as:

where W = Flange width
The critical unbraced length of a compression flange
may be increased substantially by increasing the
angle of taper or by increasing the thickness of the
flanges.

(2) Diagonal web stiffeners. To resist an im
balance of inner flange forces and reinforce the web
against undue shear deformation, a symmetrical pair
of diagonal stiffeners may be provided having a total
area:

where
tc = Column web thickness
Af = Area of one beam flange
t f = Beam flange thickness
hw Column fillet depth, distance from

flange face to end of fillet

Column stiffeners are not needed adjacent to the
beam tension flanges if

(7-4)

where t c = Column flange thickness
c. Column stiffeners. Column stiffeners at points of

bearing of beam flanges should be proportioned to
carry the excess of beam flange force over that which
the column web and flange are able to carry. (Stif
feners should also be so proportioned that they do not
buckle.)

Lc = 5.3 W

Ar cos(<pr + y) - Ac sin <Pc
Ad = ---.:.--~--:.--:::....--......::

cos e

(7-7)

(7-8)
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(4) Diagonal web stiffeners. To reinforce the web
against buckling due to radial compression in the
curved inner flange, a symmetrical pair of diagonal
stiffeners may be provided having a total area

(7-13)

(7-12)

Area of inner flange
Angle of inclination of beam from
horizontal

d'

Moment capacity
Area of rebar in tension
Area of rebar in compression
Yield strength of reinforcing bars
Distance from compression surface of
concrete to centroid of tension
reinforcement
Distance from compression surface of
concrete to centroid of compression
reinforcement

(1) Under multiple loading conditions, when the
structural element has experienced load reversals, the
shear resistance drops significantly. The shear capa
city under these conditions may be significantly less
than the ultimate shear capacity, su' taken as the
total of the shear carried by the concrete and the
shear resisted by web reinforcement. In order to avoid
this deterioration in shear resisting capacity, increase
the web reinforcement (number and size of stirrups)
at critical sections where diagonal tension cracking
is expected under load reversal.

Ad = 2 Ac sin (22.5 0
- ~)

where
Ac
y

7-4. Multiple loading of reinforced-concrete
members
a. Introduction. Stiffness and strength degradation
in reinforced-concrete beams are a direct result of the
cracking of the concrete and the subsequent yielding
of the steel. Flexural cracks cause an instantaneous
drop in the beam stiffness. Diagonal tension cracks
further decrease the stiffness. Load reversals beyond
the load level at which the diagonal tension cracks
occurred have produced in experiments a set of
diagonal cracks crossing the first set at approximately
right angles. A yield plateau is then reached when
the tension reinforcement starts to yield.

b. Design considerations. Flexural members with
low shear exhibit high ductilities under load rever
sals, provided the compression reinforcement does not
buckle. Since yielding of the tension reinforcement
across cracks keeps these cracks open, the flexural
capacity at high ductility depends on the state of
stress in the steel. If cracks have developed on both
sides of the neutral axis because of stress reversal,
consider only the steel in obtaining the moment
capacity of the cracked section. Use the formula

(7-9)

(7-11)

(7-10)

2

h -x

Le = R~ = 5.3 W

where
hx = Depth of haunch at section "x"
Mx = Moment at section "x"

The depth of launch at section "x" is given by
hx = Hb + 0.022 R.

(2) Lateral buckling. The critical unbraced length
of a curved compression flange strained to the point
of strain-hardening without premature lateral
buckling is conservatively estimated as

where ~ = Central angle of curved flange (45°-y/2)
The critical unbraced length of a compression flange
may be increased by increasing the thickness of the
flanges.

(3) Cross bending. Cross bending occurs when
radial components of the force in the curved flanges
tend to bend the flange edges toward the web. The
effect of cross bending on connection behavior will be
negligible if

W 4Mx

W - t s fs (W - t s)
t f = ---'------------

where
Ar Area of inner flange of rafter haunch
Ae Area of inner flange of column haunch
¢lr Angle of taper of rafter haunch
¢Ie Angle of taper of column haunch
y Angle of inclination of rafter
e Angle of slope of diagonal stiffener

Diagonal stiffeners should be welded to the web and
to both flanges.

(3) Transverse stiffeners. Transverse stiffeners at
the junctions of the tapered haunch and prismatic sec
tion serve to carry any imbalance of the inner flange
force due to the sudden change in direction. Minimum
size requirements will usually govern the thickness.

g. Curves haunches.
(1) Required plastic modulus. The plastic

modulus at any point in the haunch must be adequate
to resist the applied moment at that point. The web
of the haunch should not be thinner than the web of
the beam. The thickness of flange required to provide
an adequate plastic modulus is given by
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(7-15)

(2) The effect of shear on stiffness degradation of
flexural members is another factor to consider dur
ing multiple loading. Shear deformation further
decreases both the loading and unloading stiffnesses
of the member, which can be interpreted by
evaluating the inelastic state of stress of the re
inforced concrete member. The two general categories
of inelastic behavior are stable and unstable.

(3) In the frrst category, hysteresis loops of plastic
hinges are relatively stable with repeated loading
(Parducci-Ferretti, 1973). These hysteresis loops
demonstrate nearly uniform energy dissipation and
load-carrying capacity from one load cycle to the next
(fig. 7-5). Inelastic behavior can be accurately
represented by steel yielding alternately in tension
and compression.

(4) In the second category, plastic hinges are
significantly affected by shear, resulting in unstable
hysteresis loops that exhibit significant deterioration
in stiffness and energy dissipation from one inelastic
load cycle to the next (fig. 7-7). Loading for these
members, carried across shear or diagonal tension
cracks, produces crushing or grinding ofthe concrete
from one load cycle to the next. This deteriorating
behavior can be significantly reduced by placing rein
forcing steel at angles across plastic hinges that have
high shear during peak loading (figs. 7-8 and 7-9).
This diagonal reinforcing steel, sometimes called
"lacing," carries the shear load in tension or compres
sion and eliminates the unrestrained movement
across the diagonal shear cracks, causing concrete
deterioration (Paulay, 1973; Popov et a1., 1972). In
stead of the concrete deteriorating, the steel bars
yield; since steel yielding in tension and compression
produces almost no deterioration, the resulting
hysteretic behavior is relatively stable.

c. Design of reinforcing details. The reinforcing
details required to produce flexural hysteretic
behavior for beam-column connections, shear walls,
and deep beams are given below. Particular attention
should be given to secondary effects produced by these
details, which can have an adverse effect on the in
elastic response of the member.

d. Interior connections. At interior connections,
with beams framing into the column on opposite faces,
ultimate lateral loading usually produces yield
moments in the same direction in beams (columns)
on opposite faces of the column (beam). This loading
condition produces tension yield stress in the reinforc
ing bar at one face of the column at the same instant
that compression yield stress is developed in the same
bar at the opposite column face. Very early in the in
elastic history of the connection, bond fails around the
longitudinal beam bar that is anchored in the column.
In order to minimize the effect of bond failure in the
anchored beam steel, the steel should be crossed as
it goes through the column (fig. 7-10). With the beam

1M 5-858-3

steel crossed in the column, the ultimate loads pro
duced by lateral loading will tension the bottom steel
of the left beam at the same time that the top steel
of the right beam is tensioned to yield. Even if com
plete bond failure occurs around the crossed steel,
yield stress will be developed in the longitudinal steel
without movement of the bar. Constructing the con
nection on the diagonal as shown in figure 7-10 pro
vides inelastic steel anchorage that is not affected by
bond failure or concrete deterioration. The resulting
hysteresis loops should be relatively stable with lit
tle change from one inelastic cycle to the next.

(2) Shear that the beam must carry near the col
umn face will be increased. Since the top beam steel,
which is bent down at the column face, and the bot
tom steel are stressed so that one is tensioned while
the other is compressed, the shear force is additive.
This additional shear, which is equal to V2 A~fs for
steel placed as shown in figure 7-10, should be car
ried by additional hoops in the beam near the column
face with a total area equal to V2 A~.

(3) The concrete on the inside face of the bent bar
will be crushed. Excessive crushing can be avoided
by considering the forces that are illustrated in figure
7-11. The total strength of concrete on the inside of
the bend is equal to 0.85 f~f bD. This must exceed the
steel bar force that is equal to 2Abfy cos (90 - 8/2), giv
ing the equation:

fsfb ~ 1.85 D - cos (90 - 6/2)
f~

where
Ab == Rebar section area
D Rebar diameter
f~ Concrete compressive strength
f b Required length for bend in rebar
8 == Bend angle for diagonal rebar
fy == Yield strength of rebar

e. Secondary effects. Bending the beam steel
diagonally through the column produces three secon
dary structural problems that must be considered in
designing the connection and the beam.

(1) If the column is narrower than the effective
beam depth, the moment capacity will be reduced by:

AM == (1 - -v'2\ A'f (d - hl2) (7-14)2J s s

where
AM == Reduction in moment capacity
A~ == Area of rebar in compression
h Depth of equivalent rectangular com

pression stress block
d Distance from compression surface of

concrete to centroid of tension
reinforcement

for each beam. (The change in moment arm should
be small and can probably be ignored.)

7-7
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(a) Diagonally reinforced coupling beam
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Figure 7-11. Concrete Crushing inside Curved Bar

If the concrete resistance is not adequate to resist the
yielded steel bar, then i b can be increased by increas
ing the radius of curvature for the bent bar, or stir
rups can be used to help anchor the bent bar.

f External connections. The second kind of connec
tion that normally produces shear hysteresis loops
because of concrete deterioration is the external con·
nection made from one beam framing into an exterior
column that extends to an upper story. Unlike in
terior connections, exterior connections do not have
structural symmetry that can be used to provide
mechanical anchorage for the longitudinal beam
steel. Therefore, in constructing this kind of exterior

connection for inelastic loading, additional steell!A
should be provided (fig. 7-12). Since the additional
steelliA is on a diagonal, it is efficient for carrying
internal forces across diagonal tension cracks. This
steel will reduce movement across shear cracks,
thereby reducing concrete deterioration. If the steel
area I!A is made equal to A~, the tensile stress in the
bottom steel at ultimate positive moment will be
reduced to 1/2 fs and the top tensile stress at the
ultimate negative moment will be reduced to 2/3 fs '

Reducing the steel stress at the column face will force
the plastic hinge away from the column into the beam
where flexw-al hysteretic behavior can be expected.
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Figure 7-12. Exterior Connection with Additional Diagonal Steel and Hoops for Addition~l W~b Shear

g. Secondary effects. The diagonal steelliA produces
a higher ultimate moment capacity in the beam at
the column face. This increased moment capacity
must be considered in, designing web reiiUorcement .
for the beam and in designing the column load capac
ity. Use equation 7-13, but reduce the stress from
yield stress for exterior connections. To anchor the
diagonal steel in the column, the re.quired anchorage
length (f d)' measured from the colu,rnn face, is com
puted in the same manner as th~ anchorage for the
longitudinal beam steel. Anchorage of diagonal steel
t:.A in the beam is a more difficult proolem because
the hinge will form adjacent to the terihinated. steel.
This hinge location will cause concrete cracking th,at
can reduce the effective anchorage. A solution to this
problem is to anchor the st~el in the be'am at distance
d and then terminate it with a standard hook. ,

h. L-shaped connections. A third kirid of coonection'
that produces the shear type of hysteretic behavior
is the L-shaped connection made of one'beam and one

, column. This corner connection 'alsio lacks structural
symmetry and requires special mechanical anchorage
in the region of plastic hinging. As with exterior
T-shaped connections, diagonal steel should be used
to force hinging away from the connection. The
primary steel added to this connectioIJ. is labeled liA .
in figure 7-13. If the diagonal steel t:.A has an area
equal to the top beam steel As, then the longitudinal
steel stress at the column face will' be reduced to fi2
and the hinge will move from the column face into
the beam.

i. Secondary effects. The increased yield moment
capacity, increased beam shear at the column face,

7-12

and anchorage of diagonal steel t:.A are treated the
same as for exterior T-shaped connections. An addi
tional secondary design problem concerns positive
momerits that yield the bottombeam steel in tension.
Because of the geometry of the connection, there is
little chance for the concrete at the column face, in
the region of the lower beam face, to carry the load
developed by the yielding of the longitudinal steel in
the'beam. In this case, hoops labeled (B) in figure 7-14
should be provided at an angle of 45 deg with a total
area of V2 As" "

j. Shear walls. Shear walls that are constueted in
the traditional manner with longitudinal and lateral
reinforcing steel respond to inelastic loading with a

. shear type of hysteresis loops. This hysteretic
behavior can be changed to flexural hysteresis loops
by placing the steel diagonally as shown in figure
7-Sa; The forces that are produced by lateral loading
are shown in figure 7-14. The shear wall is analyzed
as a statically determinant structure with tension (T)
and compression (C) equal to 2y'C for a square shear
wall, where S is the shear force. The total diagonal
steel area isco'mputed by dividing 2VS by the yield
stress of steel and using half of the diagonal steel in
each direction. In order for the diagonal compression

. steel to act, as a column, the steel should be confined
,to respond as aductile column. The details of anchor
ing both tension and compression diagonal steel are
important because of the large forces involved.

k. Deap beams. Deep beams that are reinforced in
the traditional manner with lateral and longitudinal
steel respond to inelastic loading in a brittle manner
with shear type hysteresis loops. This hysteretic
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behavior can be changed to flexural hysteresis loops
by placing steel diagonally across shear and diagonal
tension cracks (fig. 7-14), If the deep beam is con
structed, as shown in figure 7-15, with diagonal steel
in tension placed at 30 deg, then the total inelastic
load in the steel will be equal to P, the applied exter
nal concentrated load. If the external load can be ap
plied in the reversed direction, then diagonal steel
should also be provided rotated 180 deg about the
longitudinal axis.

L Secondary effects. Adequate anchorage ofthe ten
sion steel at the end of the beam should be provided.
A ductile compression rone at the top of the beam ade
quate to carry V3/2 P load compression must also be
provided. Collapse at ultimate load is likely to occur
by lateral instability of the compression zone, mak
ing lateral support ofthis region a desirable condition.

~P

'" COMPRESS ION __ ----/..-/~-t-""'"
~rf-,""~--- -- -- -- -- -- / ..

," ///'", '" ", ~... ' / '"', ' " /
" ' " "II"'~~NSION " /'" --"'''''-_../

---- --- --- --- -------- --r--r

--- --- --- --- -----

U.S. Army Corps of Engineers

Figure 7-15. Diagonal Reinforcement for Deep Beam
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CHAPTER 8
DYNAMIC STRUCTURAL ANALYSIS

8-1. Introduction

a. When designing structures to resist dynamic loads,
approximation procedures are used. The design is
validated by refined analyses. The refined analyses
reduce the design uncertainties, demonstrate the sen
sitivity of the design to the various parameters, and
provide directions for design modifications that im
prove structure performance. This approach allows for
early decisions on the size and configuration of struc
tural elements, in synthesizing the total structure,
and in assuring compatibility with functional perfor
mance. The validation by refined analyses generally
results in some design modifications that account for
parameters overlooked in the approximation
analyses. However, a well-executed design developed
by approximation procedures seldom requires a basic
change in design concept as a result of the refined
analyses. This chapter discusses the approximation
procedures to be used in the design process. These pro
cedures apply equally to single loading as well as to
multiple loading. Validation analyses are covered in
chapter 9.

8-2. Reduction to a system with a few degrees
of freedom

a. Impulsive loads, few modes. Structures possess
many degrees of freedom. Structural elements, such
as beams and slabs, having distributed mass, vibrate
in an infinite number of modes. The participation of
each mode depends on the load distribution along the
member as well as the time variation of the load
relative to the normal periods of vibration of the dif
ferent modes. The periods of vibration depend on the
stiffness, mass distribution, and support conditions
of the element. The distortion of the structural ele
ment depends on the combined effect of the load and
the modal shapes. In most structures subjected to im
pulsive loads, the excitation of only a few modes
predominates. For approximation design procedure,
a single mode may sometimes be considered sufficient
to define the behavior of the structure. Such
simplification, that is, expressing the structure
response in terms of a single-degree-of-freedom (mo
tion in one coordinate direction), is accepted design
practice.

b. Single-degree-of-freedom methods. These
simplified and rapid procedures determine the rela
tionships among the peak dynamic force applied to
a structure or structural element, the resistance of

- the element, and the ratio of the maximum deflection
of the element to the yield deflection. Response charts
of such relationships for both elastic and elastoplastic

systems are available. The charts usually assume un
damped systems subjected to triangular or step pulse
shapes with zero or finite rise times. Transformation
factors have been developed that reduce many com
mon structural elements to an equivalent single
degree-of-freedom system. The loading, mass,
resistance, and stiffness of the real structure are
multiplied by the corresponding transformation fac
tors to obtain these parameters for the equivalent
single-degree-of·freedom system.

c. Multi-degree-of-freedom methods. When it is
necessary to represent a physical structure in its true
spatial distribution of mass, stiffness, and strength
and to excite the model through transient loadings
to determine its response, a multi-degree-of-freedom
analysis will be required. The structure is represented
by a mathematical model consisting of either a series
of springs and lumped masses, or by finite elements
that divide the structure into subelements that in
their assembled configuration represent the stiffness
and mass properties of the modeled structure. The ad
vantage of the finite element technique is direct
readout of member stresses and motions. When
springllumped-mass models are used, the gross mo
tion of the structure is computed directly, but member
stresses must then be computed by additional
analyses.

d. Dynamic reactions. The approximations used in
obtaining an equivalent single-degree-of-freedom
system are generally good for one parameter;
however, large errors may be introduced in obtain
ing other parameters. Equal displacement for the
structural element and the corresponding single
degree-of-freedom system yields good results for bend
ing moments but shear forces and dynamic reactions
are not in acceptable agreement. In the single-degree
of-freedom system, the support reaction is always
equal to the force in the spring. In the actual element,
the distribution of the applied load and the inertial
force along the element affect the dynamic reactions
and the shear forces. To obtain dynamic reactions and
shear forces, the actual element must be analyzed
(chap. 9).

8-3. Resistance function and spring constant

a. Function of deflection. In the elastic range, the
resistance of an element is a function of its displace
ment, R = kd, where k is the spring constant and is
equal to the force required to cause a unit deflection,
and d is the deflection.

b. Types ofresistance/deflection relationships. As an
element is deflected by application of force, the

8-~



The load, mass, and load-mass factors are obtained
from the following definitions:
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resistance/deflection relationship is altered. The
simplest relationship is described by two ranges,
elastic and plastic (fig. 8-1a). In other types of load
and support conditions, more than two strain ranges
are required to define the variation of R (fig. 8-1b).
(A more general relationship is given by the Ramberg
Osgood equations, paragraphs 6-1d and 7-2d.)

c. Equivalent spring constant. With R = kd and
with equal displacements for both the equivalent
system and the actual element, the equivalent spring
constant is

where KR and KL are defined as resistance and load
factors. They are equal because the support reaction
in a single-degree-of-freedom system always equals
the force in the spring.

8-4. Dynamic design factors
Dynamic design factors for equivalent single-degree
of-freedom systems are available based on
resistance/deflection relations given in figure 8-2.
The factors tabulated in tables 8-1 through 8-6 are

KL Load factor
K M Mass factor
K LM Load-mass factor
Rm Maximum resistance of equivalent single

degree-of-freedom system when plastic
moment is formed in flexural member

k Spring constant
kE Effective spring constant (fig. 8-2)
V Dynamic reaction
Vc Dynamic column load

M Pfa

MO =
Pmb

MO =
Psa

The component (in a plane perpendicular
to edge a) of the total plastic bending
moment capacity along the fracture line
boundary of one area A, or the total
positive plastic bending moment capacity
for a section parallel to edge a, kip-ft
The component (in a plane perpendicular
to edge b) of the total plastic bending
moment capacity along the fracture line
boundary of one area B, or the total
positive plastic bending moment capacity
for a section parallel to edge b, kip-ft
Plastic resisting moment at support, kip-ft
Total plastic bending moment capacity
along edge a, kip-ft
Total plastic bending moment capacity
along edge b, kip-ft
Plastic positive bending moment capacity
per unit width in short span, kip-ftlft
Plastic negative bendi.ng moment capacity
per unit width at center of edge a for long
span, kip-ft/ft
Plastic negative bending moment capac
ity per unit width at center of edge b for
short span, kip-ft/ft
Total dynamic load on slap or beam, kips
Total resistance of slab or beam, kips
Fictitious maximum resistance, kips
(para. 8-4)
Total dynamic reaction along one edge a,
kips
Total dynamic reaction along one edge b,
kips

Notations for the use of tables 8-1 through 8-6 are
given below:

a
b
E
I
I a

8-2

NOTATION FOR DYNAMIC DESIGN
FACTOR TABLES

Short side of rectangular slab, ft
= Long side of rectangular slab, ft

Modulus of elasticity, kips/sq in.
Moment of inertia
Average of gross and transformed
moments of inertia (in two-way slabs, the
average per unit width for short span)
Ultimate positive bending moment capac
ity per unit width at center of circular slab
Ultimate negative bending moment
capacity per unit width at edge of circular
slab
Plastic resisting moment
Plastic resisting moment at centerline of
beam or slab, kip-ft

K L Ratio of equivalent load on the single
degree-of-freedom system to actual load on
the flexural member

K M Ratio of equivalent mass of the single-
degree-of-freedom system to total
distributed mass of the flexural member

K LM = KMIKL

The period of the equivalent single-degree-of-freedom
system is given by

(8-1)

where
me Effective mass of structural element
m Mass per unit length
L Length of flexural member
k The load required to cause unit deflec

tion of flexural member at midspan
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1M 5-858-3

Table 8-3. Dynamic Design Factors for Flat Slabs: Square Interior Uniform Load (COE, 1957)

8-16

Strain d/a Load Mass Load-Mass Spring Maximum Dynamic
Phase Factor Factor Factor Constant Resistance Column

Y-r, ~ !1.M k R (kips) Load
kips/ft m V

c
(kips)

0.05 8/15 0.34 0.64 2 4.2 ~1.45EIa/ a

8/15 0.34 0.64 2 4.4 .30.10 lo60EI /a ~ coa •
() 8/15 2 0

0.1$ 0.34 0.64 1.75EI /a 4.6 ~
C\I

~ + "tl
~ a c..
II)

1.92ET /a2 c..
~ 0.20 5/15 0.34 0.64 4.8 ~

'-D +
r-i

>z:l a •
C/15 2.10EIJa

2 0
0.2$ 0.34 0.64 5·0 ~

0.0$ 1/2 7/24 7/12 0 4.2 a~

0 0.10 1/2 7/24 7/12 0 4.4 L:~ af
\D

'M co
~ •en 0.1$ 1/2 7/24 7/12 0 4.6 ~ 0
ell C\J

r-i + '0c.. c..
0.20 1/2 7/24 7/12 0 4.8 ~ ~ +

·0.2$ 1/2 7/24 7/12 0 5·0 ~ 0

a .. column spacing, ft.

F: • compressive modulus of elasticity of concrete, kips/sq in.

I • average of gross and transfo~d moments of inertia per unit width,a equal in both directions in.~/ft.

p • total load on one slab panel, excluding capitals.

R • total resistance of one slab panel, excluding capitals.

~ = ~p +~ + ~cp + ~cn (Fig. 8-3)
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Table 8-5. Deep Beams: Uniform Load, Elastic Range (CDE, 1957)

II I I I I III

H
>

2 ]
L 5

~~ L .."i.F

Maximum Resistance. Rm
fl
b

fl Dynamic ReactionSupport KL "1.t ~ Rending Shear s
Condi tion

O.Ll 0.77 ~ 2V LJ L
V • 0.)6R + 0.l4PFixed 0.5) u JB4Ecl a ~

0.6L 0.50 0.78
8M

2"u
5L) L

V • 0.)9R + O.liPS1JIlply- P' JB1JEcla ~Supported

Simrly- 0.58 0.L5 0.78 ~ 1.6"u
J,) 15L Vl • 0.26P. + 0.12P

Supported 1BSEcIa
m;r

c w
V2 • O.L)k + 0.19Pand

Fixed
(V~ is at fix.d .nd)

Table 8-6. Trusses: Simply Supported Uniform Load (CDE, 1957)

p

Strain Load Mass Load-Mass Spring Dynamic Reacti ons
Range Factor Factor Factor Constant

\ '\! Kui k

Elastic 0.64 0.50 0.78 R Ed V • 0.39R + O.llPm
2

CtfctyL

Plastic-
lud-span 0.50 0.33 0.66 0 V • 0.38R + 0.12P
Yielding m

P1astic-
0.llP+0 •78P*end Panel 1.0 1.0 1.0 0 V • 0.39R

m
+

Yielding n

*N Number of panels in truss
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If a design factor a, having a value less than 1.0 is
introduced, the design maximum deflection is

The value of a must be determined by considering the
function and content of the structure, the sensitivity
to dynamic loads, and the economics of construction.
It is recommended that the value of a be taken be
tween 1/2 and 1/3. The value of dc must be deter
mined from a knowledge of the material properties
and structure deformation characteristics. Some

where as is the ratio of tension reinforcement area
to the section area bd. A limiting value of lAc is 50.

mFor double-reinforced rectangular beams,

where as and a~ are respectively the ratios of tension
and compression reinforcement areas to the section
area bd. A limiting value of lAc is 50 for the case in
which 0 ~ as - a~ < 0.002.

(2) Steel.
(a) Experiments have shown that for W-beam

sections, the average ductility ratio was 26 at failure
for specimens loaded in the strong direction. In
similar tests with superimposed axial load equal to
three-fourths the ultimate lateral load, the ductility
ratio was 8.1. The combination of axial load and
lateral load on a beam reduces the elastic stiffness
decreases the maximum lateral load, decreases laterai
load resistance after reaching maximum load, and
decreases the ductility ratio, lAc' Comparative tests of
beams loaded in either the strong or weak directions
indicated little difference in ductility ratio. These data
are valid for laterally braced beam-columns.

(b) Welded frames tested to ultimate under ver
tical . load with sidesway and lateral buckling
prevented by special supports showed a range of duc
tility ratios from 6 to 16. The ratio of failure deflec
tions to the span ranged from 0.036 to 0.068. The
range of values resulted from varying the size of com
ponent elements.

results from test data are provided below for re
inforced concrete and steel.

(1) Reinforced concrete.
(a) Concrete strength has little effect on the

energy-absorbing capacity of beams failing initially
in tension but does have an effect on the energy
absorbing capacity of beams failing in compression.
The energy-absorption capacity is the area under the
load-midspan deflection curve up to the deflection at
maximum load-carrying capacity.

(b) The ductility of a beam is dependent on the
percent of reinforcing steel.

(c) The compression reinforcement adds to the
ductility of a beam. The addition of compression rein
forcement enables a larger angle change to take place
before the concrete crushes and thereby increases the
deflection that the beam can undergo before collapse.

(d) To be most effective, the compression rein
forcement must be well tied.

(e) For rectangular beams reinforced in tension
only,

0.1
lAc =

a 's

Maximum deflection at the point of
collapse
Deflection corresponding to initial
yielding of the of structural element

where
dc

8-5. Dynamic design of structural elements

a. General procedures. In the design of any element,
the essential steps after determining the dynamic
load are as follows:

Step 1. Select dynamic design factors from tables
8-1 to 8-6 and figures 8-3 to 8-6.

Step 2. Select the maximum deflection criterion
based on the permissible ductility factors (see b
below).

Step 3. Determine the resistance required to
satisfy the deflection criterion and select a member
to provide the resistance. (See c below for relationship
of resistance-load-ductility as a function of the natural
periods of the single-degree-of-freedom system.)

Step 4. Detail the selected member to provide for
end connections, shear strength, bond strength, varia
tion in bending stresses, and rebound. (See c (3) below
for rebound values.)
This approach is valid for elastic, elastoplastic, or
plastic ranges of the structural deformation.

In Step 1 the equivalent single-degree-of-freedom
system is defined.

In Step 2 the material properties and functional re
quirements of the structure determine the allowable
maximum deflection.

In Step 3 the response of the single-degree-of
freedom is obtained; the load and the deflection are
known; the required resistance is calculated.

In Step 4 the design process is completed.
b. Deflection criteria for elastoplastic design. Deter

mine the amount of plastic deformation a structural
system or element can experience and still be able to
perform its function. The ductility ratio correspond
ing to collapse is defined as

8-19
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Figure 8-6. Tee-Beam Design Factor for Positive Moment (COE, 1957)

(3) Beam-columns. Combined blast and ground
shock loads often load structural elements as beam
columns. As a general rule, ductility ratios permissi
ble for steel beam-columns where axial loads are more
than half the ultimate lateral load should not exceed
1/3 the ductility ratios permissible for the same struc
tural element if the axial .load is not present.

(4) Composite section. Composite concrete and
steel Tee-beams with channel shear connectors or
Nelson studs subjected to a concentrated load at
midspan produced an approximate ductility ratio of
8 and an approximate ultimate deflection ratio to
span of 0.016. This latter ratio indicates the stiffness
of composite beam construction.

(5) Summary. Table 8-7 is a summary of these
test data. The designer should search the literature
for failure data on structural elements that match as
closely as possible the elements he is designing. Us
ing the available data and the functional, loading
response, and economical considerations, he should
select the appropriate value of a within the range
recommended above. For example, whether a closure
will be reopened or bypassed after a nuclear attack
will make considerable difference in the selection of
the value of a.

c. Elastoplastic response ofsingle-degree-of-freedom
systems.

(1) Flexure. The equivalent single-degree-of
freedom system is shown in figure 8-7. The combined
effect of airblast and ground shock is given by p(t)
my. The following additional terms are defined:

IJ. Ductility ratio, the quotient of the maxi
mum design deflection displacement om to
the deflection dy corresponding to initial
yielding of the structural element

Pm Peak magnitude of the force
qy The effective force causing yielding of the

element
t r Rise time, the effective time required for the

force to build up from zero to its maximum
t d Effective duration, the time that the force

is effective in causing initial deflection
T Natural period of vibration of the structural

element
Figure 8-8 gives the appropriate relationships for a
triangular loading, elastoplastic resistance assuming
zero rise time, and zero damping. For a preliminary
design, these relationships are most useful. The in
itial sizing of the structural element may be made
(Step 3) by using this chart. It is necessary to validate
the design with a more refined analysis. In combin
ing airblast and ground shock, use the absolute sum
of the maxima from the chart offigure 8-8, since the
relationships shown in the figure do not account for
the phasing of airblast and ground shock. The chart
gives conservative results (1.5 to 2.0) because it
neglects rise time and damping as well as phasing of
the airblast and ground shock.

(2) Shear forces. Premature shear failure must be
avoided and the structural element should be
designed to reach its flexural resistance before shear
failure occurs. Under blast and ground-shock forces,
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Table 8-7. Summary of Test Data for Structural Elements (COE, 1957)

Ducti Iity Ratio* Ultimate Deflection
Test 1.1 = 6/6 y to Span Ratio References

c

Reinforced a.l/as '
0.1 Gaston et al. ,

Concrete Beams a - a' 1952s s

Steel Beam 26.4 0.097 Howland-Newmark,
Lateral Load 1953

Steel Beams 8.1 0.025 Ibid.
Lateral and
Axial Load

Welded Frames 6 to 16 0.068 to Ruzik et al.,
Vertical Load 0.036 1952

Composite 8 0.016 Viest et al.,
Tee Beam 1952

a
s

a'
s

Ratio of area of tension reinforcement to the area of the concrete
section

Ratio of area of compressive reinforcement to the area of the
concrete section

o = Deflection at collapse
c

6 = Elastic limit deflect~on
y

*The ductility ratios presented in this table represent a summary of test
results on beams and frames.
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p (t)

. ..
x•. x. x.

VISCOUS DAMPING IS A
FUNCTION OF'DIFFERENTIAL
VELOCITY = g(x - y) = g(u) ~ 0

FORCE IN SPRING IS A
FUNCTION OF DIFFERENTIAL
DISPLACEMENT = f(x - y) = f(u)

~. Y. Y

DIFFERENTIAL EQUATION OF MOTION:

mjj + f(u) = P (t)'- - my

p (t) = FORCE ACTING ON MASS

m = MAGNITUDE OF MASS

· ABSOLUTE DISPLACEMENT. VELOCITY. AND ACCELERATIONx, x, x =
OF CENTROID OF MASS

· ABSOLUTE DISPLACEMENT.y. y. Y = VELOCITY. AND ACCELERATION
OF SUPPORT

·u, u. u = DISPLACEMENT, VELOCITY. AND ACCELERATION OF
CENTROID OF MASS RELATIVE TO SUPPORT

Figure 8-7, Model and Notation for General Single-Degree-of-Freedom System (Merritt-Newmark, 1964)
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a flexural member may experience shear stresses
larger than if the same loads were applied statically.
In Keenan (1976), dynamic increase factors (DIF') have
been derived for shear forces. DIF is defined in the
equation

where Sd and Ss are dynamic and static shear, respec
tively, at the same point in the beam or slab. Approx
imate solutions (Keenan, 1976) are as follows (fig.
8-9): .

(a) Elastic case for 0 < t < ty ' where ty is time
to reach dynamic yield deflection.

Pt = Pm (1 - t:) Triangular load
Simple-simple beam

S
DIF = ~

Ss

S = RuL (1 _ 2Z)
s 2 L

(8-2)

Maximum static
shear at distance z

TM 5-858-3

This last equation is used in the construction of the
design chart shown in figure 8-10, assuming un
damped systems. Use of the chart is as follows. Enter
the chart with known values of the time ratio, td/T,
and read the value of DIFm (td = load duration,
T = fundamental period). The corresponding max
imum dynamic shear at a distance z from the supports
is approximately

. [RuL ( 2Z))Sdm = DIFm -2- 1 - L

where~ is the dynamic ultimate flexural resistance
(psi or other units of force per unit area).

R = 8Mp
u L2

Ru = ~2 (Mn + Mp) Clamped-clamped beam

2Mn
'R - -- Clamped-free slab""u - L2

dt = C d z (L3 - 2Lz2 + z3) Deflected shape R ~u (Mn + 2Mp) Simple-clamped beam

From the free-body diagram of figure 8-9b, the
dynamic shear at each support is

Sd(61L) _ M - Pt ~(61L - ~\ = 0
192 2 192 41

Since the midspan moment, M = RL2/8 for a uniform
resistance R,

Sd = 0.3934RL + 0.1065Pt L

RuL
From equation 8-2, using Ss = -- at z = 0,

2

DIF = 0.7868 ~ + 0.2131 Pm (1 __t )
dE Ru td

The terms in the above equations are defined in figure
8-9.

(b) Plastic Range d > dy. A plastic hinge is
assumed to be formed at midspan. The deflected shape
and the inertia force distributions are linear. From
the free-body diagram of figure 8-9c, the dynamic
shear at each support is

and

Pm ( t)DIF = 0.750 + 0.250 - 1 --
Ru t d

The terms are defined in figures 8-9 and 8-10.
(3) Rebound. Rebound as a result of strain

energy stored in the structural element is an impor
tant consideration for the design of connections,
closure hinges and latches, and negative reinforce
ment for flexural members. For loads of long dura
tion the rebound is normally less than the primary
displacement. As a limiting case, for short duration
loads, the rebound approaches the primary displace
ment. Figure 8-11 gives the relationships for the
elastic rebound of undamped systems.

8-6. Analysis of complex structures

a. Use numerical procedures for complex structures
requiring more refined analyses than those described
in the earlier parts of this section. Special knowledge
of mathematical modeling and computer programs
will be required. Before a more complex analysis is
undertaken, the principal elements of the structure
should still be sized either by using equivalent static
loads or by the simple procedures described earlier.
If validation analyses and design procedures are not
formally separated, the designer may wish to exer·
cise his judgment as to whether the complex analyses
are justified for design optimization while the design
is in progress. In such a case, anyone of several
validation analysis methods may be used for finaliz
ing design by using an iterative procedure. Mathe
matical techniques are found in textbooks. Computer
code descriptions must be reviewed by the designer
to make a selection of his approach (see appendix C
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p R

~---_--.::,,--..... t
t d

BLAST LOADING

R
u

L-~'------~--t~o

0E 0u

DYNAMIC FLEXURAL
RESISTANCE
DIAGRAM

(a) Simple slab subjected to uniform blast load

-I1-

H-.l
~~~8

S = 0

L---.I
ASSUMED DISTRIBUTION
OF INERTIA FORCES

DISTRIBUTION OF FORCES FREE-BODY DIAGRAM

t.....-_L_12~~_"""'_-i_

(b) Elastic range

r L/3

I----L/2---......·.,1
ASSUMED DISTRIBUTION
OF INERTIA FORCES

COLLAPSE MECHANISM FREE-BODY DIAGRAM

(c) Plastic range
Figure 8-9. Forces and Reactions on a Simple Slab Subjected to Uniform Blast Load (Keenan, 1976)
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for a list of some available codes). Such analyses are
usually made by the finite element method, described
in chapter 9. Brief statements of the types of analyses
follow. Refer to chapter 9 for detailed procedures.

b. Elastic Analysis.
(1) Equivalent static analysis. Static analyses use

the matrix displacement method of linear structural
analysis. This method involves the solution of a set
of simultaneous linear equations relating to the
unknown generalized joint displacement components
to the known unbalanced generalized force com
ponents at each joint.

(2) Frequencies and mode shapes. As in the case
of the single-degree-of-freedom system discussed
earlier, the designer must choose the general defor
mation patterns of the mode shapes he desires and
must prescribe a set offorce patterns whose resulting
deformations include such mode shapes.

(3) Shock response spectral analysis. A desired
number of frequencies and mode shapes are first com
puted. Spectral amplitudes of the structure response
at each modal frequency of the structure are obtained
using an input response spectrum. These amplitudes
for each mode are obtained by multiplying the cor
responding value of the input response spectrum by
an appropriate magnification factor that is dependent
on the characteristic shape of the structure for the
mode considered. The root sum square of the in
dividual spectral response amplitudes at each point
in the structure provides a reasonable estimate of the
peak response at that point. Maximum joint displace
ments and the maximum element stresses, forces, and
moments corresponding to all the desired natural fre
quencies of the structure are also obtained. The com
bined response of the structure in all its desired
natural modes is obtained by the root sum square of
the joint displacements and element stresses, forces,
and moments.

(4) Dynamic response by normal mode method.
The dynamic response of a structure subjected to
airblast and ground shock may also be computed by
the normal mode method using time-dependent in
puts. A delay time may be specified for the force in
order to treat moving blast loads.

(5) Dynamic response by step-by-step method.
This method computes the dynamic response of a
linearly elastic structure to time-dependent forcing

TM 5-858-3

functions, time-dependent boundary displacement
functions, and ground motion. A delay time may also
be specified for the loading in order to simulate the
moving airblast. The dynamic response is obtained
by integrating the equations of motion directly with
respect to time. The solution includes the relative and
absolute displacements, velocities, and accelerations
at selected time intervals. Time histories of the stress
components for the selected elements are obtained.
Response spectra are also obtainable from these
results.

c. Nonlinear response by ste~by-step method. The
response is obtained by a step-by-step integration of
the equations of motion. Since the stiffness matrix for
the structure is displacement dependent, the equa
tions of motion are written in an incremental form
and integrated in time with an equilibrium check.
The stiffness matrix is updated at selected intervals.
The nonlinear elements may have any arbitrary
material property as discussed in chapter 5.

(1) The nonlinear response of the structure is
analyzed to determine where and when the formation
of plastic hinges will occur or the ultimate capacity
of the member exceeded. This analysis is facilitated
by a first step in which the linear response of the
structure due to the specified input is obtained. This
preliminary analysis is intended to provide the infor
mation regarding the points where the plastic hinges
are expected to form.

(2) Having obtained information about the joints
where plastic hinges may develop from the above
analysis, a new structure model for nonlinear analysis
is prepared. This model includes, in addition to the
elastic elements, nonlinear elements where plastic
hinge formations are expected.

(3) It is possible that the nonlinear resonse of the
structure may indicate some additional joints where
plastic hinges may form. In such a case it may be
necessary to revise the structure model and repeat the
analysis. In many cases, however, the engineer should
be able to select the locations of these hinges on the
basis of the results from the linear analysis by in
troducing nonlinear elements at a place where the
response moment is close to the yield point moment.

(4) This two-step method is more cost effective
than starting the response analysis using nonlinear
elements throughout the structure.

8-31
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CHAPTER 9
NUMERICAL METHODS FOR STRUCTURE DESIGN VERIFICATION

three-dimensional solid elements. The pressure loads
are always assumed to act normal to a surface. For
each beam element, fixed-end forces and moments can
be specified to account for any loading on the beam
between the joints.

f Solution technique. Static structural problems
may be solved by using the matrix displacement
method of linear structural analysis. This method in
volves the solution of a set of simultaneous linear
equations relating to unknown generalized joint
displacement components to the known unbalanced
generalized force components at each joint. In matrix
notation, the governing equations are:

,

(9-1)

where
{U}
{P}
[K]

[KHU} = {P}

Vector of unknown displacements
Vector of unbalanced joint loads
Global stiffness matrix generated from
the individual element stiffness
properties

When several load conditions are considered at one
time, {U} and {P} in equation 9-1 become matrices
whose columns correspond to different load condi
tions. The order of the [K] matrix is equal to the total
DOF of the structure. A modified Gaussian elimina
tion technique is used to solve equation 9-1. This in
v-olves a reduction of the equations to transform the
[K] matrix to an upper triangular matrix. A back
substitution procedure is applied to the resulting
equations to solve for the unknown displacements {U}.

g. Input data. The input for static analysis consists
of the joint, element, and load descriptions. The joint
description consists of the joint regtraints and the joint
coordinates, both in a Cartesian global coordinate
system. The element consists of the element number,
the joints comprising the element, the body force in
formation, and the material and geometric properties
of the element. The input loading information consists
of the joint loads for each load case. In addition, cer
tain other controlling variables, such as the total
number of joints, must be identified.

h. Output data. The output for static analysis con
sists of an echo printing of input data, the nodal point
displacements, and the element stresses. For each
joint where certain DOF are restrained, zero values
will be indicated for the corresponding displacement
components. Element stresses are printed out
separately for the elements in each group. For a truss
element the output consists of the axial stress and the
axial force in the bar. For a three-dimensional beam

9-1. Introduction
This section describes numerical methods used to
verify the design of soil/structure systems and struc
tural elements. It also explains the operation of struc
tural computer codes and the preparation of input
data. There is a large number of general-purpose and
special-purpose structural computer codes that may
be used for design verification analyses of hardened
structures. These codes are ba,sed on the use of finite
elements, and their information has evolved from
matrix methods of algebra. The principles of matrix
methods of structural analysis and types of finite
elements that are commonly used are presented in ap
pendix B for ready reference. A compilation of most
of the currently available codes with a summary of
their main features is given in appendix C. Some of
these codes were not designed for hardened struc
tures, but their characteristics make them suitable
for such applications. Others have been specifically
prepared for the analysis of hardened soil/structure
systems and structural elements. The discussion that
follows, although generally pertaining to SAP IV, ap
plicable to most finite element computer codes.

9-2. Static analysis
a. External loads. The external loads are the concen·
trated forces and moments that are applied to the
structure directly at the joints or nodal points. The
forces at a joint must be resolved into components in
the global coordinate directions. Several different load
conditions, each consisting of a different set of joint
loads, can be considered for a given structure.

b. Body forces. The body forces consist of gravity
loads, thermal loads, normal pressures, and fixed-end
forces and moments. The effects of the body forces
(any linear combination of loads) can be considered
separately or in combination with the external loads.

c. Gravity loads. Gravity loads must be in the direc
tion of global coordinates. Once mass of materials in
each specified element has been calculated, the grav
ity load is treated as though equally distributed
among nodal points.

d Thermal loads. Different elements may have dif
ferent temperatures to approximate the spatial
distribution of the temperature. To include thermal
effects of an element in the analysis, the element'
temperature and the coefficient of thermal expansion
are provided. Equivalent fixed·end forces and
moments may be used to account for thermal effects
in beam elements.

e. Pressure loads and fixed-end forces. The pressure
loads can be specified only for axisymmetric solid and

9-1
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element, six components (one axial and two shear
forces, one twisting and two bending moments) are
output. For the membrane, axisymmetric solid, and
three-dimensional solid elements, the output consists
ofthree, four, and six stress components, respectively,
in addition to the principal stresses and their orien
tation. For the shell and plate element, the output
consists of three stress components and three moment
components.

i. Computer run times. The computer run time re
quired to solve a given static structural problem
depends on many variables such as the type of com
puter, number of joints, and number of elements. A
significant part of the total run time is generally re
quired for solving equation 9-1. The total time re
quired to solve these simultaneous equations is pro
portional to the product of the total DOF of the struc
ture and the square of the bandwidth. The total run
time can be expressed as

7
t = k1 + k2NM2 + ! cj(NEL)j (9-2)

i=l

and

natural modes is obtained by outputting the root
mean square joint displacements and element
stresses, forces, and moments.

c. Method of analysis. The engineer must specify
the number of frequencies to be considered in the
analysis and the method to be used to extract the
mode shapes and frequencies. If the Rayleigh-Ritz
method is indicated, a sufficient number of static load
conditions should also be provided. The computation
gives spectral amplitudes of the structure response
at each modal frequency of the structure. These
amplitudes for each mode are obtained by multiply
ing the corresponding value of the input response
spectrum by an appropriate magnification factor. This
factor is dependent on the characteristic shape of the
structure for the mode considered. The root mean
square ofthe individual spectral response amplitudes
at each point in the structure provides a reasonable
estimate of the peak response at that point. The
theoretical basis for computing the spectral
amplitudes is as follows. The equations of motion for
a three-dimensional structure subjected to ground mo
tions in three coordinate directions are

N
NBAND

NL
(NEL\
1

(9-6)

(9-5)

(9-3)

M x iixg
My Uyg
M z Uzg

o
o
o

- [M]{~}

[M]
[C]
[Kl
{til, {til, {u}

where
p

= Mass matrix
= Damping matrix

Stiffness matrix
Acceleration, velocity, displace
ment vectors

in which the subscripts a, g, and r denote absolute,
input ground and relative motions, respectively.
Equation 9-3 can be rewritten as

where

[MJ{~} + [C]{~} + [K]{ur} = {P}

iixa ~g iixr
Uya 1.lyg Uyr

= {~} + {u,.} (9-4){lia} = Uza Uzg + u.:r
i:lxa 0 i:lxr
~ya 0 ~yr
i:lza 0 i:lzr

and

[M]{iia} + [C]{~} + [K]{ur} = 0M = NBAND + NL
where

k 1, k2, Cj Constants that depend on the
computer used
Total DOF of the structure
Bandwidth of the global stiffness
matrix
Number of different load cases
Number of elements of Type i
1, 2, 3, 4, 5, 6, or 7 denoting
truss, beam, membrane, axisym
metric solid, three-dimensional
solid, shell and plate, or boun
dary spring element, respec
tively

For a given computer, the user can establish the con
stants k1, k2, and Cj by timing several example
problems.

9-3. Response spectrum

a. Input data. The input consists of ground-shock
accelerations in the form of an acceleration spectrum
in the X, Y, or Z direction. This input spectrum is
specified in terms of periods and the corresponding
spectral acceleration values; the range of these
periods should cover all natural frequencies con
sidered in the analysis. The input spectrum should
account for any structural damping.

b. Output data. The output consists of the max
imum joint displacements and the maximum element
stresses, forces, and moments corresponding to all the
desired natural frequencies of the structure. The com
bined response of the structure in all its desired

9-2
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The displacements ofthe structure are now expressed
in terms of the mode shapes [<1>]

(9-7)

calculated as Sew). Therefore, for the three
dimensional structure subjected to an acceleration in
the X-direction, the maximum response of the nth
mode will be

arid (9-16)

{~} = [<1>]{R}
{~} = [<1>]{R}

(9-8) Or the true three-dimensional maximum displace
ment of the structure subjected to a ground accelera
tion in the X-direction for the nth mode is

where {R} represents the modal amplitudes. The
substitution of equations 9-7 and 9-8 into equation
9-5 yields

[M][<1>]{R} + [C][<1>]{R} + [K][<1>]{R} = {P} (9-9)

Premultiplication of equation 9-9 by [<1>T] and the use
of the orthonormal properties [<1>] produces a set of
decoupled second order differential equations of the
form

(9-17)

It should be noted here that all components of
displacements may exist in a given mode even though
this type of loading is in only one direction. Similarly,
for ground accelerations in the Y- and Z-directions

For a given frequency, damping, and ground motion
history, this spectral displacement has been

It should be noted here that equation ,9-11 involves
an assumption on the type of damping. A typical ex
pression of equation 9-10 for the nth mode is of the
form

(9-18)

(9-19)

9-4. Dynamic response by normal mode
method

a. Input data. The dynamic response of a structure
subjected to ground motion and time-dependent forc
ing functions may be obtained by the normal mode
method. The input consists of ground motion in the
form of translational acceleration histories in three
global directions (X, Y, or). The dynamic loading on
the structure consists of load and moment histories
applied at any joint of the structure. The ground mo
tion and the dynamic loading inputs are specified by
a set of time functions defined at discrete time point.
Linear interpolation is used within the program to
evaluate intermediate points. The force applied at any
joint of the structure is then described by a scalar
multiplier and one of the time functions. A delay time
may also be specified for the force in order to treat
moving loads such as blast loads. Provision is made
to input the initial modal displacements and velocities
to account for the case when the system does not start
from rest. The structural damping is specified through
the modal damping fractions. The input also includes

Having obtained the maximum displacements in each
mode, the stresses corresponding to the maximum
displacements are computed. As an estimation of the
maximum displacements and stresses of the struc
ture, the root mean squares of the maximum total
modal values are computed.

where
Rny(max) = {<1>ny}T [My] S/wn)

Rnz(max) = {<1>nz}T [Mz] Sz(wn)

(9-13)

(9-11)

(9-12)

(9-10)

(9-15)

{R} + [D]{R} + [w2]{R} = {F}

where
[D] [<1>T][C][<1>]

[2Aw]

and

{F} [<1>THP}

= {Fx} + {Fy} + {Fz}

in which
{Fx} = - [<1>xlT[Mx]{~g}

{Fy} - [<1>y]T[My]{Uyg}

{Fz} = - [<1>z]T[Mz]{Uzg}

v + 2Aw v + wZv = ~(t)

Now, by definition the spectral displacement is the
maximum displacement of a unit mass system sub
jected to ground accelerations governed by the equa
tion (Newmark-Rosenblueth, 1971)

9-3
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where An is the damping ratio as a fraction of critical
damping associated with the nth mode. A a result of
the assumption in equation 9-25, equation 9-24
reduces to a set of' 'uncoupled," second order, ordinary
differential equations and is given by

In arriving at equation 9-24, the orthonormal proper
ties of [etl], are utilized. To simplify equation 9-24
further, an assumption on the type of damping in the
structure is usually made. Specifically, the damping
matrix [C] is assumed to have the properties to make
[DJ a diagonal matrix whose elements are related to
the modal damping fraction, i.e.,

The above equations may be integrated numerically
step by step using the linear acceleration method to
yield the modal amplitudes, {R}, {R} and {R}. The ac
tual displacements, velocities, and accelerations for
each time step are the calculated from equations 9-22
and 9-23. Finally, element stresses are computed
from the actual displacements. Note that response
motions obtained as above are relative to the fixed
points of the structure. To obtain absolute motions,
the program must add ground motions, if any, to the
relative motions.

(9-24)

(9-25)

(9-26)

(9-27)

[D] [<t>]T[C][<t>]

[etl]T{F}{F'}

where

{R} + [DJ{R} + [w2]{R} = {F'}

[DJ = [2AW]

{H} + [2AWJ{R} + w2{R} = {F'}

(9-20)

{F} {P} - [M]{iig}

the joint and component numbers for which displace
ment, velocity, or acceleration time histories are re
quired. Similarly, the element and stress component
numbers for which stress time histories are required
are also input.

b. Output data. The output may consist of relative
and absolute time histories of displacement, velocity,
and acceleration components at selected joints. Time
histories of stress components for selected elements
in the structure are also printed out. The output for
each time history is followed by the maximum value
and the time corresponding to this maximum value.

c. Method of analysis. The dynamic response of a
structural system due to time-dependent loads and
ground motion is obtained by approximating the
displacement response of the structure by a linear
combination of a number of lower mode shapes of the
system. The number of the mode shapes that are con
sidered in the analysis depends upon the integration
time step specified by the engineer. It is desirable in
computer codes that all the higher modes whose
periods are less than five times the integration time
step be deleted automatically. The decoupled second
order differential equations of motion for each mode
may be integrated numerically by the liner accelera
tion method. The structural damping is included in
the form of modal damping fractions, which may have
different values for different modes. The finite ele
ment formulation leads to the following equations of
motion of a structural system subjected to ground mo
tion and time-varying loads.

where

and other symbols are as previously defined. The
displacements of the structure are now approximated
by a linear combination of the mode shapes [<t>].

where {R}, {R} and {R} represent the modal displace
ment, velocity, and acceleration amplitudes, respec
tively. Substitution of equations 9-21 and 9-23 into
equation 9-20 and premultiplication of the resulting
equation by [etl]T yields

9-4

{P}

and

{ll} = [etl]{R}

iii} = [etlJ{R}

Applied force vector (9-21)

(9-22)

(9-23)

9-5. Dynamic response by direct integration
method

a. Input data. The dynamic response of a linearly
elastic structure to time-dependent forcing functions,
displacement functions, and ground motions may be
obtained by integrating the equations of motion
directly with respect to time. The input consists of the
time histories of applied forces and prescribed boun
dary displacements, data defining the absorbent
boundary, time histories of ground acceleration in the
x, y, and z directions, damping constants, and integra
tion parameters.

b. Output data. The output will consist of the
displacements, velocities, and accelerations of un
constrained degrees of freedom at specified intervals,
as well as stress time histories. If a restart option is
exercised, the program generates a data tape contain
ing all the pertinent information to continue the solu
tion at a later time.
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c. Method ofanalysis. A step-by-step method of in
tegration ofthe matrix equation of motion to compute
the response of the structure to arbitrary time
dependent forces, displacements, or ground accelera
tions has been developed by Wilson et al. (1973). This
integration scheme is unconditionally stable and
therefore places no restriction on selection of the time
step. However, the engineer must select and provide
a time step that may be based on the cut-offfrequency
of the system and the characteristics of the input
disturbance or the finite element mesh size. The
choice of the integration time step also affects the
level of the damping that is introduced into the
system (Wilson et al., 1973). An option to vary the in
tegration time step may also be provided in the pro
gram, which can be used to optimize the solution time.
This method should include a restart capability to ter
minate a problem solution at any point and then to
continue the solution at a later time. The input
ground motion is in the form of ground accelerations
in the direction of the three global axes (X, Y, and
Z). The dynamic loading and boundary displacements
consist of the time-dependent loads and displacements
applied to the translational and rotational degrees of
freedom. A delay time may also be specified for the
loading in order to simulate the moving loads such
as the blast loads.

d. SteJrby-step method of integration. For a struc
tural system composed of finite elements, the matrix
equations of motion to be integrated in time are

From equations 9-29 and 9-30 the following equa
tion for the evaluation of {U}t+T can be established

[K] = [K] + ~ [C] + ~ [M]
T T

(9-31)

(9-32)

(9-33)

(9-34)

{blt = ~ {ult + 2 {u It + ; {lilt

where the effective stiffness matrix [K) is indepen
dent of time and the effective load vector [P] is a func
tion ofload at time t + T and of known values at time
t. They are given by

By substituting the {Ult+T into equation 9-30 the
values of the accelerations and velocities at this time
are also known. Then the value of these variables at
the desired time t + At can be determined from the
following equations:

{lihHt = (1 - ~) {lilt + ~li}t+T

fUhHT =fUh + ~t ({tilt +{li}tHT)

{uhHt ={uh + At{ti..}t + A~2 (2{lih +{lihHt)
(9-28)[M]{li} = [C]{u} + [K]{u} = {P}

The accelerations are assumed to vary linearly within
a time interval T = eAt where At is the time step and
eis a constant ~1 which may take the values between
1.43 and 2.7 for unconditional stability. It should be
noted here that the integration procedure with e=
2.0 corresponds to the modified acceleration method
due to Wilson (1968). Equation 9-28 satisfied at time
t + T gives

The procedure is repeated for the next time step until
the solution advances to the specified point in time.
For linear systems, the effective stiffness matrix need
be formed only once. However, if the time step of in
tegration is altered, the effective stiffness matrix will
have to be reformulated.

e. Damping. The damping matrix [C) is assumed to
have the following general form

(9-29) [C) = a [M] + (3 [K) + [Ca] (9-35)

From the linear acceleration assumption, the follow
ing expressions for {lilt+T and {Ult+T in terms of the
variables at time t and {Ult+T are established:

{liltH = ~ {ultH - {ah
T

(9-30)

where {a}t and {bh are computed from the known
values of the state variables at time t

where a and {3 are constant and [Ca] is a matrix con
taining the dashpot coefficients. The first two terms
on the right-hand side of equation 9-35 represent
uniform damping while the last term indicates
localized viscous damping. The choice of the damp
ing constants a and (J depends entirely on the typa
of the problem. In general, the critical damping ratio
for each mode ~ (if the frequencies and mode shapes
are defined) is related to a and (J through the follow
ihg relation

(9-36)

9-5



tively. The values of Dp and Ds are given by the
following relations:

where a is the tributary surface area of the nodal
point, e is the mass density, and Vp and Vs are the
dilational and distortional wave velocities. This
method is known to produce accurate results for one
dimensional wave propagation problems. In two- and
three-dimensional problems, the method is approx
imate and the efficiency in transmitting the energy
depends on the angle of incident waves with respect
to the boundary. For problems in which the major por
tion of the incident waves are perpendicular to the
boundary, the method is expected to produce
reasonably accurate results.

9-6. Nonlinear dynamic analysis
a. Input data. The dynamic response of a structural
system consisting of any combination of linear
elements and nonlinear elements to time-dependent
forces, boundary displacements, and ground motions
is computed by integrating the equations of motion
directly with respect to time. The input is similar to
the linear dynamic option described in paragraph
9-5a. In addition, the nonlinear material properties
and element descriptions for the nonlinear elements
are required.

b. Output data. The output is similar to the
previous option described in paragraph 9-5b.

c. Method ofanalysis. Here an incremental form of
step-by-step method of time integration of equations
of motion is used to compute the response of a struc
tural system consisting of a combination of linear
elements and nonlinear elements. This incremental
step-by-step method, due to Wilson et al. (1973) is con
sidered to be very accurate since it satisfies the
equilibrium at the end of each time step. The stiff
ness matrix in this case is displacement dependent,
and, therefore, is updated at selected intervals. The
other features of this option are similar to the linear
step-by-step analysis option described in paragraph
9-5.

d. Stefrby-step method of integration. For the
nonlinear systems, the matrix equations of motion are
written in an incremental form, but the expression
of total equilibrium is preserved:

(9-38)

(9-39)

[M] {lih+T+ [C\ {Ati}t + [K\ {Auh

= {P}t+T - {Fdh - {Felt

TM 5-858-3

where w is the frequency of the nth mode. Some
dampingis also introduced into the system by the in
tegration scheme that depends on the eand At. A cer
tain degree of engineering judgment is therefore re
quired in the selection ofthe constants a, {3, and eand
the time step At. The details of the level of the damp
ing introduced into the system by the integration
scheme are given by Wilson et al. (1973). For the
special case of the ground motion analysis, the ac
celerations, velocities, and displacements computed
from the above method are relative values. The
loading functions [P], in this case, have the following
form

[P] = [M] ({1x) ~x + {1y }~ +{ 1z}~) (9-37)

where ~, ~, and ~ are the comp~nen~s of the
ground accelerations 10 x, y, and z dIrectIOns and
{1x},{1y }, and {1z} are vectors that ha~e the value of
one at degrees of freedom correspond1Og to x, y, and
z, respectively, and zeros for the rest of the degrees
of freedom.

f Kinematic boundary conditions. the gi~en

displacement boundary condition.s. are f~r~t

transformed into forced boundary condItIons. ThIs IS
achieved by attaching fictitious springs with large
spring constants to the prescribed degre.es of f~eedom
and applying a force to produce the deSIred dI~pla~e

ment. This procedure only affects the above tIme 10

tegration scheme in the solution of equation 9-32. To
improve the accuracy of the method in the proce~sof
back substitution, the displacements of the prescrIbed
degrees of freedom are set equal to the specified
displacements.

g. Absorbent-boundary technique. When the struc
ture to be analyzed extends indefinitely in one or
more directions, a finite element representation of the
structure must necessarily be of finite dimensions.
This truncation of space creates an artificial boundary
in the finite element mode; therefore, reflections from
the fictitious boundary intermingle with the real
response of the structure and introduce undefin~d

errors in the solution. One remedy to the problem IS
to make the finite element grid so large that reflec
tions do not reach the points of interest during the
time of interest. But for many problems where the
time of interest is relatively large, this is not prac
tical. An absorbent-boundary technique due to
Lysmer and Kuhlemeyer (1969) may be incorporated
into the program for the purpose of preventing un
wanted reflections from a boundary by providing a
set of three dashpots with appropria~properties at
each nodal point on the boundary. It is assumed that
the set of fictitious dashpots are attached to the
boundary nodal points. Let Dp and Ds represent the
dashpot constants perpendicular to the boundary sur
face and in the plane of the boundary surface, respec-

9-6
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Where the effective stiffness matrix [R\ and the ef··
fective load vector {Plt+T are given by

Substitution of equation 9-40 into equation 9-39
results in the following equation that can be solved
to obtain {AU }:

From the linear acceleration assumption, {Uh+T and
{Atilt can be expressed in terms of known quantities
and {Auh as

The procedure is repeated for few time steps while
keeping the effective stiffness matrix [K]t constant.
The effective stiffness matrix is reformulated at every
few steps and the whole procedure is repeated. The
other features of this option such as the kinematic
boundary conditions, absorbent-boundary technique,
and the damping matrix are described in paragraphs
9-5. A comparison of the different methods of
dynamic analyses are provided in table 9-1.

9-7. Modeling techniques

a. Meshing techniques when a soil/structure or struc
tural system is idealized by the different types of
finite elements, best results will be obtained if the
elements are as regular in shape as possible. Mem
brane, axisymmetric, solid, and shell and plate
elements should be as close to a square as possible.
Long rectangles should be avoided where possible. For
best results the three-dimensional elements should
be either cubes or rectangular bricks. Usually,
triangular elements are used only in the transition
region from a coarse mesh to a fine mesh or vice versa,
as shown in figure 9-1a. The mesh shown in figure
9-1b presents a possible alternate scheme that com
pletely avoids the use of triangular elements.
Whenever a composite structure is modeled by a
number of different elements, care must be exercised
in connecting the degrees offreedom (DOF) at ajoint
that interfaces two or mor,e different types of
elements. For example, when one end of a three
dimensional beam element connects to a node of a
three-dimensional solid element, the beam element
is not capable of transferring the three moment com
ponents to the solid element and the beam element
will be free of any joint moments at the connection.
This situation can be remedied by various artifices.
Consider, for example a structural problem in which
the response of a tower embedded firmly in the ground
and subjected to airblast and dead loads is desired.
For this case, it is assumed that the ground can be
represented by the membrane elements while the
tower is best represented by beam elements. If the
mesh shown in figure 9-2a is used for this purpose,
the tower becomes unstable as joint 23 acts as a hinge.
One way to remedy the above situation is to introduce
two fictitious beam elements considerably stiffer than
the other beam elements, as shown in figure 9-2b.
It should be noted here that most computer programs
available (appendix C) have preprocessors for
generating and displaying finite element meshes. A
separate graphic grid generator is available at WES
(Tracy, 1977).

b. Meshing of nonlinear elements. To demonstrate
the use of nonlinear elements, the nonlinear response
of a building frame is considered. The building is
shown in figure 9-3. The nonlinear response of the

(9-41)

(9-40)

(9-42)

= Acceleration vector
at time t

= Increment of ve
locity vector

= Increment of
displacement
vector

= Internal resisting
force vector due to
damping

= Internal resisting
force vector due to
stresses

= eAtT

{Atilt = {tih+T - {tih

{Ault = {Uh+T - {uh

where

{Ulth = 6IT2 {AUlt - 6IT {tilt - 2{ult

{A ti h= 3IT {AU}t - 3 {tilt - T/2 {lilt

Equation 9-41 can be solved to obtain {Auh. Note that
in general the effective stiffness matrix [Klt is depen
dent on the displacements at time t due to the
material nonlinearity. But for weak nonlinear prob
lems, it is not necessary to reform the stiffness matrix
after every step. Finally, the displacements,·
velocities, and accelerations at time t + At can be
calculated by the following expressions:

[K]t = [Kh +.' 3IT [C] + 6ITz [M]

{Ph+T {P}t+T - {Feh - {Fdh

+ (3{ti}t.+ T/2 {lilt) [C] t

+ (6IT {tilt + 2{lilt) [M]

{iiltHt = + {AU It - a6 {tih + (1 - _(3) {ult
8T T

{tilt+llt = {tilt+ ~ ({lilt + {iilt+llt)

{ult+At + {ult + bot {tilt + ~2 (2{lilt + {ii}tHt) (9-43)
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building will be due mainly to the formation of plastic
hinges at some key joints. A plastic hinge will result
whenever the response moment values exceed the
yield point moment of a member. The first step in the
analysis is to obtain the linear response of the
building due to the specified input. The building
model as shown in figure 9-3a consists of elastic beam
elements only. This preliminary analysis is intended
to provide the information regarding the points where
the plastic hinges are expected to form. Having ob
tained information about the joints where plastic
hinges may develop from the above analysis, a new
building model for nonlinear analysis is prepared.
This model is shown in figure 9-3b. In addition to the
elastic beam elements, the model includes nonlinear

TM 5-858-3

moment springs to simulate plastic hinge formations.
For each original node where a hinge forms, an addi
tional node whose translational DOF are slaved to the
original node is introduced. The moment spring is
then connected to the rotational DOF of the two joints.
It is possible that the nonlinear response of the
buildings (fig. 9-3b) may indicate some additional
joints where plastic hinges may form. In such a case
it may be necessary to revise the building model and
repeat the analysis. In many cases, however, the
engineer should be able to select the locations of these
hinges on the basis of the results from the linear
analysis by introducing a nonlinear moment spring
at a place where the response moment is close to the
yield point moment.
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CHAPTER 10
ABOVEGROUND STRUCTURES

10-1. General

a. An aboveground structure is exposed to all nuclear
weapon effects and must be designed to protect
materiel and personnel from these environments. The
facility design is normally dictated by airblast
loadings, although nuclear radiation shielding re
quirements will sometimes control the thickness of
structural elements. The cost of hardening
aboveground structures increases rapidly if the
specified hardness level cannot be met by structural
configuration alone. There are also limitations on
feasibility. If the structure can perform its functions
underground, consider this alternative for at
tenuating the nuclear-weapon-effects environment.

b. In general, the airblast effects will govern the
design of aboveground structures. The adequacy of
the structure under the secondary weapon effects of
nuclear radiation, ground shock, fireball, thermal
radiation, ejecta/debris impact and depth, dust ero
sion, and firestorm can then be determined and
modifications made as required. Free-field nuclear
weapon phenomena are delineated in TM 5-858-2.
The translation of the free·field phenomena into loads
acting on aboveground structures will be developed
in this chapter.

10-2. Resistance/geometry selection

The following resistance/geometry concepts, listed in
order from least to greatest inherent hardness, are
rational candidates for aboveground structures:

- Rigid frame
- Shear wall
- Arch
- Dome

Rigid frame and shear wall are best suited for
multistoried facilities, whereas arch and dome con
struction are best suited for single story, relatively
compact facilities. Rigid frame and shear-wall struc
tures require blast-resistant exterior walls and roof
to carry the blast loads to the frame and shear walls
and as a result become progressively more inefficient
imitators of arch and dome construction as the hard
ness level increases. The choice of
resistance/geometry will, in general, ultimately be
based on cost effectiveness.

10-3. Construction material selection

Reinforced-concrete construction has been found to be
cost effective in the past. Steel and composite con
struction should also be considered, particularly for
relatively small structures. See chapter 6.

10-4. Design for airblast

a. Airblast loads. Aboveground structures will be
subjected to the direct effects of airblast as well as
to the movements of the ground beneath and around
the structure. External loads imposed by the airblast
are assumed to be independent of structure motions;
external loads from ground shock must be determin
ed by considering structure/medium interaction. The
airblast loading on exposed structure surfaces is a
function of the free-field overpressure and dynamic
pressure; the size, shape, and orientation of the sur
face; and the location and orientation ofother surfaces
in the vicinity. Overpressure, reflected pressure, and
dynamic pressure must be considered. The size and
shape of the structure and the character of the
airblast pulse will determine the relative importance
of these three components. For large structures sub·
jected to short-duration blast waves, the net loading
due to reflected pressures will probably be more im
portant than that due to the dynamic pressure. As the
structure becomes smaller or the blast-wave duration
becomes larger, the net loading due to overpressure
on front and rear surfaces becomes of less importance
than the dynamic or drag loading.

b. Overpressure. The shock wave from the sudden
release of energy in a nuclear explosion is called a
"blast wave" and is characterized by a sudden in
crease in pressure which immediately begins to decay,
as shown in figure 10-1. As the front ofthe blast wave
travels across the terrain, the transient pressure in
excess of the ambient is defined as the "over
pressure." The peak overpressure is the maximum
value of the overpressure at a given location. Its
magnitude and its variation with time are functions
primarily of the weapon yield, the height of burst, and
the distance from the burst. Quantitative values for
all parameters describing the airblast pulse are
presented for combinations of weapon yield, range
from burst point, and height of burst in TM 5-858-2.

c. Reflected pressure. Whenever the blast wave
strikes a surface, reflection causes an increase in the
peak overpressure. This reflection is caused when the
moving air changes direction and momentum as a
result of striking the surface. The ratio of reflected
overpressure to incident pressure is called the "reflec
tion factor." The reflection factor varies with both the
peak overpressure ofthe incident wave and the angle
at which the blast wave strikes the surface. Highest
reflection factors occur at a zero angle of incidence,
i.e., a surface normal to the direction of propagation
of the blast wave. Figure 10-2 gives reflection factors

10-1
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for an angle of incidence equal to zero. Figure 10-3
shows the effect of the angle of incidence on reflec
tion factors for a wide range of overpressure levels.

d. Dynamic pressure. Dynamic pressures on struc·
tures are proportional to the mean density of the air
particles and to the square of the peak wind velocity
behind the shock front. Drag forces are associated
with these strong transient winds behind the shock
front. In particular, some structure geometries are
described as "drag sensitive" because they are quick·
ly enveloped by the blast wave and translatory forces
are primarily a result of drag forces acting on the
structure. These drag forces are a function of the size
and shape ofthe structure and the peak value of the
dynamic pressure. Quantitative data defining the
parameters of dynamic pressure loadings on struc'·
tures are presented in TM 5-858-2.

e. Drag and lift forces. The dynamic pressure is
related to the pressure acting on the structure by
shape factors called "drag coefficients." These coeffi"
cients are affected by many variables, including
dynamic pressure level; temperature; body size,
shape, and surface texture; and orientation to other
subjects. Since dynamic pressure is constantly chang·
ing behind the shock front, the drag coefficient is also
subject to change. In most cases, however, this change
is neglected and the drag coefficient corresponding to _
flow conditions near the shock front is used. The total
drag force acting on an object is given by

(10-1)

where
CD == Drag coefficient for structural element
q == Dynamic pressure

~ == Projected area of structural element on
a plane perpendicular to the air flow

Figure 10-4 gives values of CD as a function of peak
overpressure for four structural shapes.

(1) Curve (a) of figure 10-4 applies to a plate of
infinite length oriented normal to the Jree·field air
flow. Since the effects of length in the direction of air
flow are minor for Mach numbers greater than about
0.5, this curve can be applied to objects of rectangular
cross section and great length at right angles to the
direction of free-field air flow.

(2) Curve (b) applies to a disk oriented normal to
the direction of free·field air flow. It can also be ap·
plied to an object with a plane front face normal to
the shock front and a length in the direction of the
shock front of the same order of magni tude as the
minimum front-face dimension. Coefficients from this
curve become unreliable if the ratio of front-face
dimensions varies greatly from 1. In these cases, the
proper drag coefficient lies between curves (a) and (b).

(3) Curve (c) applies to a long cylinder with its
axis in the plane of the shock front. This curve will
give conservative values when applied to a semicylin
drical object on a plane surface.

(4) Curve (d) applies to a sphere. It will give con
servative values when used to evaluate drag forces
on a dome on a plane surface. This curve may also
be used to establish a lower bound for the loading on
a short cylinder with its axis in the plane ofthe shock
front.

(5) The coefficients from figure 10-4, used in
equation 10-1, yield the total drag force on a struc·
tural element and not the pressures on individual sur
faces. Figure 10-5 can be used to determine the
average drag pressure on surfaces oriented normal

AMBIENT PRESSURE

DISTANCE
U.S. Army Corps of Engineers

Figure 10-1. Variation of Pressure in a Blast Wave
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LONG PLATE 01 SK

LONG CYLINDER SPHERE

(c) Orientation of objects

Figure 10-4. (Concluded)

to the direction ofthe shock front. Note that the coef
ficient for rear surfaces is negative. The rear surface
coefficient can also be used to determine the average
drag pressure on the side and top surfaces of a struc
ture. Figure 10-6 gives average drag coefficients for
a sloping surface exposed to head-on dynamic
pressure as a function of overpressure. The total drag
force Fs on a surface due to the drag pressure is given
by

(10-2)

where A is the total area of the surface. The coeffi
cient Cs is obtained from figures 10-5 and 10-6.

(6) Tables 10-1 and 10-2 provide drag coefficients
for structural shapes and rectangular bodies at low
flow velocities and can be considered applicable at
peak overpressures less than 20 psi. However, these

10-6

tables provide approximate values for pressures above
20 psi. CL in table 10-1 is a lift coefficient, used to
determine the drag force in a direction perpendicular
to the direction of the shock front. Note that this lift
force must be considered for any unsymmetrical
shape.

(7) Except for figure 10-6, the drag coefficients
for flat surfaces, given in figures 10-4 and 10-5 and
tables 10-1 and 10-2, are applicable only when the
surface is normal to the direction of flow of the free
field dynamic pressure. They are, however, conser
vative for other angles of incidence. Figure 10-7
shows the effect of the angle of inclination and length
to-width ratio on CD' CL , and the location of the
center of pressure for flat plates. Since the data
presented in figure 10-7 were obtained at low
pressure levels, they can only provide a rough
estimate of the effect of orientation on drag coeffi
cients at higher pressure levels.
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f Loads on rectangular structures. As the shock
front of an ideal blast wave propagating perpen
dicular to the ground encounters the front face (side
facing the point of detonation) of a closed rectangular
structure, it is reflected to some higher value that is
a function of the peak incident overpressure and the
orientation of the front face to the shock front. The
blast wave then bends around the structure, subjec
ting first the sides and roof and finally the rear face
to pressures equal to the incident overpressure (fig.
10-8). At the same time, these surfaces are also sub
jected to drag pressures, which are a function of the
dynamic pressure and drag coefficient for the surface.
The total pressure on any face is the algebraic sum
of the overpressure or the reflected pressure and the
drag pressure, acting on the face at any instant of
time. The loading on the front, rear, and roof surfaces

of completely closed rectangular structures must be
considered separately.

g. Front face loading. An idealized representation
of the load acting on the front face of a rectangular
structure is shown in figure 10-9a. The maximum
pressure, PH' is taken equal to the peak reflected
pressure on the face. The rise to peak overpressure
is accomplished in a finite time; however, the max
imum intensity of reflected pressure and the time
variance for the reflected pressure before it attains
its maximum value are uncertain.

(1) If the rise time, t r , exceeds the stagnation
time, ts ' there is no reflection process, and the front
face pressure is equal to the sum of the overpressure
and the dynamic pressure time histories. As shown
in figure 10-9a, the stagnation time is the time reo
quired for the peak reflected pressure on the front face

10-9
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to decay to a value equal to the sum of the over
pressure and the drag pressure:

where
P Overpressure as a function of time
Cs Drag coefficient for front surface
q Dynamic pressure as a function of time

The stagnation time may be taken as

t = 3d s
s V

(10-3)

(10-4)

where
ds Least distance from stagnation point on

front face to edge of structural element
V Shock front velocity (TM 5-858-2)

The stagnation point on the front face is defined to
be that point at which no lateral flow occurs. For an
aboveground rectangular structure with its founda
tion flush with the ground surface, the quantity ds
is equal to the height of the structure or half its width,
whichever is less.

(2) If the rise time is less than ts givea by equa
tion 10-4 but greater than zero, it is conservative to
take the peak reflected pressure equal to that for a

Table 10-1. Drag and Lift Coefficients for Structural Shapes ofInfinite Length at Low Overpressures (Less than 20 psi) (Newmark-Haltiwanger,
1962)

Profile and CD CLWind Direction

• ~ 2-.03 0FD

.. I L96 0
2.01

.. I 2.04 0

... ............... 1. 81 0

• L 2.00 0.3

.. I 1. 83 2.07

.. L 1. 99 -0.09

.. r- 1. 62 -0.48

.. r- 2.01 0

.. T 1. 99 -1.99

.. ~ 2.19 0
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TM 5-858-3

rise time of zero. For a vertical surface, the variation
of reflected pressure prior to its maximum value can
usually be taken with little error to be linear from
zero to maximum in a time equal to the rise time of
the overpressure pulse.

(3) The idealized reflected pressure loading shown
in figure lO-9a is considered a reasonable approxima
tion of the average load on the front face. After the
reflected pressure effects have vanished, the load on

the front face is equal to the overpressure plus the
drag pressure, as indicated in the figure.

h. Sloped-front-face loading. If the front face of the
structure slopes upward from the ground surface, the
blast wave does not impinge on all elements of the
wall surface at the same time; rather, the wave front
traverses the wall in a finite time equal to the
horizontal projection of the wall divided by the shock
front velocity. Figure lO-9a still characterizes such

FO = COHLq

FL = CLHLq

MOMENT ARM = C H
e

LENGTH, L

WIDTH, H

DYNAMIC PRESSURE, q

WIND

1.4

1.2

1.0

....J
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CI 0.6u

0.4
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Figure 10--7. Effects ofInclination and Length on Flat Plate Drag Force at Low Overpressures (Less than 20 psi) (Newmark-Haltiwanger, 1962)
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P I = OVERPRESSURE-TIME FUNCTION
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(c) Roof and side-wall loading

Figure 10-9, Loading on Aboveground, Closed, Rectangular Structure (Newmark, Haltiwanger, 1962)
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where V is the shock front velocity. The intensity of
this compressive loading after time t r is (fig. 10-lId);

where
p :=: Uniform compressive force applied

radially
Po Maximum incident overpressure
t Time measured from the instant the

blast wave reaches the strip ofdifferen
tial width being considered

t d :=: Time duration of the positive phase of
the incident blast wave

For a strip of finite width W, the average compressive
load on the element will reach a maximum at the in
stant that the blast wave just passes over the entire
width of the strip, and its magnitude will be the value
of the incident overpressure acting at the center of
the strip. A linear variation of overpressure over the
distance W may be assumed if the time required for
the blast wave to traverse this distance is small com
pared to the duration of the blast wave (less than
about 0.1 to)' The time to reach maximum com·
pressive loading is

(10-5)

(10-6)

(10-7)

the roof plus the rise time of the overpressure pulse.
In most cases the rise time of the overpressure pulse
is small compared to the transit time and can be
neglected. If the roof structure consists of separate
panels supported on walls or columns, compute only
the transit time along the panel in the direction of
shock propagation rather than the entire length of the
roof. Side-wall loading is equivalent to the roof
loading.

k. Net horizontal loading. The net horizontal
loading between the front and rear faces of an
aboveground structure will tend to cause the struc
ture to slide and overturn. This differential in loading
is obtained as a function of time by taking the dif·
ference between the front and rear face loadings at
each instant of time. Figure 10-10 is a graphic
representation of the net horizontal loading on a
structure.

l. Blast wave approaching along the arch axis. Con
sider an arch structure with blast-resistant end walls.
The structure will be enveloped in an essentially
uniform external force traveling axially along the
arch. The magnitude of this load is the free air over
pressure (fig. 10-11) on a strip of differential width
measured along the arch axis. The compressive
loading as a function of time is (fig. 1O-lIc):

p :=: paC l - t/td) e- t1t
d

a loading; the rise time to maximum reflected
pressure may be taken to be equal to the transit time
of the shock pulse across the inclined surface plus the
rise time of the overpressure pulse. Similarly, a linear
decay from peak reflected pressure to the condition
of equation 10-3 in a time interval equal to 3dsN
may be used. Dimension ds is taken equal to the
shortest distance from the stagnation point to the
edge of the surface measured on the wall rather than
along its vertical projection. Note that the reflection
factor and the drag coefficient vary with the slope of
the inclined surface.

i. Rear-face loading. The loading on the rear face
of an above-ground closed rectangular structure is
shown in figure 10-9b. No pressure is felt on the rear
face until the shock front reaches that point. Pressure
begins to build up on the back face at a time equal
to the length of the structure in the direction of shock
propagation divided by the velocity of shock propaga
tion. Mter the rear face has become completely
engulfed in the blast, the pressure reaches a max
imum value equal to the side-on overpressure minus
the drag pressure, which acts as a suction at the rear
face. Since the overpressure pulse does not impinge
on the rear face, there is no reflected pressure. The
pressure on the rear face is assumed to build up
linearly in a time equal to dsN or the rise time of the
overpressure pulse, whichever is greater. ds and V
are defined in the same manner as for the front face.
The linear variation of pressure with time assumed
for this build-up period is only an approximation; its
actual variation is uncertain.

(1) For large-yield weapons and structures of nor·
mal proportions, ignore the variation in free-field con
ditions between the front and rear faces of the
structure.

(2) For smaller yields and long structures, give
some consideration to the decrease in free-field over
pressure and dynamic pressure, consistent with an
increase in range from ground zero equal to the length
of the structure in the direction of shock propagation.

j. Roof and side-wall loading. As the blast wave
passes over the structure, the roof and side-wall
loading at any time is equal to the overpressure
minus a negative drag pressure, or suction. This
negative drag pressure is a function of the dynamic
pressure and the drag coefficient, both of which vary
with the overpressure level. The real loading is a com
plex function of both the location on the roof surface
and the time-dependent variation of the overpressure.
Since a finite time is required for the shock wave to
traverse the roof of the structure, the average time
to maximum pressure will be greater than the rise
time of the overpressure pulse. The roof/side-wall
loading shown in figure 10-9c is considered average.
It rises linearly from zero to a maximum value in a
time equal to the transit time of the shock front across
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Figure 10-10. Net Horizontal Loading on a Structure in the Shock Direction
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Figure 10-11. Loading on a Circular Arch Element for A:tially Approaching Blast Wave (COE, 1960b)

10-16



TM 5-858-3

For the near side,

1(14 0) .Pr == - - +5 + 0 + - == 4.0 pSI
3 2 2

. These loadings are illustrated in figure IO-13b. Equa
tion 10-8 is now applied to this averaged loading
system to obtain the two modal loadings, yielding

11.4 psi

15.4 psi0.5(26.8 + 4.0)

Pd == 0.5(26.8 - 4.0)

Consider as an example a semicircular arch loaded
as shown in figure 10-I3a. This is an approximate
description of the actual variation of the loading of
the arch. A further approximation is made by averag
ing the arch loadings illustrated in figure 10-13a as
indicated below.

1 (33 14) .Pn == - - + 32 + 25 + - == 26.8 pSI
322

For the far side,

These modal loadings are illustrated in figures IO-13c
and d. Note that the superposition ofthe compression
mode loading of figure 10-13c on the deflection mode
loading offigure 1O-13d yields the averaged loading
offigure 10-13b, which is assumed equivalent to the
blast loading of figure IO-I3a. These approximate
overpressures are suitable for design purposes. Their
pressure/time relations for any point on the arch can
also be determined, as shown in figure 10-14.

(3) The time scale is given in terms of the transit
time ts ' the time required for the shock front to pass
over the span ofthe arch. To determine the magnitude(10-8)

m. Blast wave approaching normal to the arch axis.
The pressures on the "windward" and "leeward"
sides of the arch will differ, each varying with time.
Higher reflected pressures will act on the lower, more
nearly vertical part of the arch near the support on
the "windward" side. The pressure on the leeward{or
far) side will be relatively low until the blast wave
traveling over the arch strikes the ground on the far
side of the structure. However, the overpressures on
the far side of the arch are never greater than the in
cident overpressure.

(1) After the shock wave travels over the arch, the
pressures begin to equalize over the entire surface.
Within a period of about five or six times the shock-.
transit time, the structure will be in a region of
uniform overpressure.

(2) In the earlier stages of loading the arch will
be subjected to unbalanced forces causing lateral
movement of the crown, and inward deflection on the
windward side and an outward deflection on the
leeward side (fig. 10-12). The unbalanced loading has
two components: (1) symmetrical or "compression
mode" loading, and (2) antisymmetrical or "deflection
mode" loading. An approximation procedure may be
used. It may be assumed that the overpressure at any
time t can be expressed by an average value for the
windward side and another average value for the
leeward side. Let these two average values be
designated by Pnand Pr, respectively. An equivalent
set of symmetrical and antisymmetrical loadings,
designated as the compression mode loading Pc and
the deflection mode loading Pd' respectively, are
defined as follows:

Pc == 0.5(Pn + Pr)

INCIDENT BLAST WAVE

SHOCK FRONT

".
./

.;',,-
,,

/
/

/
/

I
'I

Figure 10-12. Deflected Shape of Arch During Early Stages of Blast Loading Normal to Arch Axis (COE, 1960bj
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where Po is the incident overpressure at time t - ~/2.

The deflection mode overpressures may become
negative when the average loading on the leeward
side of the arch exceeds that on the windward side.

of the compression mode loadings at times in excess
of 2.5 tt the incident overpressure curve as a func
tion of time is plotted with its origin at time tt/2, the
time the shock front reaches the crown of the arch.

(4) Both components are equal for values oft less
than the time required for the shock front to reach
the crown of the arch. The deflection mode over
pressure drops linearly from a maximum value of Po
to the drag pressure produced by the incident over
pressure existing at time t = 2.5 ~, multiplied by the
drag coefficient Cn' The drag coefficient Cn is taken
equal to one-half the average of the local drag coeffi
cients on the windward side, minus one-half the
average of the local drag coefficients on the leeward
side. The drag pressure is given by the approximate
relation

Drag pressure = 0.022 p2
o

(10-9)

However, the negative values are not usually large
and do not last very long.

n. Blast wave approaching at an angle to the arch
axis. When the blast wave approaches the structure
at an angle, the determination of the forces imposed
on the arch is difficult. The direction of loading that
produces critical response may be taken as either nor
mal to the arch axis or parallel to it. Consider both
of these conditions in designing the structure.

o. Loads on dome structures. Two components of
loading are considered similar to loads on arch struc
tures: (1) symmetrical or "compression mode" loading,
and (2) antisymmetrical or "deflection mode" loading.
One modal response of each type should be considered 
for preliminary design.

(1) Determine the modal loadings by using the
average intensities of blast pressure over the wind
ward and leeward halves of the dome. The average
intensity over each half of the dome is obtained from
the individualloadltime curves for several points on
the surface of the dome. Consider the dome shown in
figure 10-15. Determine the average overpressures
on the windward and leeward sides of the dome by

=

e 0° 30 60 90
P, PSI 33 32 25 14

120 150 180
500

(a) Actual distribution of
assumed imposed blast
load

(b) Average of actual blast
loads over windward and
leeward portions of arch

= 15.4 PS I

P
d

= 11.4 PSI

Cc) Compression mode loading Cd) Deflection mode loading

Figure 10-13. Approximate Modal Loadings from Imposed Blast Loadings (COE, 1960b)
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For design purposes, the maximum values. of Pc and
Pd are of primary interest, therefore, the curves of
load/time for various points on the dome need only
be computed for a duration of time equal to abo~t

(2) Obtain the compression and deflection mode
loadings by the same method as outlined for arch
structures. Denoting the average pressure on the
windward side of the dome by Pn and that on the
leeward side by Pr, the compression and deflection
mode loadings are given by the relations:

averaging the overpressures existing in meridional
strips for different (3 angles. It is suggested that
load/time curves for a nemispherical dome be deter
mined for a values of 15 deg, 45 deg, 75 deg, 105 deg,
135 deg, and 165 deg, on meridional strips having (3
values of22.5 deg, 67.5 deg, 112.5 deg, and 157.5 deg.
Because of rotational symmetry, the load/time curves
for points having (3 values of 22.5 deg and 67.5 deg
will be the same as those for corresponding points
having (3 values of 157.5 deg and 112.5 deg, respec
tively. The average pressureltime curve of the wind
ward side of the dome can be obtained by an
arithmetical averaging of intensities on the windward
side. The average pressure curve for the leeward side
is similarly obtained.

Pc =: 0.5 (Pn + Pr)

Pd =: 0.5 (Pn - Pr) (10-:-10)

1. 125
1.0

o
a..
........

u
a..

o 0.5 0.75 1.5 2.5 3
t/tt

4 5

(a) Compression mode loadings

Co TIMES DRAG PRESSURE

1.0

o
a..
........

"'0
a..

a 0.5 2 2.5 3

t/tt

4 5

(b) Deflection mode loadings

Figure 10-14. Approximate Modal Loadings (COE, 1960b)
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BLAST-..
WAVE

WINDWARD

Figure 10-15. Plan and Sectional Views of a Typical Dome (COE, 1960b)

twice the transit time of the shock wave over the
dome.

10-5. Frame structures under blast loads

a. Framing arrangements. The blast-resistant
designs of frame buildings make no radical depar
tures from conventional framing arrangements. It is
generally preferred to make the exterior columns in
dependent of the exterior walls. The walls are often
designed to span vertically between the wall footing
and the roof slab so that the lateral motion of the
frame will be less. This arrangement precludes
designing the column to act as a beam spanning bet
ween the foundation and the girder. The equivalent
SDOF dynamic system for the single-story frame is

10-20

a concentrated mass supported by a massless spring
having the lateral resistance properties of the col
umns (fig. 10-16a). If the exterior walls are designed
to act as two-way panels or one-way panels spanning
horizontally between columns, columns should be
capable of resisting directly applied transverse loads
in addition to resisting the lateral motion of the
frame. In figure 10-16b, two edges of the panel load
the columns directly and the other edges transmit
load to the roof and the foundation. The portion of the
load transmitted to the roofis indicated by F. The col
umn loading P is assumed to be uniformly distributed.
The sketch in figure 10-16c represents a frame
building with the exterior wall framed horizontally.
In this case there is no concentrated load, F.
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(a) Single-story frame and equivalent
dynamic system

F

P

c

o

(b) Columns subjected to directly applied lateral
loads from two-way wall panels

P

c

o

(c) Columns subjected to directly applied lateral
loads from wall panels spanning horizontally

U.S. Army Corps of Engineers

Figure 10-16. Single-Story Frame Model and Column Load Conditions

b. Shear and moment resistance of columns. Each
column resists the lateral motion of the frame
through the action of shear forces and bending
moments in the columns, as indicated in figure 10-17.
The shear resistance in terms of the column bending
moments and the axial load is:

(10-11)

MT, MB Top and bottom clear height end
moments

P = Axial load on the column
d Lateral deflection of the top end of

the column
In the plastic range the top and bottom moments are
assumed to be equal to a maximum moment Md so
that

where
(10-12)

= Clear height of the column as
shown in figure lO-16a

The value of Md to be used in equation 10-12 is a
variable, dependent on the direct stress (chap. 6). If
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there is no direct stress, Md can be replaced by Mp
giving

up to the elastic limit, the spring constant, k, for one
column is

(10-13) k ==
12EI
H3

e

(10-14)

In equations 10-11 and 10-12, Rs is a function of M,
P, d, and He' In a given design, two of the four fac
tors are known: He is a constant and Pais of known
variation with time. The remaining two terms are
related: i.e., for a given column, M is a function of d
and Pa' so that the variation of M and then R may
be determined from the variation of d and Pa' For a
frame with infinitely rigid girders (e.g., k for girder
ten times or more greater than that of the column),

H
c

To obtain the maximum elastic displacement de
defined by figure 10-18, it is necessary to obtain the
maximum or plastic resistance Rm and divide by k.
For a complete frame with n columns from equation
10-14,

k ==
12EI

(10-15)n--
H3

e

p

R )MT/

R

U.S. Army Corps of Engineers

Figure 10-17. Shear Resistance and Bending Moments in a Column Subjected to Lateral Displacement and Vertical Load
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Figure 10-18. Effect of Girder Flexibility on Resistance-Defiection Diagram of Multibay Frames
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so that

The relationship is different for steel and reinforced
concrete. A reinforced-concrete section carrying both
direct stress and bending moment has a higher
moment-carrying capacity for a limited but important
range of axial loads than the same section carrying
only bending moment. However, a structural steel
section carrying both direct stress and bending mo
ment has a lower moment-carrying capacity than the
same section carrying only bending moment.

(1) The increased bending strength that results
from axial stress in the columns should be introduc
ed in the preliminary design of reinforced-concrete
frames. If this effect is neglected, the preliminary
design is generally very conservative. When the direct
stress effect is introduced, a more reasonable column
size can be determined.

(2) For steel columns the effect of direct stress on
bending strength is much less important than it is
for concrete columns; in many cases reasonable
results are obtained by neglecting the effect of direct
stress in the preliminary design of the column
especially when the axial stresses are low compared
with the bending stresses (fa < 0.15fJ. However, the
effect of direct stress is usually considered in mak
ing the numerical analysis to verify the preliminary
design. Column buckling under combined axial load
and bending must be prevented in order to maintain
the lateral resistance of the frame. The allowable ax
ial load used in the interaction formula is based on
KL which is a buckling consideration.
r d. The effect of girder flexibility on column
resistance. In the preliminary design ofthe columns,
the frame response is determined under the assump
tion that the joint rotations are negligible. If the
girders are designed to act in the elastic range (g
below), the resulting error is not large. If all the col
umns in a story have the same section and are of
equal height, this assumption results in equal
moments at the top and bottom of all columns and
a linear variation of resistance with displacement up
to the plastic resistance. If the assumption of infinite
ly stiff girders is not made, the resistance-deflection
diagram for a given frame may be determined by a
conventional moment distribution analysis in which
a translation of the joints (side sway) is considered.

(1) Neglecting the flexibility of the girders results
in an over-estimate of the energy-absorption capaci
ty of the frame. Consequently, the displacement of the
structure and the required resistance of the columns
are underestimated. It is not desirable to incorporate
the flexibility effects into the preliminary design pro
cedure. Recognize that the designs obtained by the
preliminary design method are slightly unconser·
vative, and make allowance for this difference. In
clude this flexibility effect when the preliminary
design is checked by a numerical integration
procedure.

(10-16)

(10-17)

(10-21)

(10-20)

P dH3a
12EInHc

(10-18)

(10-19)

Sum of! values for all columns in the
story
Sum ofplastic column moments in the
story

and from equation 10-13, neglecting the entire effect
of direct stress,

(10-22)

R == 2i:Mp
m H;"

where Md is a function of Pa (see below). Use equa
tion 10-20 in numerical analyses where the effect of
P a and d can be introduced. For preliminary design
purposes, where it is desirable to account for the ap
proximate effect of Pain order to simplify the com
putations, base the design on

where
n

k
_ 12EII
- H3

Equations 10-15 and 10-16 apply only when all the
columns of the story are identical in strength and stiff
ness. If this condition is not true, the equations are
modified as follows:

c. The effect of direct stress on column resistance.
The value of Md to be used in equations 10-20 and
10-21 is variable dependent upon the direct stress.

and the maximum elastic displacement from equation
10-17 becomes

For the case in which the direct stress is considered
important, the maximum resistance from equation
10-13 becomes
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(2) The recommended procedure for approxi
mating the effect of girder flexibility for use in the
numerical integration analysis of single-story struc
tures is described below. Figure 10-18 presents a
resistance-deflection diagram for a typical
multicolumn frame subject to lateral load only. Line
A represents the resistance for infinite girder stiff
ness. With infinite girder stiffness, plastic hinges
would develop simultaneously at both ends of all col
umns. If the actual girder flexibility is considered, the
hinges would be found to develop successively as in
dicated by Line B. The recommended resistance
diagram is Line C, an extension of the initial slope
of Line B to the intersection with the line of maximum
resistance. The shaded area represents the error in
troduced. Use of Line C will result in the calculated
deflections being less than the true deflection, but the
error is generally very small (under 10 percent). To
obtain the effective spring constant k for girder flex
ibility, determine the slope of Line C by imposing an
arbitrary lateral deflection on the frame and
calculating the resistance corresponding to this deflec
tion. The ratio of the resistance to the displacement
is k = Rid.

e. Effect of lateral defiection on column resistance.
The resistance is subject to reduction by the combin
ed effect of the lateral deflection and the axial column
loads (eq. 10-11). In single-story frames this effect is
small; it is neglected in the preliminary design pro
cedures but included in the final numerical analysis.

f Design ofcolumns. In the preliminary design of
steel columns the frame girders are assumed to be
perfectly rigid, and the axial load in the columns is
neglected so that the required moments, the spring
constant, and the limiting elastic deflection of the col
umns can be obtained from equations 10-15 and
10-17. From equation 10-16

(10-23)

The cross section required to provide the plastic bend
ing moment resistance Mp is determined frm data for
steel columns.

(1) The preliminary design procedure for reinforc
ed concrete columns is different from that for steel
because allowances are made for the effect of direct
stress on the bending resistance of the column. After
solving for the required Md from equation 10-22,
determine the dimensions of the cross section. Since
Md is a function of PS' use the time average of the
total axial load Ps for the time interval estimated to
be the plastic phase. From the equations in chapter
6 for eccentrically loaded columns, a cross section is
selected that will provide the necessary Md at the
average PS' Compute k and de' For both steel and con
crete, k = 12EInlH3. However, from equation 10-17

10-24

de
MpH3

for steel6EIHe

d =
MdH3

for concrete (10-24)e 6EIHe

Use these parameters in the remainder of the design
procedure without modification by any load or mass
factors, because the single-story frame is considered
to be directly replaceable by an SDOF system. Com
plete the preliminary design in accordance with the
steps in chapter 6.

(2) After the girder is designed, verify the
preliminary column design using a step-by-step
numerical integration procedure. The more exact
numerical analysis includes all the factors that have
been neglected in order to simplify the preliminary
procedure: the effect of girder flexibility, of vertical
load eccentricity, of direct stress, and of the dynamic
response of the wall and roof elements on the lateral
and vertical load/time curves. As discussed in c above,
simplify the procedure by using the average column
axial loads instead of considering the individual col
umns separately. Determine the effect of girder flex
ibility as indicated in d above.

g. Design ofroofgirders. The design of roof girders
in building frames for blast loads is complicated by
the time variation of the lateral and vertical blast
loads and the difference in time required for the dif
ferent girders to reach maximum stress. In general,
the maximum frame moments due to the vertical
loads develop before those due to the lateral loads.
Conventional static loads must be considered in ad
dition to the blast loads. In a building with openings
it is possible to have internal pressures of such
magnitude as to develop net upward forces on the roof
girders.

(1) To obtain the maximum lateral stiffness for
the building frame, design the roof girders in frames
to act elastically. To simplify design procedures, con
sider continuous-span beams as single-span elements
with restraints (fig. 10-19). It is recommended that
single-span frame girders such as A be designed
elastically to carry vertical loads as simply supported
beams. Exterior girders such as B should be designed
elastically to carry vertical loads as beams fixed at
the first interior support and pinned at the exterior
support. Interior girders such as C should be designed
elastically to carry the vertical loads as beams fixed
at both ends. In order to develop the maximum lateral
resistance of the frame, design the girders so that the
plastic hinges form in the columns. The bending
strength of the girders at any point must equal the
moment at that point due to static and dynamic ver
tical loads, plus the moment due to lateral motion.
The latter is computed by applying to the girder the
full plastic hinge moments of all the columns



simultaneously. This approach is conservative
because it assumes that all the maximum moments
develop at the same time.

(2) When frame girders are subjected to blast
loading, the critical girder in a symmetrical multibay
frame is the front girder and the critical section is at
the first interior support. At this section the frame
moment in the girder should be a fraction of the col
umn maximum moment Md' For a two-bay frame,
use 1/2 Md; for a three-bay frame, use 2/3 Md; and for
a four-bay frame, use 5/8 Md'

h. Multistory frame buildings without wall par
ticipation. The motion of each floor of a multistory
frame building is dependent on its associated mass,
the external force at the floor level, the force transmit
ted downward by the columns above, and the
resistance to motion provided by the columns above
and below. Represent the equivalent dynamic system
(fig. 10-20) by a series of concentrated masses, one
for each floor, separated by massless springs having
the resistance properties of the columns.

(1) Columns. From equation 10-11, it is seen that
the combined effect of the lateral deflection and the
vertical column loads reduces the resistance of a
frame building. In single-story frames, this effect is
small and may be neglected in the preliminary design
procedure. In the preliminary design of multistory
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buildings, however, the effect of deflection on the
resistance must be included.

(2) RoofGirders. The discussion in g abovp. cover
ing the behavior and design of roof girders is directly
applicable to multistory frame buildings.

(3) Floor Girders. In windowless multistory
buildings, the floor girders are subject to both conven
tional static vertical loads and to the dynamic frame
loads resulting from the lateral distortion. However,
in buildings with openings that are covered by frangi
ble materials, floor girders may be subject to essen
tially the same loading conditions as roof girders. It
is important to note that floor girders must be capable
of withstanding the combined effect of the end
moments in both columns adjacent to the girder, as
well as the vertical load moment. Unless the girders
in multistory frames are absolutely rigid, the shear
in a story is affected by the relative deflection in that
story. It is also affected by the relative deflection of
all other stories, but this is of secondary importance
and may be neglected. To obtain the spring constant
k for a given story of a multistory building, the follow
ing approximation procedure may be used:

(a) Apply the full plastic hinge moments of the
columns above and below to each girder.

(b) Determine the rotation of the girder at each
joint (e.g., by the Moment Area Method).

~ A A Ar-_B=--~~..-_C~~ ~-l------=D---A
A B C B

nl 111
U.S. Army Corps of Engineers

Figure 10-19. Single-Span Support Assumptions for Design of Frame Girders
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Figure 10-20. Multistory Frame Building and the Equivalent Dynamic System (COE, 1960a)
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(c) Considering a particular story, take
Rm = ~Md!Hc' and k = Rm/dr; the spring constant is
given by

k =

where

LI Sum of all the column moments of in
ertia in the story

ne = Sum of Ie products for each end of each
column

~e Joint rotation as determined in step b
dr = Limiting elastic relative floor

displacement
This procedure is based on the assumption that all
columns develop end hinges simultaneously. The er
ror involved is minor because the effect of girder flex
ibility is of secondary importance.

i. Multistory frame buildings with participating
walls. If the walls of multistory buildings are con
structed to be continuous over the full height of the
structure, they will assist the frame in resisting
lateral blast loads. In a multistory blast-resistant
building the exterior walls may be assumed to be con
tinuous over the full height of the building but hinged
at the supporting floors, so that the floor-to-wall con
tinuity is not considered a factor in determining the
lateral resistance. Figure 10-21 shows the equivalent
dynamic system.

10-6. Shear wall structures
a. Structure arrangement. Shear walls transfer
lateral loads to the foundation through both bending
and shearing action. They are inherently strong, will
resist large lateral forces, and will result in a· more
economical structure for blast resistance than will
rigid-frame construction. Columns are usually pro
vided between the shear walls to carry the vertical

loads, including blast loads on the roof. The columns
in shear-wall structures are not subject to the same
degree of bending from the lateral loads as are those
in rigid-frame structures, and can therefore be of
smaller cross section than in a comparable rigid-frame
building.

(1) A blast load applied to the front wall of a shear
wall structure, as shown in figure 10-22, is transmit
ted through the roof and floor slabs to the shear walls
and thus to the foundation. The front wall of the struc
ture spans vertically between the foundation, the
floor, and the roof slab. The upper floor and roof slabs
act as deep beams, and in turn transmit the front wall
reactions to the shear walls.

(2) Subjected to the same blast load as shown in
figure 10-22, the roof and floor slabs act as the webs
ofW-shaped or channel-shaped deep beams with por
tions of the front and rear walls acting as the flanges.
In these deep beams the shear distribution is essen
tially uniform over the depth of the web. Hence the
assumption is made that the horizontal roof and floor
slab reactions are uniformly distributed along the
shear walls. Horizontal blast loads applied to the back
walls of the structure are carried in a similar man
ner through the roof and floor slabs to the shear walls.

(3) Under a horizontal blast load shear walls are
designed for plastic behavior and may be considered
vertical cantilever beams, supported at the base and
loaded with horizontal loads at each floor level. Ver
tical loads are caused by the blast forces on the roof
slab. In addition, vertical shearing forces are
developed along the front and back edges of each
shear wall due to the unbalanced forces between the
roof and foundation on both the front and back walls
(fig. 10-23). The front and back walls act integrally
with the shear wall in resisting bending. A flange
width of one-sixth of the shear wall height each side
of the web should be used if the front and back walls
are designed for plastic behavior in vertical bending
between floors.
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(a) Idealized structure (b) Equivalent dynamic system

Figure 10-21. Multistory Frame Building with Participating Walls and the Equivalent Dynamic System (COE, 1960a)
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Figure 10-22. Simple Shear Wall Structure (COE, 1958)

(4) A shear wall structure may have steel.roof
framing as illustrated in figure 10-24. Steel roof
trusses carry the vertical loads; horizontal trusses
carry the lateral blast forces to the shear walls.

(5) A structure with interior shear walls is il
lustrated in figure 10-25. Interior shear walls usual
ly contain openings for corridors and doorways. The
corridor walls mayor may not be structural walls.
The resistance to lateral deflection of a shear wall
with openings is determined by a rigid frame analysis
using both shear and moment deformations. The
presence of integral corridor walls, which may act as
flanges, should be taken into account in the final
design. However, the effective flange width should be
determined according to the procedures for T-beams
in the ACI Building Code (1977).

(6) The distribution of lateral loads to shear walls
by roof and floor slabs acting as horizontal deep beams
is an indeterminate problem dependent upon the stiff
ness of the floor slab and the relative stiffness of the
walls. One approach is to assume that the roof and
floor slabs are rigid plates and to divide the load
among the shear walls in proportion to their relative
stiffnesses. This procedure implies equal deflection of
all walls in the absence of torsion.

(7) If the shear wall arrangement is not sym
metrical, torsional stresses will be developed in the
plane of the floor and roof slabs. These torsional
stresses are distributed to all the walls that support
the roof and floor, and the more rigid walls will carry
the large share of the torsion. For this case the
assumption should be made that the torsional stresses
are carried by the walls that are normal to the shear
walls, because of the plastic deformations that the
shear walls may undergo as compared to the small
elastic deformations of the other walls. An asym
metrical structure having a number of shear walls
with various stiffnesses may be analyzed by the
methods described by the Portland Cement Institute,
1955, using the center of mass and the center of rigidi
ty as is done in seismic design.

b. Resistance of shear walls. The resistance func
tion of a shear wall is an expression relating its
lateral deformation to the resistance that the wall
develops towards that deformation. The idealized
resistance function of a simple one-story shear wall
is illustrated in figure 10-26.

(1) The total wall deflection includes both mo
ment and shear deformations. Portions of the front
and back walls act as flanges on the shear wall web
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and will affect the moment deformation, but only the
shear wall web section contributes to the shear defor
mation. The steel in the wall may be proportioned so
that Re = Ru and hence k2 = O. Resistance functions
for this case are given below (COE, 1958) for a single
two-story shear wall (fig. 10-27). For other cases an
equivalent average resistance function with Ru = Re
may be substituted.

Case 1: R1 = knYI = kl2d2
R2 = k2lYI + k22d2

Case 2: RI = CI + khdl
R2 = CR:2)e

Case 3: RI = (RI)e
R2 = C2 + k22

(x2 - xl)
k jj (where i=l, 2 andj = 1,2) = wall resistance

in ith story developed by unit lateral
deflection of top of jth story wall
Wall resistance in first story developed
by unit lateral deflection of top of first
story wall

= Lateral deflection of top of ith story
wall
Lateral resistance developed in ith
story wall

(Rj)e = Lateral resistance of ith story wall at
which initial cracking occurs

As the maximum resistance Ru = Re is reached in
any story, the resistance functions are altered to
reflect the plastic stress condition (no further increase
in moment and shear stresses) in that particular story
wall under further deformation.

(2) In general, the shear wall problem is not as
simple as illustrated in figure 10-26 and 10-27. Many
shear wall structures have longitudinal corridors that
require openings in the shear walls (fig. 10-28). The
maximum lateral resistance of each story is deter
mined by the strength of the individual shear-wall
components. The parts of the wall and foundation that
join the two portions ofthe shear wall are made strong
enough so that the initial cracking will occur in the
shear wall panels on each side of the openings, thus
developing the full strength of the shear wall.

c. Sliding and overturning. Shear walls are very
stiff structural elements, and their behavior is greatly
affected by the inertial forces caused by small sliding
and overturning tendencies. In preliminary design,
consider the rigid body sliding and overturning. In
the final design, make a combined dynamic, sliding,
and overturning analysis. Numerical procedures will
be required to perform these analyses. The basic rela
tionships are given below (COE, 1958).

d. Rigid body sliding and overturning. When the
externally applied lateral blast load exceeds the
lateral resistance available from the combined action
offriction on the bottom ofthe foundation and passive
pressure on the rear faces of the footings, the building
will move in the direction of the blast. The structure
must displace against the soil in order to develop
passive pressure. The magnitude ofthe resistance as
a function of displacement is not known. It is therefore
recommended that the resistance-displacement
diagram assumed for the passive pressure be pure
plastic. The increase in passive pressure resulting

. HORIZONTAL FLOOR
~ ~DEEP BEAM REACTIONS
~ /VERTICAL BACK WALL

~FE~~E3~3E~~ DEEP BEAM REACTIONS

HORIZONTAL FLOOR
DEEP BEAM REACTIONS

HORIZONTAL ROOF DEEP BEAM REACTIONS

~VERTICAL ROOF
~E:3I~tiDi3:E~ SLAB REACT IONS

AIR ~

BLAST '-V"

VERTICAL FRONT
WALL DEEP
BEAM REACTIONS~

HORIZONTAL REACTIONS OF
SHEAR WALL FOOTING

~VERTICAL REACTIONS OF
SHEAR WALL FOOTING

Figure 10-23. Forces Acting on Shear Wall (COE, 1958)
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structure rotates about the centroidal axis through
the point "0" at the base ofthe footings. The angular
acceleration of the structure about this axis is given
by:

from blast pressure resulting on the ground surface
behind the building should be included by treating
it as a surcharge on the ground surface.

(1) The total vertical force exerted by the footings
on the soil at any time is equal to the weight of the
structure plus the blast load on all exposed horizon
tal elements such as the roof and footing projections
and the vertical component of the inertial force
resulting from the rotation of the building. If the
angular acceleration of the structure is upward at the
front footing the inertial force would be downward on
the front footing and upward on the rear footing, and
vice versa. The vertical motion of the structure as a
whole is assumed to be small; hence the correspond
ing vertical inertial forces are ignored. The vertical
dynamic reactions on the footings are obtained from
the vertical reactions of the roof slab and girders upon
the columns and walls. For the dynamic overturning
and sliding analyses the vertical reactions are
generally obtained for the average roof overpressure
acting over the entire roof area simultaneously.

(2) For structures located on soil, the structure is
considered to rotate about the centroidal axis through
the base of the footings; sliding and overturning are
analyzed simultaneously. Figure 10-29 illustrates the
forces acting upon the structure as a rigid body. The

a =o

where

TM 5-858-3

(10-26)

ao Angular acceleration of structure
about axis of rotation

W o = Angular velocity of structure about
axis of rotation (fig. 10-29)

80 Angular displacement of structure
about axis of rotation (fig. 10-29)

Mo = Moment of all external forces about
axis of rotation

F0 = Summation of all external horizontal
forces applied to the structure in
cluding foundation reactions

y = Vertical distance from axis of rotation
to centroid of total moving mass, m

10 = Mass moment of inertia of structure
about axis of rotation

m Total moving mass of structure and
earth enclosed between footings

ROOF
I i i r i i AIR
I • I , I BLAST
I c)

/BACK
I WALL
I
I FRONT/"II

I ~ - .~ I WALL ---------
FRONT ELEVATION SECTION

END SHEAR WALL ~BACK WALL

HORIZONTAL TRUSS

END SHEAR WALL

OAIR
BLAST

PLAN VIEW
Figure 10-24. Shear Wall Structures with Steel Framing (CDE, 1958)
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Yr

Mass of structure considered to rotate
as well as translate
Vertical distance from axis of rotation
to centroid of rotating mass, mr

The rotational stiffness B of a rigid rectangular foun-
dation on soil is expressed by: .

where

Xo Horizontal acceleration of axis of
rotation

v0 = Horizontal velocity of axis of rotation
X o Horizontal displacement of axis of

rotation

(10-29)

The force components necessary for the computation
of the total force F0 and the total moment Mo are il
lustrated in figure 10-29 for a symmetrical structure.
The computation of the sliding and rotation of the
structure as a function oftime is accomplished by con
current numerical integrations of equations 10-26
and 10-28. If the structure does not slide or stops
sliding (vo = 0) at some point in the analysis, equa
tion 10-26 must be revised to the following form

(10-27)

Dimensions of foundation where c is
parallel to the axis of rotation
Effective constrained modulus of
elasticity of the soil to a depth (below
the bottom of the footing) of twice the
shortest plan dimension of the footing

The horizontal acceleration of the centroidal axis is
given by

where
c, d

E
B = --..§ cd2

4

Fo
m

(10-28) For the case of no sliding, only the solution by
numerical integration of equation 10-29 is necessary.

r----,r----,r-- -..,
I II II I
I II (I I
I II. I I I

FRONT ELEVATION

BACK
WALL

END ELEVATION

[
END
SHEAR
WALL [

~INTERIOR SHEAR WALLS
BACK WALL ~~ /

JE:'.l[~ END
CORRIDOR SHEAR

lC lC J WALL

FRONT WALL

0-
AIR BLAST

PLAN VIEW

Figure 10-25. Shear Wall Structure with Interior Shear Wall (COE, 1958)
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When the structure does not slide, the velocity Vo of
the axis of rotation is equal to zero and the accelera
tion Xois equal to zero. Setting equation 10-28 equal
to zero the following sliding criterion is obtained:

Sliding occurs when F° > myo-o }
When Vo = 0 and Fo is not greater than myo-o'
the.n F°= myo-o

. (10-30)

The value thus obtained for F0' the summation of all
external horizontal forces applied to the structure
including the foundation reactions-may be used to

1M 5-858-3

determine the magnitude of the horizontal foundation
reaction developed when the structure does not slide.
These reactions are necessary to compute the value
of Mo for the solution of equation 10-29.

e. Simultaneous dynamic sliding and overturning.
Simultaneous dynamic sliding and overturning
analysis includes the horizontal deformation of the
shear walls in addition to rigid body modes of
behavior. The forces acting upon a two-story structure
are illustrated in figure 10-30. In a manner similar
to that for the rigid body analysis, the structure is
assumed to rotate about point "0," the centroidal axis
at the base of the footings. The angular acceleration

ROOF SLAB cr.F-.
FRONT BACK LiJ

WALL I WALL L.l R

i R z u
-1« R«I-a:: V') C

SHEAR WALL LiJ -
!-V')
«LiJ
-I a::

ELEVATION 0

RESISTANCE FUNCTION

Figure 10-26. Idealized Resistance Function for a One-Story Shear Wall (CaE, 1958)

FRONT WALL

ROOF SLAB

+-RZ
2ND STORY SHEAR WALL,

FLOOR SLAB'
BACK WALL

+-R,
1ST STORY SHEAR WALL

I

Figure 10-27. TWI>-Story Shear Wall (CaE, 1958)
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of the structure about this axis is given for a struc
ture of n-stories by:

10 Mass moment of inertia of
structure about axis of
rotation

The horizontal acceleration of the axis of rotation is
given by:

(10-31) (10-32)

The relative horizontal accelerations of the shear
walls are given by:

where
0'0 = Angular acceleration of

structure about axis of rota
tion of structure

Mo = Moment of all external
forces about axis of rotation

Fi(i = 1,2... n) = Summation of all external
horizontal forces applied to
mass mi' including founda
tion reactions

RjCi = 1,2...n) Horizontal resistance
developed by structure at
location of mass mj due to
internal structural deforma
tion

X'1

where
xj(i = 2,3 ...n)

(10-33)

Horizontal acceleration of
the mass at floor level "i"
with respect to the accelera
tion caused by the rigid body
sliding and overturning
about axis "0"
Horizontal velocity of the
mass at floor level "i" with

,CORR IDOR OPEN INGS

Alr" A~IS B

I
SECTIONS B-B B

SECTION C-C
C

(a) Shear wall with openings

AXIS

AXIS

FRAME HAS INFINITE I AND A OVER REGIONS ab, be, de, ef, ETC.
FRAME HAS FINITE I AND A IN SECTS A-A, B-B, AND C-C.

(b) Equivalent frame

Figure 10-28. Shear Wall with Openings and Equivalent Frame (COE, 1958)
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respect to the velocity caus
ed by the rigid body sliding
and overturning about axis
"0"

xj(i = 2,3 ...n) Horizontal displacement of
the mass at floor level "i"
with respect to the displace
ment caused by the rigid
body sliding and overturning
about axis "0"

The force components used for the computation of the
forces F j and the moment Mo are shown for a sym
metrical structure in figure 10-30. The computation
of the shear wall displacements and the sliding and
rotation is accomplished by a numerical integration
of equations 10-31, 10-32, and 10-33. The deflections
must all be computed simultaneously. If the structure
does not slide or stops sliding (xo = 0) at some point
in the analysis, equation 10-31 becomes:

(10-34)

For the case of no sliding, only the solution by
numerical integration of equations 10-33 and 10-34
is necessary. When the structure does not slide, the
velocity v0 of the axis of rotation "0" is equal to zero
and the acceleration Xo is equal to zero. Setting equa
tion 10-32 equal to zero, the following criteria are
obtained:

Sliding occurs when (F1 - R1) > m1Y1 Q o J
When v0 = 0 and (F1- R1) is not greater
than m1Y1 Q o' then (F1 - R1) = m1Y1 Q o

Care must be taken in the computation of 10 , the
mass moment of inertia of the structure about the axis
of rotation "0." Because of the manner of construc
tion of the structure, it is often desirable to assume
that some portion of the structure (such as the shear
walls, front and back walls, and the edges of the roof
supported by the walls) rotate as well as translate,
whereas other portions (isolated footings and the col
umns and the roof supported by them) translate
without rotating. The computation of 10 is thus the
determination of the polar moment of inertia about

v

~p
Ff · .rlctlon

~
" I a __

.... 0 0 ----

2-4m w Y
I r 0 r
1 m(x + a y)

0 0 Fbf ·'--lm
- _ mg

Yf Yr Y Yb

.~.~ I J I..,... .,. ; r F
I •

I
U P

F

F = F
f

- F - F - F
o b p

M = -Be - I a + Ff Yf - F Y - F Yo 0 00 b b p p

Figure 10-29. Forces Acting upon Structure as a Rigid Body (COE, 1958)
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Figure 10-30. Force Acting upon Two-Story Structure (COE, 1958)

"0" of those masses that rotate and translate and the
moment of inertia about a horizontal plane through
"0" of those masses that only translate.

10-7. Arches
a. Types ofarch structures. A barrel arch of reinforced
concrete and concrete slabs supported by steel or con·
crete arched ribs are examples of arch structures.

(1) The presence of end or intermediate walls or
stiffening ribs in a long structure will supply rigidity
to an arch and increase its resistance to lateral loads.
This increase rigidity will manifest itself when the
spacing of these stiffeners is fairly small. End walls
influence the structural response of the arch when the
spacing of the walls is equal to or less than 0.75" Rh,
where R is the radius of the arch and h is its
thickness. If the intermediate diaphragms or stif
feners are added, their effectiveness only becomes ap
parent when their spacing is less than 1.50" Rh. This
latter spacing is based on the assumption that com
plete fIxity exists at the junction of the stiffener and

10-34

the arch. Disregarding the effects of the end walls and
intermediate stiffeners on the arch will yield a con
servative design.

(2) The response of an arch structure is obtained
from estimates of frequencies of vibration of the struc
ture in the compression and deflection modes, the
yield resistance, and the ductility ratio of maximum
allowable deflection to the yield deflection. Assume
an idealized elastoplastic resistance. Determine the
natural period using a stiffness corresponding to that
associated with the yield resistance divided by the
yield deflection. In a fIxed-end structure, use a stiff
ness corresponding to the resistance after plastic
hinges have formed at several points, inluding the in
cipient final plastic hinge that leads to collapse.

b. Response to compression mode loading. In the
compression mode, the arch is very stiff and the
natural period is consequently very short. For a cir
cular arch with pinned ends and of constant cross sec
tion, the lowest natural frequency is one for which
the arch vibrates in the shape shown by the dashed
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curve of figure 10-31. The natural period of vibration,
in seconds, for this mode of vibration is given by:

......-""'r------- L-------+--~

(10-35)

(10-36)

Span of the arch
Mass per unit length of circumference
of arch
Modulus of elasticity
Moment of inertia of the arch cross
section

m

E
I

where
L

where

where R is the radius of the arch, (J is the angle in
radian formed by two normals to the surface at the
arch support lying on the same merdinal plane, and
r is the radius of gyration of the cross section. For a
circular arch with fixed ends and of constant cross sec
tion, the lowest natural frequency is one for which
the arch vibrates in the shape shown by the dotted
curve of figure 10-32. In this case the period is given
by

(10-39)

Figure 10-31. Vibrational Shape Associated with the Lowest
Natural Frequency of a Two-Hinged Arch in the
Compression Mode (COE, 1960b)

........ -----..,...
",,'" ~-------

/

T = 2rrL2 ~ m
C3 EI

c. Response to deflection mode loading. In the
deflection mode the structure is relatively flexible as
compared to its behavior in the compression mode.
The dotted curve of figure 10-34 shows the vibra
tional shape of the circular arch with pinned ends and
of constant cross section. The natural period of vibra
tion is given by:

Figure 10-32. Vibrational Shape Associated with Lowest Natural
Frequency ofa Fixed-End Arch in the Compression
Mode (COE, 1960b)

(10-38)

(10-37)

Consider the arch illustrated in figure 10-33. Using
the geometric properties shown and taking E = 3 X

106 Ib/in2 from equation 10-37, the natural period
will be equal to 0.015 sec. This short period is of the
order of the rise time to peak of the overpressure as
it traverses the arch. As the rise time of the imposed
compression mode loading approaches the natural
period of the structure, the dynamic load factor ap
proaches unity. The stresses produced are, therefore,
essentially those that would be produced by the same
load applied statically. Note that the loading in the
compression mode should not exceed the yield
resistance of the structure (ductility factor IJ ~ 1).
Since the variation of axial stress in the compression
mode is approximately uniform over finite lengths of
the arch, allowing the stresses to reach their dynamic
yield values will result in the formation of plastic
hinges that extend over a finite length of the arch
rather than at localized points. This will result in a
"softening" of the arch and a correspondingly large
increase in deflections.

10-35
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(a) Elevation of arch (b) Typical cross
section of
arch

Figure 10-33. Sample Arch (COE, 1960b)

where C3 is plotted in figure 10-35. For a circular
arch with fixed ends and of constant cross section, the
vibrational shape is shown by the dotted curve of
figure 10-36. The natural period of vibration is given
by:

The effective mass me is related to the period of the
structure:

(10-43)

where C4 is plotted in figure 10-37. Equation 10-39
is based on the assumption that the primary behavior
in this mode is in flexure with a consequent neglect
of axial deformation. Except for very flat arches, eless
than about 50 deg, the accuracy of these relations is
good. Because the natural period of vibration is long
compared with the duration of the deflection mode
loading, the load on the structure may be assumed
to be an equivalent rectangular pulse of the same area
as the applied load. Figure 10-14 gives a represen
tative loading curve. Figure 10-38 illustrates the
deflection curve of the arch showing that the max
imum deflections occur at the quarter points. The
response of the arch is obtained by the following ap
proximate procedure. Let the impulse be defined as

This relation is theoretically correct only if Tj ap
proaches zero, but it is adequate for Ti as large as 0.2
T. The total impulse per unit area normal to the arch
surface for the deflection mode loading is approxi
mately

(10-44)

(10-45)

Combining the two preceding relations yields the
~quation

Pi ~m- (2nTiff) = 2 - - 1
Ru de

where

Q = (1.25 to 1.50) Po tt

Po = Peak overpressure
1t = Transit time

The yield resistance is, therefore:

(10-40)

(10-41)

where T i is arbitrarily chosen and is suitably small.
The localized resistance diagram is shown in figure
10-39.

(10-46)

me = Effective mass of the structure
Ru . - Yield resistance
dm, de = Maximum permissible deflection

and yield deflection, respectively

(PiT)2 = R (d _ de)
2m

e
u m 2

where

(10-42) Equation 10-44 can be used to find either the desired
resistance Ru, the impulse PjTi that will just produce
a certain deflection, or the ductility factor defined as
the ratio of the maximum to yield deflections dm/de
when the other quantities are given. Because of the
freedom of choice of Tj, equation 10-44 is essentially
only a relation between P/Ru and dm/de and the
values are plotted in figure 10-40 for a value of

10-36



T i = (1I2n) T. The approximate time to reach the max
imum deflection t m is given by:

(10-47)

TM 5-858-3

when there is no buckling load, and by d~ the deflec
tion when there is a compressive force tending to pro
duce buckling, the relation between these two deflec
tions is given by

or for T i = (1I2n) T

(10-48)

Equation 10-47 is also plotted in figure 10-40.

1

1 - PdPB
(10-52)

Figure 10-34. Vibratwnal Shape Associated with Lowest Natural
Frequency of a Two-Hinged Arch in the Deflectwn
Mode (COE, 1960b)

d. Buckling effects. The susceptibility of the arch
to buckling under the compression mOde loadings will
have an effect on the deflection under deflection mode
loadings. A uniformly distributed pressure may cause
buckling of the arch into shapes shown by the dotted
lines of figures 10-41 and 10-42. This tendency to
buckle will increase the deflections as computed
under deflection mode loadings. For a two-hinged
arch, the uniform pressure that produces buckling is
given by:

(10-49)

where Pc is the compressive mode loading. This rela
tion is strictly applicable only for elastic behavior.
Under dynamic conditions, the strength of the arch
would be higher than under static conditions since it
takes time for the arch to buckle. Equation 10-51 can
be used as an approximation. For Pc' use the average
value ofthe compression mode loading over the time
to reach maximum deflection in the deflection mode.

e. Blast wave traveling along the arch axis. When
a blast wave approaches normal to the end wall ofthe
structure, the loading on any ring is approximately
instantaneous. Considering elastic behavior, since the
duration of the load is long and the natural period
of vibration of the structure is short, the dynamic load
factor approaches two, that is, the stresses produced
are twice those that would be produced by the same
load applied statically. The resistance to this type of
loading is primarily by means of direct stress in the
arch. This axial stress, approximately constant over
the length of the arch, will develop plastic zones,
rather than plastic hinges, over those portions of the
arch at which the stress is approximately equal to the
dynamic yield strength of the material. This condi
tion, if allowed to develop, will result in either large
deflections of the arch or instability, neither of which
can be tolerated. Both of these conditions may be con·
sidered as failure or collapse conditions. Thus, for an
arch loaded by a blast wave traveling axially along
the structure, the response should be confined to
elastic action only. The adequacy of the structure
against buckling should be checked by means of equa
tion 10-49 or 10-50.

For a fixed-end arch the uniform pressure that pro
duces buckling is:

Figure 10-43 is a plot of k as a function of fJ. If we
designate by dm the deflection in the deflection mode

P EI k2 .B = - ( - 1)
R3

where k is defined by the relation

fJ kfJ
k tan - cot - = 1

2 2

(10-50)

(10-51)

10-8. Domes
a. Types of dome structures. Blast·resistant dome
structures are designed to have surfaces that are
monolithic. Ribs or other supporting elements are not
very effective in resisting the external loads. They are
generally reinforced along their support by a ring
beam that resists the thrust of the dome by tension
in the ring. The dome should be designed to resist the
applied blast loads by elastic action only.

b. Structural response to compression mode loading.
In the compression mode, the dome is very stiff and
the period of vibration is consequently very short. For
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(l0-53)

where the quantities are as defined in equation
10-53. Experimental results show that domes usually
buckle under loads approximately 1/3 to 1/4 that
given by equation 10-54. Since the dome will require
time to buckle under dynamic loads, the compression
mode loadings may approach the critical buckling
pressure much more closely than would be the case
if the same load were applied statically. For pre
liminary designs the peak value of the compression
mode loading should not exceed 1/3 the critical
pressure given by equation 10-54.

f Spread footings. Aboveground structures tend to
slide laterally and rotate under blast loading. Figure
10-44 shows the sources of lateral resistance on
spread-footing foundations.

(1) The sliding of structures is resisted by passive
pressure on the rear vertical faces of the foundations
and by friction between the soil and the foundation.
In structures on pile foundations, lateral movement
of the foundation is resisted by lateral shearing and
bending forces in the piles and by the passive pressure
on pile caps. Batter piles resist lateral loads with a
component of their axial force and provide a more
rigid structure. Batter piles may be required for large
horizontal forces or for weak overburden. Where prac
tical, caissons are a good alternative to vertical and
batter piles for resisting sliding of structures.

(2) Horizontal blast loads tend to overturn struc
tures, thus causing unequal distribution of founda
tion pressure. This unequal distribution of pressure
in general causes a reduction in the available fric
tional resistance at the front of the structures is
generally small. This lack of sufficient frictional
resistance at the base of footings for the walls and col
umns near the front of structures makes it necessary
to utilize the lateral resistance furnished by the
passive pressure on the back of these footings, or to
provide footing struts or floor slab diaphragms con
nected to the rear footings where the bearing
pressures are high and large friction forces can be
developed. The passive pressure on the rear vertical
face of rear wall footings is also much higher than
for the front wall footings, due to the effect ofthe blast
pressure on the ground surface at the rear of the
structure.

(3) In the case of shear-wall buildings with in
terior columns carrying large vertical loads but not
lateral loads, the large column loads permit develop
ment of large frictional forces which may be utilized
to resist the total lateral loads. The column footings
may be tied to the shear walls by horizontal floor
slab/deep beams, or a mat foundation may be used.

a complete spherical shell of constant thickness, the
period T in seconds is:

T = 2n ImR2 (1 - v)
'J 2 Eh

where

m Mass per unit surface area of the dome
R = Radius of the dome
v = Poisson's ratio
E Modulus of elasticity
h = Dome thickness

The period of a structural dome is different from that
given by equation 10-53 because the shell structures
are not completely spherical and are also influenced
by the support conditions. The exact relation for the
period of a dome that is not completely spherical is
not important, since it is seen from equation 10-53
that the period is very short. The modal loadings to
which a dome is subjected have rise times of the same
order of magnitude as the transit time of the shock
wave over the structure. The ratio of the rise time to
the period is large and the stresses that are produced
by this dynamic loading are the same as those that
would be produced by the peak value of the compres
sion mode loading applied statically.

c. Structural response to deflection mode loading.
The dome resists deflection mode loadings by develop
ing internal forces in the plane of the surface.
Resistance to this antisymmetrical loading is ac-

. complished primarily by axial deformation rather
than by bending of the dome. The period under this
type of loading is therefore likely to be of the same
order of magnitude as that under the compression
mode loadings. Recognizing that the period is short,
the exact value is not important. The rise time of the
deflection mode loading is of the same order of
magnitude as the transit time of the shock wave.
Therefore, the stresses produced by the dynamic
loading are the same as those obtained by the peak
deflection mode loading applied statically.

d. Combined response of structure to modal
loadings. The sum of the maximum intensities of
stress due to dead weight loading and compression
and deflection mode loadings should not exceed 0.8
of the dynamic yield strength of the concrete, in keep
ing with the approximations involved in the deter
mination of the applied dynamic loads. In the case of
reinforced-concrete domes, reinforcement should be
provided in both the meridional and latitudinal
planes.

e. Buckling ofstructure. The critical uniform radial
pressure causing buckling of a complete sphere is

given by the relation

2 Eh2

Pa = R2 -V 3(1 _ v2)
(l0-54)

10-39



1M 5-858-3 --_.........------ ......

"",
\
\
\

104---4-L_~
Figure 10-36. Vibrational Shape Associated with Lowest Natural

Frequency of a Fixed-End Arch in the Deflection
Mode (COE, 1960b)

C 1.0 for vertical piles and cos2 f3 for bat
ter piles, and f3 is the angle of inclina
tion of the pile with the vertical.

V Total vertical force on piles.
N Weighted number of piles in group,

where vertical piles are weighted with
the factor 1.0 and batter piles are
weighted with the factor cos2 f3.

preliminary design, this may be assumed to be limited
to about 4 percent of the footing depth.

(7) The resistance available from passive pressure
at any time should be made equal to, or greater than,
twice the difference between the total lateral load on
the footing and the available friction.

(8) In many foundation designs it will be found
uneconomical to prevent lateral motion of the struc
ture by providing friction and passive pressures to
resist the total lateral dynamic reactions on the
footings. In these cases a dynamic analysis should be
performed to determine the magnitude of the footing
motion.

g. Pile foundations. In pile foundations the piles
may be used to resist uplift forces resulting from blast
and the lateral forces may be resisted by either ver
tical or batter piles.

(1) The vertical load on any pile of a group under
the action of the vertical load and the lateral loads
should not exceed the dynamic bearing capacity of the
pile. Assuming the foundation cap to be rigid and that
batter piles are provided to carry the lateral forces,
the axial force in any pile may be computed by the
following formula:

(4) For structures that resist horizontal blast
loading through rigid frame action, maximum
restraint against rotation at the bottoms of the frame
columns will require that individual footings be
rather large by conventional standards. In most cases
continuous footings or mat foundations may be more
advantageous.

(5) In the case of interior or front wall footings,
the resistance available due to passive pressure is a
function of the depth to the surlace ofthe soil and the
weight ofthe soil enclosed between the footings. The
maximum resistance that the soil enclosed between
the footings can provide is the lesser of (a) the
resistance due to passive pressure of the soil, or (b)
the frictional resistance approximated by the product
of the coefficient offriction and the weight ofthe soil
between footings. Wherever backfill is necessary in
the construction of the footing, it is recommended that
compacted sand and gravel be used so that the fric
tional resistance may be a maximum. For the develop
ment of maximum frictional resistance it is preferable
to pour foundations against undisturbed soil. The
passive pressure on the rear face of the foundation
is increased by the blast pressure acting on the
ground surface at the rear of the structure. The blast
pressure on the ground also causes soil pressures to
develop on the front face and top surlace of the front
footings. The pressure on the top of the footings at
the front of the building due to the blast pressure on
the ground surlace is a very important source of
resistance to overturning.

(6) For design purposes: If friction equal to or
greater than the net lateral force can be developed,
the lateral motion of the foundation may be assumed
to be negligible; and if friction alone is not great
enough but if friction plus passive pressure equal to
or greater than the net lateral force can be developed,
the footing motion should be considered. For

10-AO

(
V MXl)Vertical force per pile == C - ± --
N LX2

where

(10-55)
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M Moment of forces on piles about their
centroidal axis.

x Distance of any pile from the centroidal
axis, multiplied by the proper weighting
factor.

xl = Distance of the pile in question from the
centroidal axis.

In this equation the piles are considered to be capable
of resisting uplift forces. Normally, an uplift force suf
ficient to cause tension failure of a pile cannot be
developed at the top of the pile before the pile will
pull away from the pile cap. This type of failure
should be prevented in blast-resistant structures by
increasing the length of pile embedment in the con
crete pile cap or by other anchoring methods for pile
caps.

Figure 10-38. Location and Direction of Maximum Deflections of
an Arch Subjected to Deflection Mode Loadings
(COE, 1960b)

(2) Piles in clay have pulling resistance approx
imately equal to the resistance to further penetration.
Piles in sand have pulling resistance approximately
equal to one-half the resistance to further penetration.

(3) The effect of dynamic loading on the load
capacity of the pile should be tested at the site
wherever possible.

10-42
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Figure 10-39. Idealized Resistance Function (COE, 1960b)

(4) Pile foundations should be designed so that
the lateral load is resisted by the combination of bat
ter piles and passive resistance on the footing or walls.
The resistance-deformation relationship of these two
systems may not permit the assumption of
simultaneous action in many cases; however, if one
type of resistance is exceeded, a small deformation of
the structure will allow the excess to be carried by
the other type of action.

(5) The spacing of piles should be determined on
the same basis used for conventional pile foundations
(see TM 5-818-1 and EM 1110-2-2906.

h. Design requirements of pile foundations. The
design of foundations for aboveground structures
should meet the following requirements:

- The lateral motion of the fundation should be
limited to predetermined amounts without
affecting their usefulness.

- The entire structure must be stable against
overturning. In general, only very small rota
tions are permissible.

-The vertical bearing pressure resulting from the
combined effect of all vertical loads and over
turning moments should not exceed the
dynamic design bearing capacity of the soil
underlying the foundation.

- The foundation elements should be proportioned
to withstand the loads results from the max
imum soil pressures.
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Figure 10-41. Buckled Shape and Distribution of Critical
Pressures for a Two-Hinged Arch (COE, 1960b)
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Figure 10-42. Buckled Shape and Distributwn ofCritical Pressure
for a Fixed-End Arch (COE, 1960b)
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CHAPTER 11
FLUSH, PARTIALLY BURIED, AND SHALLOW-BURIED STRUCTURES

11-1. Design threats

Design threats for shallow-buried structures are
airblast, ground shock, and ejecta impact. In general,
unless there are limitations on the length of um
bilicals to the ground surface, specify the structure
placement at a depth that eliminates the other
nuclear weapon effects (e.g. radiation) as controlling
design criteria. When the warheads have quite small
CEPs (see Appendix D) and the structures are to be
designed for very high overpressures, consider plac
ing the structure in rock or selecting a monolithic
structural configuration that may experience large
displacements as a rigid body but will only allow
tolerable deformations of the structural elements.
Design the umbilical and internal connections and
the mountings for structure contents of monolithic
structures to allow for relative displacements from
weapon effects (TM 5-858-4). The ground-shock en
vironment for shallow-buried structures is obtained
from basic relationships given in TM 5-858-2. Such
data should be interpreted in terms of the geological
and soil properties at the site. Define airblast-induced
and crater-induced ground-shock transmission by
wave-attenuation principles.

11-2. Site properties

a. The typical site profile for shallow-buried protec
tive structures is stratified soil. Equivalent
homogeneous properties may be assumed only if the
variation in soil characteristics is gradual. Figure
11-1, a soil profile obtained at an actual site, shows
very sharp differences in soil stiffness, which must
be accounted for in determining the soiVstructure
interaction.

b. In soils with high cohesive strengths, vertical
cuts may be stable. In most cases, however, the com
pleted excavation must be back-filled and the proper
ties of the backfill material must be included as part
of the total soil definition.

c. The position of the water table in the soil is
critical. Numerous design and construction problems
are avoided if the structure is placed above the water
table. The principal design problem is an increase in
the static loads from relatively low lateral pressures
in dry soil to hydrostatic pressures in saturated soil.
The principal construction problem is the need for ef
fective waterproofing during the useful life of the
structure.

d Seasonal variations of the water table such as
that caused by irrigation or rainy seasons should be
investigated. Also possible future construction of
dams or canals could cause the water table to vary.
The critical condition should be used for design.

11-3. Structure/medium interaction

a. General. Underground structures experience
stresses that are transmitted through the surround
ing medium. As the pressure waves propagate
through the soil or rock medium and approach the
structure, the free-field motions will be modified
because of differences in the material properties ofthe
structure and the medium. The change in free-field
motions due to the presence of a structure is termed
structure/medium interaction or soiVstructure in
teraction. The three effects of importance are the arch
ing of the soil, the interface reflections at the struc
ture/medium interface, and the stress concentration
factors due to the presence of the structure.

(1) Shallow-buried structures are exposed to
ground shock induced by airblast waves that are
usually out of phase with crater-induced ground
shock. The coupled effect of the two ground shocks
(and for partially buried structures, the additional ef
fect of the air slap) constitutes a complex interaction
problem. Interaction causes important effects on any
structure that does not match the displaced medium
in mass or stiffness. Interaction occurs whether the
structure is hollow or solid; rigid or flexible; or fully
buried, partially buried, or resting on the ground sur
face. It occurs whether the structure or free-field
me'dium or both are loaded.

(2) It is necessary to select and size structural
elements by preliminary design methods and to verify
or modify the design by analysis. To perform a struc
ture/medium interaction analysis the following im
portant parameters of a mathematical model must be
determined:,

- Airblast loads
- Free-field medium loading: spatial time history
- Medium layering and material properties
- Medium/structure interface: transmission

properties
- Structure: geometric and material properties
- Structure contents: location and geometric and

material properties

(3) For design purposes, the air overpressure
loading may be assumed to be uniformly distributed
over a large area on the ground surface surrounding
the underground structure. It may further be as
sumed that the pressure wave propagates vertically
downward with the wave front parallel to the ground
surface.

(4) The following additional assumptions are ac
ceptable, if the surrounding medium has gradually
varying properties. (For a medium such as the one
shown in figure 11-1, numerical procedures (e.g., the

11-1
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SAGA program identified in table C-l of appendix
C) must be used to obtain the stresses and deforma
tions of the structure.)

(a) The soil may be considered to have uniform
properties satisfying the Coulomb-Mohr failure
criterion. This criterion states that the resistance to
failure on the slip planes in the soil is given by the
relationship:

Tu = C + Pn tan ~ (11-1)

where
TU = Ultimate shearing resistance ofthe soil
C = Soil cohesion

~ = Soil's angle of internal friction
Pn = Pressure normal to surface

(b) Slip planes in the soil between the ground
surface and the structural element, as shown in figure
11-2, define the surfaces where the shear resistance
of the soil has been reached, Experiments have shown
that pressures required for failure of structural
elements are several timeS greater than those
predicted by theory, The designer should recognize
that for a dense granular material, initial slip is ac
companied by an increase in volume whereas simple
theoretical approaches assume that the plastic flow
of the soil occurs at constant volume.
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Figure 11-2. Soil Failure as a Result of Downward Motion .of a Flexible Structure (Wiehle, 1964)

(c) The attenuation in pressure due to arching
is strongly influenced by the angle offriction ~. Bet
ter agreement with experiments is obtained if it is
assumed that the angle of friction ~ increases with
the depth-to-span ratio. It has been suggested that the
variation of ~ with depth may be represented by the
ratio of +/+, where ~z is the angle of friction at depth
CMosburg-Talda, 1966). This ratio varies from 1.0 for
structures placed at the ground surface where there
is small lateral constraint, to 1.5 for a depth of burial
equal to the width of the structure. At greater depths
the value of ~/~ is assumed to remain approximately
1.5.

(5) Formulas given in this section may be used
for preliminary design. They are either based on static
load conditions that are considered good approxima
tions for dynamic loads or on idealized mathematical
models (one-dimensional, elastic or elastoplastic, sim
ple span, etc.) that give relatively simple solutions for
dynamic loads. The effect of soil arching, which
strongly influences the pressures that reach the struc
ture, is of primary consideration in these formulas.

(6) Three methods of analysis are discussed
below: finite element, discrete interactor, and closed
form. (The finite-difference analysis technique,
although essentially equivalent to finite element
analysis, has not been widely used by structural
engineers.)

b. Analytical methods
(1) Finite Element. In the finite element method

the medium in the vicinity of the structures is
represented as separate elements that, when taken

collectively, mathematically approximate the
behavior of a continuum. Complicated geometries,
layered media, nonlinear materials, and arbitrary
loading conditions can be modeled with a finite ele
ment grid. An example is shown in figure 11-3a. Free
field loading is applied to the outer edge of the grid;
the inner edge of the media grid is connected in an
appropriate manner to a finite element model of the
structure. The airblast is applied vertically as a
traveling pressure wave to the top surface of the grid.
With this method, special nonreflecting conditions (a
"quiet boundary") must be used on the bottom and
right hand boundaries to prevent signals from ar
tificially reflecting back toward the structure. The
primary advantage of a finite element model is that
realistic variations in medium and structure proper
ties can be provided. The structuraVmedium mass is
properly distributed and the interaction between the
structure and medium is an inherent consideration
ofthe model. The finite-element approach models all
interaction phenomena within the accuracy of the
material and geometric modeling used. Some finite
element computer programs permit sliding at the
medium/structure interface as well as debonding and
rebonding of the structure. However, debonding and
rebonding capabilities are still being perfected.

(2) Discrete Interactors. In the discrete interac
tor method, individual interactors are attached in an
appropriate manner to the structure boundary as il
lustrated in figure 11-3b. The outer end of the in
teractor is driven by the free-field response. Various
interactor models that have been used are shown in

11-3
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the figure. The constitutive relationships for these in
teractors can be made as complex or simple as re
quired. Springs are used to estimate stresses depen
dent on relative displacement; dashpots are used for
those dependent on velocity between the free-field and
the structure. The spring constant selected for deter
mining normal forces must introduce the stiffness of
the soil column normal to the structure. The dashpot
element provides for internal damping of the soil and
for the energy lost by geometric dispersion of the
pressure wave. The force due to free-field medium
stress is applied to the structure directly. The shear

spring element represents the shear resistance of the
soil layer at the interface of the soil and the struc
ture. Another factor that must be considered is the
soil mass that moves with the structure. This is fre
quently neglected or an arbitrary amount is added to
the mass of the structure (Richart et aI., 1970). The
accuracy of the discrete interactor method depends
on the constitutive relationships used for the
interactors.

(3) Closed Form. Closed-form solutions are
available for simplified representations of structure
geometry and stiffness, medium properties, and
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Figure 11-3. Medium/Structure Interaction
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YI IY

CASE 4
(K, C, cr, T)

CASE 3
(K, C, (J)

C

CASE 2
(K,C,T)

K

CASE 1
(K, C)

Y, x FREE-FIELD NORMAL AND TANGENTIAL DISPLACEMENT INPUT.
Y FREE-FIELD NORMAL VELOCITY INPUT

a FREE-FIELD STRESS (NORMAL)

K SPRING CONSTANT--NORMAL FORCES (RELATIVE DISPLACEMENT COEFFICIENT)

C DAMPING CONSTANT (RELATIVE VELOCITY COEFFICIENT)

T SHEAR STRESS MODELED BY INTERACTOR

K SPRING CONSTANT--SHEAR FORCES
T

(b) Discrete interactor approach (CONCLUDED)

Figure 11-3. (Concluded)

loading conditions. These solutions are quite useful
for preliminary design but usually not for final design
and design verification. Also, closed-form solutions ap
plicable to the variety of structure configurations con·
sidered are limited. Some of these solutions form the
basis of the preliminary design formulas given in this
chapter.

c. Arching. Structure/medium interaction in buried
structures is affected by arching in the following
ways:

(1) If the stiffnesses of the structure and surround
ing medium are identical, then both the structure and
the medium will deform the same amount. No arching
stress will develop.

(2) If the structure is more compressible than the
surrounding soil or rock medium, then the structure
will deform more than the surrounding medium. This
will cause shear stresses to mobilize within the
medium along the planes of relative displacement.
The shear stresses will act in a direction to reduce
the stress in the vicinity of the structure to a level

below that of the free-field stress. The phenomenon
of reduction in applied stress due to the flexibility of
the structure is termed "active arching."

(3) If the stiffness of the buried structure exceeds
that of the surrounding medium, the medium will
deform more than the buried structure. The mobil
ized shear stresses in the soil now act in a direction
that increases the stress in the vicinity of the struc
ture to a level above that in the free field. The
phenomenon of increased pressures applied by the
medium to the structure because of the relative rigidi
ty of the structure is termed "passive arching."

(4) If the ratio of the rise time of the free-field
pressure pulse, tr , to the characteristic period of the
structure/medium system, T, is very small, then the
structure will not have time to deform prior to ap
plication of the full free-field pressure, and a reduc
tion in applied loads due to active arching will not
occur. If, on the other hand, this ratio is large, then
the structure will experience reduced loadings. This
indicates that arching effects are most important
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when the applied loadings approach a static condition;
if dynamic loading effects are important, then active
arching of the structure/medium system will be
reduced.

(5) The amount of arching that occurs is a func
tion of the amount of displacement of the part of the
structure on which the pressure acts.

(6) For arching in cohesive soils the following
guidelines, based on experimental data, are given:

- Active and passive arching can be developed in
a cohesive soil.

- Structure behavior is governed principally by
its stiffness relative to the stiffness of the soil.
The limiting load on the structure is, however,
sometimes governed by the bearing capacity of
the soil beneath the structure.

- Most of the arching action takes place within
one diameter above the structure.

- For structure stiffnesses greater than that of
the soil, the stiffness of the soil beneath the
structure dominates the behavior.

- The amount of active arching decreases when
creep occurs; however, cohesive soils appear
capable of sustaining arching for long periods
of time.

d Effects of backpacking. A concept for reducing
the transmission of shock loadings to buried protec
tive structures is the encasement of the structure in
a crushable energy-absorbing material. Typical
backpacking materials have been discussed in
paragraph 5-6. The effects of backpacking on the
response of protective structures may be summarized
as follows:

- The pressure transmitted to the structure is
dependent on the y~~ld stress of the backpacking
material.

- Both velocities and accelerations of the structure
are attenuated.

- Backpacking does not offer particular advantages
in controlling the peak structure displacements.

e. Effect of moisture. A completely saturated soil
will propagate stresses with little attenuation. See
paragraph 5-lOd for the effect of pore pressures on
soil properties.

f Effect ofrelative motions. The finite transit time
of the load along the structure will cause motions
relative to the soil. The structure will experience
distortions due to unsymmetrical or nonuniform
loading during the transit time of the airblast.

(1) Figure 11-4a shows shear forces developing
along the soiVstructure interface as the wave front
moves parallel to the longitudinal axis of a structure
(pipe, cable, tunnel). Axial forces in the structure are
obtained by a summation of the shear stresses.

(2) Figure 11-4b shows how relative vertical mo
tions can develop in a structure. At point A on the
structure the stress wave in the soil has progressed

11-6

to a point below the structure; for all points on the
structure to the right of B the stress wave has not
reached the structure. Point A tends to deflect
downward an amount compatible with the strain in
duced in the soil below the structure. At time t, the
deflection at B is zero. If the structure is flexible, it
will deflect with the surrounding medium. It must,
however, possess sufficient strength to resist the loads
associated with this relative motion.

g. Effect ofdynamic loads. The pressure transmit
ted to the structure is influenced by the ratio of soil
depth to structure width and the relative stiffness of
soil and structure, as in the case of static loading. In
general, however, the pressure reaching the structure
is higher for dynamic loading than for a static loading
of the same overpressure. When the overpressure is
applied slowly, the soil is compacted and the relative
density increases, resulting in more arching action.
During dynamic loading, the relative density will not
increase as much as in the static case; hence more
pressure will be transmitted to the structure.

(1) A blast pressure with a very sharp rise time
will reach the structure without any arching through
the soil because arching is initiated as a result ofthe
deformation of the structure. The peak load will ar
rive at the structure before the structure has had an
opportunity to deform. If the rise time is slow, the
structure begins to deform as it is loaded and arching
in the soil above takes place. Arching estimated by
static analysis must therefore be reduced for dynamic
effects.

(2) If the ratio of rise time to the structure's
natural period is equal to or larger than unity, arch
ing effects may be taken approximately equal to those
obtained for the static case. No arching should be
assumed, for design purposes, if this ratio is equal to
or less than 0.20. For intermediate values, a linear
interpolation may be used.

11-4. Loads on earth-mounded structures
a. Effect ofearth mounding. Aboveground or partially
buried structures may be earth mounded to reduce
the effect of antisymmetricalloading of the structure
as the blast wave transits the structure. The effect
of the forces reaching the structure is reduced because
(a) the drag pressures are attenuated due to the
streamlining effect of the earth mound, and (b) the
shear resistance of the surrounding soil mass provides
partial resistance to the surface blast pressures.
Figure 11-5 shows the reflected and drag pressures
as a function of the angle that the earth mound makes
with the ground surface. The figure shows the
pressure/time relationship for the windward side. On
the leeward side, pressure reflection does not take
place; only the side-on overpressure, corresponding to
a = 0 deg, reduced by the drag pressure, is present.
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Figure 11-4. Effects of Shock Wave Propagating along Longitudinal Axis of Structure (Merritt-Newmark, 1964)
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Figure 11-5. Pressures Acting on Windward Face of Soil Mounded over a Structure (Merritt-Newmark, 1964)

b. Configurations. Recommended earth cover con
figurations are shown in figure 11-6. In Region A,
the maximum slope permitted is 1 to 2; elsewhere no
limitations apply except that cover must be no less
than minimum shown. The minimum is to stabilize
the structure and reduce reflections while additional
cover in Region A is not required for structural pur
poses but may be needed for radiation protection. For
design purposes, the effect of unsymmetrical loading
may be neglected if the recommended proportions are
maintained. Numerical methods of soil/structure in
teraction must be used to determine the forces acting
on the mounded structure if less than the recom
mended minimum cover is used. As an approxima
tion, however, a linear interpolation may be made bet
ween the forces acting on the completely exposed and
fully buried structures (Merritt-Newmark, 1964).

11-8

11-5. Loads on silos and vertical shafts
a. Stresses in vertical cylinder during passage of
airblast. Airblast overpressures propagating on the
ground surface induce ground shock that deforms a
vertical shaft or silo radially in compressive and flex
ural modes, and laterally as a vertical cantilever (fig.
11-7). A general expression may be written (Costan
tino et al., 1964):

(11-2)

where
Or Radial stress applied to cylinder, a

function of the circumferential angle ()
and depth z.

() Circumferential angle of cylinder



00 Free-field radial stress that would act
on the vertical cylinder if it deformed
with the free field

k Factor of proportionality relating
relative radial displacement to load
(foundation modulus)

w0 == Free-field radial displacement
w == Radial displacement of cylinder
c Factor of proportionality relating

relative radial velocity to load (damp
ing coefficient)

Wo Free-field radial velocity
w Radial velocity of cylinder

Note that or is not constant around the cylinder
because it includes compressional and flexural modes
of stress. Solutions to equation 11-2 depend on the
definition of w, k, and c. At a given depth, it is of the
form

N
or == L On cos nB

n==o

1M 5-858-3

where N represents the total number of response
modes. The force acting on the vertical cylinder can
be determined by a computer solution, accounting for
time variations at discrete locations along the vertical
cylinder.

(1) The cantilever deformation effect may be
separately considered by assuming the vertical
cylinder to be rigid. For this case w may be replaced
by the centerline displacement of the vertical
cylinder. The force-per-unit length of the vertical
cylinder will then depend on the relative
displacements and velocities in the direction of the
airblast propagation.

(2) Numerical solutions may be obtained as an ex
tension of the "discrete interactors" method described
in paragraph 11-3b(2). Values must be assigned to
k and c and the displacement and velocity functions
must be defined from ground-shock-propagation
theory. Solutions for some special cases are discussed
by Costantino et al. (1964). However, because of its
complexity, this method should be used for design
verification and simpler methods must be used for
preliminary design.

MAX SLOPE 1:2~

--.-::..,,...--' ,

L
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_'-::_..Jl
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fR-EGI-O: :-=t------
I ....J'"""'ir==::::;;:===tIl

H

(b) Rectangular structure

Figure 11-6. Minimum Cover for Fully-Buried Condition (Merritt-Newmark, 1964)
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Figure 11-7. Deformation ofa Vertical Cylinder (Costantino et ai., 1964)

(b) Horizontal static pressures. Figure 11-8 shows
the horizontal dead load pressure on a vertical shaft
or silo as a function of depth. The pressure curve is
given by

where Pz is the pressure at depth z, Po> is the pressure
at infinite depth, and R is the structure radius. For
practical purposes the pressure Pz may be taken
equal to Po> at z!R ratios in excess of 20. Po> is a func
tion of the angle of friction of the soil, the soil densi
ty, and the silo radius, and it is given by the curve
of figure 11-9 (not to be used for +< 25 deg).
Hydrostatic pressures must be added to the value of
Pz at depths below the water table. Airblast pressure
loads must be superimposed on the dead load from
lateral soil pressures. For preliminary design, an
equivalent static pressure may be assumed, and the
soil may be considered an elastic medium. The
horizontal pressure due to the airblast on a relative
ly rigid vertical cylinder will be

where

(11-5)
NvPaz

( l+v)E f W f

EsR
Moduli of elasticity of vertical cylin
drical structure and surrounding
soil
Cylinder thickness
Silo or shaft radius

(N + 1)(1 - v)

N

We
R

v Poisson's ratio of medium
Paz :::: Vertical component of airblast

pressure at depth z

The reduction of lateral pressure due to the flexibil
ity of the vertical cylinder is accounted for by the
reduction factor N~ 1 . The reduced lateral pressure
Pr on a flexible vertical cylinder due to airblast is
then:

P NPax
r = N + 1

where

The total radial pressure PH on the vertical cylinder
is the sum of the radial pressures Pz and Pr , where
Pr is the airblast-induced radial pressure, reduced by
structure flexibility.

(11-3)

(11-4)

z/R

zlR + 2.5=

11-10
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(11-6)

Note that the airblast pressures, Paz and Pax' at
tenuate as a function of depth. Attenuation estimates
may be made from wave propagation theory. For
large-yield weapons and for structures at shallow
depth, this attenuation may be neglected during
preliminary design.

c. Nonuniformity of circumferential pressure. An
equivalent static load may be assumed for

preliminary design purposes. The deformation of a
vertical shaft or silo near the ground surface may be
defined simply by a compressive and a flexural mode.
The compressive stresses are obtained from the
lateral pressure PH' The circumferential flexure in
the structure may be approximately defined by
assuming it to be oval in a sinusoidal shape. The equa
tion for the moment due to a sinusoidal unbalanced
load distribution is

M = 1/3 P R3e

RATIO OF STRESS AT DEPTH z TO
STRESS AT INFINITE DEPTH.

P !Pz :>0

1.0
o

2

4
c::

........
N

Vl 6
::::J

0

~
n

c:: 0

I.LJ
0
Z

....J Z
>- 10 Pz Ru
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::I: R
~ 12
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Figure 11-8. Horizontal Static Stress Distribution against Vertical Cylinder (Merritt-Newmark, 1964)
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Figure 11-9. Magnitude of Horizontal Static Stress on Cylinder at Infinite Depth (Merritt-Newmark, 1964)

where
Pe Amplitude of the unbalanced loading,

taken at about 10% of the lateral force
PH' disregarding the hydrostatic
pressure

d. Downdrag forces. Frictional forces at the inter
face of the vertical cylinder and the soil resist relative
vertical motions due to different stiffnesses of struc
ture and medium. These are sometimes called
"downdrag" forces. For design purposes, allowance
may be made for the disturbance of the soil near the
vertical cylinder by assuming the angle offriction is
5 deg less than the in situ soil. The downdrag forces
may be expressed as

where

+

(11-7)

Angle of internal friction of the soil
Shearing strength of the disturbed soil
near the vertical cylinder

For silos, it is important to determine the direction
of relative motion. The following is recommended for
preliminary design (Merritt-Newmark, 1964):

- Assume reversal of shear force direction at about
mid-depth.

- The summation of shear forces to the point of
shear reversal is taken as the maximum
downdrag force.

- Add these downdrag forces to airblast forces ap
plied directly to the roof of the silo to obtain max
imum vertical forces.

e. Nonlinear effects ofmultilayered soiL Numerical
procedures using nonlinear soil properties are needed
for vertical cylinders in stratified soil. The example
of a silo in the soil profile of figure 11-1 is shown in
figure 11-10 (Lee-Agbabian, 1976). The entire struc
ture is embedded in the soil with a closure flush with
the ground surface. An airblast overpressure applied
on the roof and surrounding soil will cause relative
motions between the vertical structure and the soil.
Using a finite-element axisymmetric representation

11-12



of the soil/structure system, the equations of motion
at the nodal point masses are given by

where
M

14

(11-8)

Nodal point masses
== Nodal point accelerations at time

t
== Stiffness at time t-tlt

TM 5-858-3

Generalized incremental
displacements between time
t - tit and t
Internal resisting forces at time
t - tit
External loads at time t

A step-by-step integration of these equations will give
the deformations of the vertical structure, the in situ

Figure 11-10. Site of Underground Reinforced-Concrete Structure Subjected to Overhead Blast Loading (Lee-Agbabian, 1976)
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11-6. Loads on shallow-buried structures

a. Rectangular or box structures. Failure of the
soil/structure system takes place when the roof of the
structure fails as a result of a downward movement
of the mass of soil directly above the structure.

b. Static loads. Figure 11-12 shows the deflection
of a slab and the forces acting on it and on the soil
prism above (Allgood, 1964). The free-body diagram
gives the relationship:

soil, and the backfill at various times during the ap
plication of the airblast. The elements representing
the soil near the structure should have properties
limiting the downdrag forces to the shear resistance.
In figure 11-11 simplified nonlinear properties for in
terface slip elements are shown. This type of analysis
of dynamic response is necessary to verify the
preliminary design. An iteration procedure is followed
if design modifications are made. Because of the
availability of such refined verification procedures,
the methods used in preliminary design may be kept
quite simple. (P - Ps) W + yDW = 2TfD (11-9)

-0 0
n s

HIGH
COMPRESSION -..
MODULUS TO ~PREVENT
PENETRAT ION E:

ZERO TENSION s
MODULUS -E:

n

(COMPRESS ION)

i. Normal ii. Shear

(a) Stress/strain curves for a slip element

VON MISES
LIMIT

COHESION MODULUS

------1-----------"'" an

(b) Modified Mohr-Coulomb criterion for maximum
shear stress in the slip material

Figure 11-11. Simplified Nonlinear Properties (Lee-Agbabian, 1976)
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The percent of loading carried by arching is

Letting 0v= P for shallow-buried structures gives

df = PD [2ko tan ~ + (2C - yW)IP] + yDW (11-14)
2G 2G

The above expressions apply for D < the depth ofcover
Da required for all of the surface load to be carried
by arching. Da is obtained by setting Ps = 0 in equa
tion 11-10:

(11·16)

(11-17)

where r and A are functions of peak overpressure and
uniform static pressure, and r is a parameter.
The terms in the above expressions are defined as
follows:

r _ ~2Qd;

r Po/yLs
A P u/yLs

dm Maximum deflection
Po Peak overpressure
y Soil density
LS Length parameter, area divided by

semiperimeter
Pu Uniform static air pressure

Q is a parameter whose value will be defined later
for each case. It is important to note that riA is the
ratio of the peak overpressure to the static air
pressure. The values of r, A, and Qdepend on the con·
figuration of the soil/structure system. They are
specifically dependent on the relative motions be
tween the soil prism above the structure and the ad·
jacent soil. Their values for different cases, given in
(4) below, are therefore related to the relative motions
that are described in the following chapter.

(2) In figure 11-14 the following soil and struc,
ture motions are shown:

(1) Let tm be the time when the maximum value
of the displacement is reached. This may occur either
at 0 ~ tm ~ t d or at tm ~ td . The following two equa·
tions define the relationship between the peak over·
pressure and an equivalent uniform static pressure.
For the first case when 0 ~ tm ~ td ,

_(!:-)2 = ~ ~ (1 _ ~)3 . 1 ~ ~~ 2
t d 3 A r' A

For the second case when tm ~ td,

(11-10)

(11-13)

Surface pressure
Average pressure on slab
Soil density
Width of slab
Depth of soil above the structure
Failure shear stress = C + koov
tan ~.

C = Soil cohesion coefficient
k = Coefficient of lateral pressureo

at rest
0v = Vertical stress in soil
~ = Angle of internal friction

P _ 1 - PslP
W - 2ko tan ~ + (2C - yW)IP

_ W [ ] vDWdf - - P - Ps +~2G 20

or

100 1.jJa = 100(P - Ps)IP

= l~D [2ko tan ~ + (2C - YW)IP] (11-12)

where 1.jJa is the fraction of airblast load carried by
arching. The slab deflection that corresponds to max
imurr. possible arching for a given DIW is obtained
by substituting the stress/strain condition at incipient
shear failure Tf = rp = (dpD)G, where G is the shear
modulus of the soil.

where
P
Ps
y
W
D

The settlement ratio rs is defined as

D = W (11-15)
a 2ko tan ~ + (2C - yW)IP

c. Dynamic loads. The soil/structure system in this
case (fig. 11-13a) is the same as for the static case
except that the inertia forces are included (Van Horn,
1964). The applied surface overpressure (fig. 11-13b)
may be approximated by the triangular pulse

(11-15)

S =g

S =m

Settlement of the natural ground surface
adjacent to structure
Deformation of the fill material adjacent to
the structure
Settlement of the base of the structure
Deflection of the top of the structure with
respect to the base

as shown in figure 11-13c. Several cases will be
- considered.

(Sm + Sg) - (Sf + ds)

Sm
(11-18)

11-15
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Figure 11-12. Static Loads on Shallow-Buried Slab (Allgood, 1964)
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(a) Actual overpressure-time relationship
on ground surface

OVERPRESSURE
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= P (1 - l...)o t d .

(b) Assumed overpressure-time relationship
on ground surface

Figure 11-13. Dynamic Loads on Shallow-Buried Rectangular Structure (Van Horn, 1964)
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where terms not previously defined are

For a positive value of rs ' the load on the structure
is greater than the weight of the soil prism because
shearing forces act downward, below the plane of
equal settlement at the vertical interface of the soil
prism and the adjacent soil.

(3) The load on the structure is less than the
weight of the soil if r s is negative, the direction of the
shearing forces at the interface of prism and adjacent
soil being reversed. This behavior of the soiVstructure
system determines the arching effect of the soil that
modifies the load due to blast overpressure. The blast
pressure reaching the roof of the structure is strongly
influenced by the positive or negative sign of r s '

(4) Cases of Interest for Shallow-Buried
Structures.

Case 1. The value of rs is negative. Shearing
forces on the soil prism above the structure are up
ward. Arching effect of the soil reduces the pressures
on the roof of the structure.

_ Ps { - 2ko tan <t ~ }
/\2-- e s

yLs

{

- 2ko tan <t D }

+ ( 2
yL

C
s

+ 1) e L
s

- 1 (11-23)
2ko tan <t

1 {e-2k
o

tan <t ~s -It (11-24)
Q2 = - 2g ko tan ~ ~

Case 3. A trench with vertically cut walls whose
width is larger than the width ofthe structure. In this
case rs is negative but the shear planes are assumed
to coincide with the vertical cuts of the trench. Equa
tions 11-19, 11-20, and 11-21 apply except L s is
replaced by Lt , the length parameter for the trench.
Lt = WtL(Wt + L) where Wt is the width of the trench
and, as before, L is the characteristic length of the
shallow-buried structure. Other cases include struc
tures that are partially embedded below ground sur
face and earth mounded. Values for r, /\, and Q for
such cases are given by Van Horn (1964).

d. Design by iteration (Van Horn, 1964). In figure
11-15 the relationship of the ratio r//\ to (r/td)2 is
given. This figure or equations 11-16 and 11-17 may
be used when designing by an interative procedure.
These are the steps:

1. Using equations 11-19 or 11-22 and from the
known values of Po> y, and Ls ' obtain r.

2. Assume a value of r//\ and compute R.
3. Determine Ps from equations 11-20 or 11-23

and computed value of !\.
4. Using Ps as the applied pressure, design the

slab and calculate the deflection ds of the slab cor
responding to Ps.

5. Using values of ds , /\, and Q, obtain r =
..J 2Qdsl/\.

6. Using the computed values ofr and the given
value of td, obtain (r/td)2 and select the corresponding
value ofr/A from equations 11-16 and 11-17 or figure
11-15.

7. Repeat the iteration if the originally assumed
value of riA and its final value do not agree by start
ing again with the average of the two values.

(11-19)

(11-20)

(11-21)

Vertical pressure in soil prism at top of
structure
Lateral pressure coefficient
Depth of soil above top of structure
WL/(W+L), length parameter, area of struc
ture roof divided by semiperimeter (L is
length of structure)
Gravitational accelerationg

Case 2. The value of r s is positive. Shearing
forces on the soil prism above the structure are
downward. Arching effect of the soil increases
pressures on the roof of the structure.

(11-22)

The iteration does not require a knowledge of the
magnitude ofrs ' the relative motion. It is only impor
tant to determine whether it has a positive or
negative sign in order to obtain the direction of arch
ing, resulting in an increase or decrease of the
pressure Ps reaching the structure as compared with
the peak surface overpressure Po.

11-19
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Figure 11-15. Relationship Between (rltr! and riA (Van Horn, 1964)

e. Static loads on tunnels and conduits. Applied
load, cylinder diameter, and soil modulus govern the
deflection of a shallow-buried thin cylinder. For thick
cylinders, the effect of the shell stiffness also becomes
significant. An equation for deflection, known as the
Iowa Formula, is given by Spangler (1960):

d Horizontal or vertical deflection of
cylinder, in.

kd Deflection lag factor
kb Bedding constant (a function of bed

ding angle a, from fig. 11-16)
Ps Vertical load on cylinder per unit

length, lb/in.
R Cylinder radius, in.
E = Cylinder modulus of elasticity, psi
I Cylinder section moment of inertia,

in.4/in.
Es Soil modulus of elasticity, psi

Bedding Constant, kb 0.110 0.108 0.105 0.102
0.096 0.090 0.083

22Vz 30
90

15
60

Bedding Angle, a, deg 0
45

A value of Es = 700 psi is recommended for design
if the sidefill is compacted to 90% or more of Proctor
density for two cylinder diameters on each side of the
cylinder. The deflection of the structure, d, will deter
mine the arching effect of the soil above the cylinder.
The equations for box structures (eqs. 11-9 and 11-10)
may be used to obtain the surface overpressure Pear·
responding to Ps by replacing D in these equations

The loading assumptions that are the basis for the
Iowa Formula are shown in figure 11-16. The nor
mal range of values for the deflection lag factor kd
suggested for design purposes is from 1.25 to 1.50. The
bedding angle a is one-half the angle subtended by
the cylinder in contact with the cylinder bedding. The
relationship between the bedding constant kb and
bedding angle is as follows (Spangler, 1960);

(11-25)
d = kd EI + 0.061 EsR3

where
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Figure 11-16. Loading Assumptions for Iowa Formula (Spangler, 1960)

with R + Do' where R is cylinder radius and Do is soil
cover above the crown; and by replacing W with 2R.

f Dynamic loads on tunnels and conduits. The equa
tions developed for box structures (eqs. 11-15 through
11-24) may also be assumed applicable for cylindrical
structures. D in these equations is replaced by R +
Do' where Do is soil cover above the crown; and W is
replaced by 2R.

(1) Buckling of Cylinders. Buckling of a sym
metric soil-tube configuration is given by

where
Poisson's ratio for the soil
Constrained modulus of the soil
Inside radius of the tube
Outside radius of equivalent thick
soil ring, which may be roughly
assumed to be equal to the outside
radius of the tube plus the thickness
of soil cover above the crown of the
tube

K s == Modulus of vertical soil reaction
EI Stiffness of cylinder wall
R == Radius of cylinder
ka Arching factor of soil

The modulus of vertical soil reaction K s depends on
the ring geometry and the soil properties. Thus, K s
is affected by the pressure itrself and the arching con
dition in the soil. Approximate results are obtained
by setting ka == 1.5 for stiff soil and ka == 1.0 for com
pressible soil. An approximate value for K s is

K == 0.75 Es [r - (R/R/]

s (1 + v) [1 + CR/Ri(l - 2v)]

(11-26)

(11-27)

(2) Nonsymmetrical Load on Cylinders. The
sliding wedge concept of soil failure is shown in figure
11-17. This type of soil deformation takes into ac
count loads from earth-moving equipment during con
struction. This concept may be applied for preliminary
design of shallow-buried cylinders subjected to unsym
metrical static loads. However, very conservative
results will be obtained for the transient unsym
metrical airblast loading, as the wave transits the
structure. The airblast is not stationary and it takes
less time for the airblast to traverse the diameter of
the cylinder than for the second wedge to move up
in the configuration of the unsymmetrical deforma
tion shown in the figure. Nevertheless, this is a
method that may be used for estimating the upper
bound of the flexural stresses in a moment-resistant
cylindrical structure.

11-21
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LOAD = PR
SURFACE
PRESSURE = P _____

WEDGE Z
MOVES UP

I.....----ZR-----.l

Figure 11-17. Sliding Wedge Theory ofFailure ofBuried Flexible Conduit Due to Surface Pressure P above Half of Cylindrical Condiut
!Watkins, 1964)

g. Arches and domes. The "arching" or relief of
pressure due to the deformation of an arch or a dome
is less than in flat roofed structures because of the
greater stiffness an arch or dome structure has as
compared with a slab. Note that relief of pressure will
also occur if the structure moves as a rigid body due
to footing settlements resulting from high-bearing
pressures or when the footing pushes the soil into the
enclosed space within the structure. Calculation pro
cedures for arching effects are similar to the method
used for tunnels and conduits, once the structure
settlement is determined.

11-7. Design of shallow-buried structures

a. Design requirements. The attenuated pressures ob·
tained at the level of the buried structural element
are applied as dynamic loads, and the design of the
element is carried out by an iteration procedure, since
dynamic arching is strongly dependent on the deflec
tion of the structure. Primary effects to consider are:

- Flexure and shear in roofs of rectangular
structures

11-22

- Combined direct stress, flexure, and shear in
walls 'of rectangular structures

- Direct stress in interior walls and columns ofrec
tangular structures

- Direct stress and flexure in shells of arches and
domes

- Direct stress and flexure in vertical cylindrical
structures

b. Design methods for rectangular structures. The
design of roof walls and interior walls and columns
of rectangular structures is carried out by relating
their resisting capacities to limiting cJuctility factors
and using the methods of chapter 8.

c. Design methods for tube, arch, and dome struc
tures. Tube, arch, and dome str·uctures require the
determination of reaction forces that are more com
plex than for walls and slabs of rectangular struc
tures. Tubes that are short relative to their diameter
(i.e., its length is less than fiv~ times its diameter)
should include the effect of the end walls on the
overall stiffness of the structure (chap. 10). Arches or
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Se Va cos (f3 - e) + Ha sin (f3 - e)

where
Me = Bending moment at any point on

the arch defined by the central
angles, e, to the nearest support

Se Shear at the same point as Me

Me = Va jR (sin f3 - [ sin f3 - e] H
+ Ha ~ R (cos [{3 - e))

- cos f3 t - P (2R2) sin2 ~
~ n 2

(11-29)- P (2R) sin ~ cos ~
n 2 2

Equations for end conditions other than hinged are
obtained from the laws of statics together with the
appropriate compatibility conditions.

(2) Method 2. For this method it is assumed that
the vertical component of loading is equal to the static
overpressure applied directly over the structure, after
including the effect of arching. The horizontal load
component is KP0' where K is a fraction of the ver
tical load Po' In the limiting case when K = 1, the
loading is hydrostatic. Tests have shown that K is not
a constant during the application of the blast load
(Flathau-Meyer, 1966). As bending ofthe arch occurs
the arch deflects outward and the resistance of the
soil forces the arch into the compression mode. An
average value for K should be selected based on the
flexibility of the structure and the soil characteristics.
The least conservative value is K = 1, because under
hydrostatic pressures, the structure is under uniform
compression. Figure 11-19, 11-20, and 11-21 give
values of thrust, shear, and moment for a two-hinged
arch and various values of K (Flathau et al., 1962).
The overpressure Po is the value of the airblast
pressure that reaches the arch at the level of its
crown. The effect of the soil cover must be added as
an additional surcharge. It is noted that, as explained
in paragraph 11-3g, the arching effect is minimal for
a short duration load, whereas static loadS (dead loads
of soil cover) will induce a stronger arching in the soil.
These differences must be taken into account when
combining the effect of soil dead load and over
pressure. For arches whose soil cover is equal to or
less than one-half the radius of the arch, the arching
effect may be neglected and the pressures resulting
from soil dead load may be assumed to be as shown

Va = Vb = ~nR(l [sin ri. sin ~ f3 - sin2 ri.l
sm I' 2 2 2]

cylindrical structures, such as tunnels, may be de
signed by considering the transverse section in a soil
medium under plane strain. Dome structures may be
designed by selecting a thickness equal to one-half
that of an arch. Two methods of designing these struc
tures are described below.

(1) Method 1. An approximate procedure for
preliminary design is as follows:

a. Assume potential active and passive failure
planes of the soil.

b. Apply the overpressure on the soil above the
structure treating the soil within the planes
of failure and the structure as a free-body
diagram.

c. Estimate arching effects in the soil from the
guidelines of paragraph 11-3.

d. Design the structure for compressive and
flexural forces applying overpressures re
duced by the arching action.

Equivalent loads based on simple distributions along
the arc of an arch are shown in figure 11-18. The first
component is a uniform compressive force. The second
is a flexural component. The flexural component is
greatly diminished after the airblast front passes over
the arch. For design purposes the maximum value of
this latter loading may be assumed to be one-half the
total compressive pressure, Pn' This condition cor
responds to the case when the blast is passing the
crown of the arch. These two conditions are assumed
for design:

- The arch is fully loaded with a uniform pressure
Pn after the blast front passes the structure (fig.
11-18a).

- The arch is loaded with a uniform pressure of 1/2
Pn plus the unsymmetrical pressure of 1/2 Pn

when the blast load passes the crown of the arch
(fig. 11-18b).

Expressions for these cases are as follows (CaE,
1960b):

Deflection Mode Loading (Two-Hinged Arch)

Compression Mode Loading (Two-Hinged Arch)

Va = Vb = PnR sin ka
H a = Hb = PnR cos ka
T = PnR
f3 = One-half the central angle of the arch

(11-28)

where Va' Vb' are vertical reactions at the hinges, Ha
and Hb are the horizontal reactions, T is the thrust,
and Pn is the radial pressure.
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in figure 11-22. For the specific case ofthe soil cover,
Do = 1/2 R. The thrusts, shears, and moments are
given in figures 11-23, 11-24, and 11-25 (Flathau et
al., 1962).

11-8. Analysis for design verification

Final design must be verified by soil/structure in
teraction analysis. This approach is necessary because
without such an analysis, the designer can rely only
on engineering judgment for determining the poten
tial planes offailure in the soil. SoiVstructure interac
tion analyses may be carried out by considering a
plane stress wave traversing the structure. Best
results are obtained by numerical procedures using
nonlinear properties of the soil. The idealization of
the soiVstructure system led to the formulas of the
earlier subsections. For tractable solutions the pro-

pagating airblast was replaced by a blast pressure
uniformly loading a large area above the structure.
Numerical methods (finite element) are not restricted
by these idealizations (chap. 9). For example, in figure
11-26 are shown the deformations of a multispan
structure as the blast propagates from left to right.
The distorated shape of the structure is a direct result
of the interaction of the structure and the surround
ing medium. Numerical values of deformations are
included in this example only to illustrate the type
of results obtained by such an analysis. The effect of
arching, stress concentrations, or reflections, if any,
that modify the loading on the structure are implicity
included in the calculations. The distorted shape of
the structure permits the designer to calculate the
stresses in various sections of the structure. These
stress calculations, of course, may be included in the
computer solution.

POSITIVE (+) MOMENT CAUSES
TENSION ON OUTER FACE

..
I+V

b = UNIT WIDTH OF SECTION, FT

D = DEPTH OF EARTH COVER OVER ARCH CROW~, FT
0

KE = HORIZONTAL LOAD FACTOR FOR EARTH LOAD
R = RADIUS TO CENTERLINE OF ARCH, FT

l' = UNIT WEIGHT OF SOIL, LB/FT3

Figure 11-22. Springing Line Reactions from Dead Loads for a Two-Hinged Arch (Flathau et aL, 1962)
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Figure 11~26. Illustrative Example of Time-Dependent Deformed Shapes of Buried Structure (AJA, 1971)
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CHAPTER 12
DEEP-BURIED STRUCTURES

12-1. Introduction
a. A facility is said to be deep-buried, or deep-based,
if it is buried deeply enough in the earth that the
prime-mission materiel/personnel will physically sur
vive when weapons of the anticipated threat are
delivered with great accuracy and detonated
overhead. Burial depths could range from as shallow
as several tenths of a kilometer to as deep as three
kilometers, depending principally on the site geology,
the size and number of weapons composing the threat,
and the duplication and dispersion of prime-mission
materiel/personnel. Because of high temperatures
(>35°C) and large in situ stresses, construction at
greater depths is generally impractical on the scale
of interest.*

b. The adaptability of systems to deep burial
depends principally upon the requirements for trans
attack/postattack message communications and
physical access to the ground-surface region and
beyond. Undoubtedly, some combination ofdeception,
duplication, dispersion, nomadization, hardening, and
reconstitution would have to be used for the system's
mission-critical umbilicals. For the system's deep
buried components, only hardening may be required.

c. The deep-buried components would be housed
within a complex (or dispersed complexes) of shafts,
boreholes, tunnels, and cavities. These complexes
would be buried deeply enough to place them outside
the crater rupture zone and beyond the reach of kill
ing levels of ground-shock motion and stress. The sur
vivable rock openings would need to be specially sized,
configured, oriented, and reinforced. Survivable
spheroidal or cylindrical cavities up to a few tens of
meters in diameter would be used. Massive
reinforced-concrete liners up to a few meters in
thickness might be installed to reinforce openings.
Minimum-diameter, reinforced boreholes and
passages would provide survivable connections be
tween cavities.

d. In general the threat for a deep-buried system
would be specified with enough options to allow the
designers to synthesize the system from a number of
worst-case designs. A host of small-yield weapons,
tens of large-yield weapons, or perhaps several
superyield weapons, all delivered with great accuracy,
would typify the threat for a deep-buried system.

e. The suitability of a candidate site from the stand
point of system survivability must be examined
simultaneously from three viewpoints: threat, weapon
effects, and protective-facilities-subsystem response.

Since the very site properties that reduce weapon
effect environments may also allow for threat escala
tion and degrade the performance capabilities of pro
tective facilities-subsystems, it is important that these
counteracting effects be simultaneously taken into ac
count when comparative site evaluation is performed.
Unfortunately, past site-evaluation (beneficial siting)
studies have been too narrow in thrust to indicate
reliably what generic site-soft rock, soft rock over
hard rock, or hard rock-would be desirable from the
standpoint of survivability.

f The burial depth must satisfy survivability re
quirements, constructibility, and any constraints on
construction cost and schedule. Siting at the
shallowest feasible depth is not necessarily effective,
since ground shock continues to decrease with depth
and thus diminishes hardening requirements and
costs. On the other hand, construction risks, costs, and
schedules all increase with further increase in depth.
Clearly, the optimal burial depth must be determined
by tradeoffs of depth-dependent risks, costs, and
schedules of concepts that can survive the threat
options.

g. This section treats only the designing of ground
shock resistant rock openings that house the deep
buried components. The designing of a ground-shock
survivable shaft, borehole, tunnel, or cavity comprises
the interrelated determination of:

- Distance to Adjacent Openings (para. 12-2)
- Geometry/Orientation (para. 12-3)
- Absolute Size (para. 12-4)
- Reinforcement (para. 12-5)
- Excavation Method (para. 12-6)

12-2. Distance to adjacent openings
Separate the rock openings sufficiently to reduce
mutual interaction to an acceptable level. As a
minimum, separate the openings, center to center, a
distance equal to the sum of their diameters. If one
of the openings is subject to collapse, increase the
separation distance so that the loosening of the rock
mass is negligible within the interaction zone of the
surviving opening. Minimize the number of intersec
tions of hardened rock openings. Use a 90-deg in
tersection where intersection is unavoidable.

12-3. Geometry / orientation
a. Candidates. For rock openings, (boreholes, shafts,
tunnels, cavities) that must survive, use one of the
following geometries/orientations (it is assumed that

*For some 50ft·rock sites. construction may be impractical at depths as shallow as one kilometer.
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the ground surface on which the attacking weapons
~ill be detonated is more or less horizontal):

'- Vertical circular cylinders
Horizontal circular cylinders

-Horizontal elliptical cylinders, major axis vertical
- Spheres
- Prolate spheroids, axis of rotation vertical

U~e the spherical and spheroidal geometries either
~ end caps to the cylindrical geometries or as discrete
openings themselves. The horseshoe and rectangular
geometries used for conventional rock openings are
not suitable for hardened openings.
. b. . Selec,tion criteria. Select the optimum

geometry/orientation "by tradeoff and compromise of
the following conflicting criteria:

'- . Maximize usability
- Maximize constructability, considering safety,

risks, costs, ahd schedule
-" Minimize concentration of in situ and ground

shock-induced stress in the rock (c below)
- Minimize product of the rock-opening radius of

curvature and the free-field ground-shock ac
celeration (c (1) below)

c. Minimize co'ni:entration ofstress. The severity of
material failure of the rock surrounding the rock
opening will be reduced as the concentrations of free
field overburden (in situ) and ground-shock stress ad
jacent to the opening are reduced. For purposes of
selecting the rock-opening geometry/orientation, use
the peak compressive and tensile tangential stresses
at the edge of the opening as the measure of stress
concentrati"on". Assume:

-The rock as a continuum, without planes of
.weakness, that exhibits linear-elastic behavior

-' No relief of overburden stress concentration
....: . Static application of the peak ground-shock stress

(1) Vertical circular cylinder. The elastostatic
tangential (horizontal) stress at the edge of a vertical,
circular cylindrical opening is

w
e

= Opening height
= Opening width
= Angle defining the target location for

stress calculation as shown in figure
12-2

Sx = Horizontal component of free-field stress

= 0.5 0gso cosNf3[1 + Kgs-(1-Kgs) cos2f3]

+ Koboob (12-4)

Sy = Vertical component of free-field stress

= 0.50gsocosNf3[1 + Kgs +(1-Kgs) cos2f3]

+ Gob (12-5)

where
h

N -(3 + 15v) + 24KgB + 30(1 - KgB) cos2(8 + (3)
+ agaocos {3 14 - IOv

(12-7)

-(3 + 15v) + 27 Kob + 30(1 - Kob) cos2e
at = aob 14 IOv

2 Syh/w + (Sy - S)(hIwf - (l +h/wf sin28J + SlCY (l + h/wfsin28
at = sin2e + (hlwf cos28

02-2)

Sxy = Shear component of free-field stress

= 0.5 0gso cosNf3[1 - Kgs) sin2f3 (12-6)

and the remaining symbols are as defined in (1) above
and in figure 12-1.

(4) Sphere. The elastostatic tangential stress at
the edge of a spherical opening is

(12-3)

0gso Peak radial (vertical) ground-shock
stress at the depth of the opening
for f3 = 0

Gob Vertical overburden (in situ) stress
at the depth of the opening

Compressive stresses are positive.
(2) Horizontal circular cylinder. The elastostatic

tangential (hoop) stress at the edge of a horizontal cir
cular cylindrical opening is

0t = Gob [(1 + Kob) + 2(1 - Kob) cos2e]

+ OgSOcosNf3[(1 + Kgs)+ 2(1 - Kgs) cos2(e + (3)]

where e is the angle defined in figure 12-2 and the
remaining symbols are as previously defined in 0)
above and in figure 12-1.

(3) Horizontal elliptical cylinders. The elasto
static tangential (hoop) stress at the edge of a horizon
tal elliptical cylindrical opening with major vertical
axis is (Greenspan, 1944):

(12-1)

=' Ratio of transverse to radial
ground-shock stress at the wave
front '
Ratio of horizontal to vertical over
burden (in situ) stress
Rate of ground shock attenuation
with distance, i.e., rN (para. 9-2,
TM 5-858....:2)
Burst standoff angle defined in
figure 12-1
Angle defined in figure 12-1

fJ

e

where
. K

gs

12-2
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(12-11)

12-3

Spherical cavity: B/S rv 40

(1) These load components can be treated as
quasi-static loads to be resisted by therock in the in
teraction zone and by any reimorcementin the open
ing. It is seen that the familiar quasi-static uniform
(n = 0) and ovaling/pure-shear (n '= 2) components of
free-field load are not affected by the stress gradient,
but that the rigid body (n = 1)' and second bending
(n = 3) components are. Since R' is proportional to the
size of the opening, an absolute-size effect exists for
the rigid body (n = 1) and second bending (n = 3) com~
ponents. Of course, an absolute-size effect occurs fot
the n = 1, 2, 3, ( 5, 6,.. components that arise when
the ground-shock pulse initially engulfs the opening:

(2) Use the information from above to determine
if the free-field stre~s gradient effect is significant. an
general, this effect will be insignificant.) If the effect
is found to be significant, use the above information
to provide preliminary design requirements and then
verify the requirements using more elaborate
mathematical'simulations.

(c) Spacing ofmacroscopic planes ofweakness. The
relative sizes of the spaces between, more or less
regular arrays of joints in the rock and the lateral
dimensions of an opening (or its interaction zone) can
alter the effective strength and stiffness of the rock.
In general, the harder the rock, the greater the,in
fluence of the joints. Use the material properties ob
tained from small intact samples of rock when the
opening dimensions are small compared to the joint
spacing, since the rock appears as a monolithic mass
to the opening. Use the material pro'perties obtained
from a sample containing a large number of joints
when the opening dimensions are large,compared to
the joint spacing. Use continuum models with the ap
propriate material properties at those two extremes,
since there is no size effect.

(1) In the middle range, where the opening cross
section spans a few joint-defined blocks, continu,um
models based on either the intact (microscopic) pro
perties or gross (macroscopic) properties fail to
describe the behavior of the opening. Use elaborate
mathematical simulations to calculate the response
of opening for this middle range. However, continuum
modeling with the strength-reductions shown in
figure 12-4 can be used for purposes of preliminary
design in this middle range (Hen~on-Aiyer,1972).

(2) As the ratio of opening diameter to joint spac
ing increases, failure becomes progressively more
likely until, finally, collapse occurs under gravity
loading alone. Estimate the gravity-collapse-threshold
ratio of opening diameter to joint spacing (B/S) using
the collapse of free-standing, unreinforced masonry
construction under gravity load (Heyman, 1966):

Horizontal circular cylindrical opening: B/S rv 20(12-10)

Component of free-field acceleration
normal to opening wall
Opening radius of curvature
Surface area of openinga

R

3
o(e)[R' ~ 2 0nCOS ne

n=O
which includes only the n = 0, 1,2, and 3 terms in
dicated in figure 12-3b.

12-4. Absolute size
a. Determinants. The hardness of a rock opening can
be size dependent. Absolute size effects arise from:

- Free-field stress gradient (b below)
- Macroscopic planes-of-weakness spacing (c below)
- Material variability (d below)
b.' Free-field stress gradient. The relationship be

tween free-field ground-shock stress gradient and
absolute opening size can be understood by examin
ing the simple, linearly varying, biaxial stress field
shown in figure 12-3a. Assume that the stress grad
ient corresponds to the linear rise of a ground-shock
stress pulse traveling with velocity C, rise time t r ,

and peak stress 0max' all at range r. Then the dif
ference between the free-field stress at r and at r - R
will be

R'
110 = --' . 0max (12-9)

t . C
r" ,

Assume further that radius R' ,corresponds to the
smallest radius from r at which the free-field stress
is, for an practical purposes, not disturbed by the
presence of an opening at r. The normal free-field
stress on a circle of radius R', centered at r, can be
broken down into the Fourier series:

where
e Angle defined in figure 12-2.
v Poisson's ratio of the rock

and the remaining symbols are as previously defined
in (1) above and in figure 12-'-l.

(5) Prolate spheroid. The elastostatic tangential
stress at the edge of a prolate spheroidal opening with
vertical axis of rotation can be approximated by the
stress obtained from equation 12-3 multIplied by the
ratio of the stress from equation 12-:-7 to the stress
from equation 12-2.

d. Minimize product of the rock-opening radius of
curvature and the free-field ground-shock acceleration.
The likelihood of spallation and loss of structural in
tegrity of the rock-opening walls will be reduced as
the product of the opening radius of curvature and
the free-field ground-shock acceleration is reduced:
Use the following form of this product for purposes
of rock-opening geometry/orientation selection:

lfRAn da (12"':'8)
a '

where
An
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Figure 12-1. Vertical, Circular, Cylindrical Opening Subjected to Ground Shock and Overburden Stresses
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B

u.s. Army Corps of Engineers

Figure 12-2. Definition ofAngle efor Three Types ofOpenings: (1) Horizontal Circular and Elliptical Cylinders (2) Spheres, and (3) Prolate
Spheroids
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(a) Stress gradient
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Figure 12-3. Quasi-Static Components of Free-Field Ground Shock
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UN I FORM: (J
+ K
2

RIGID BODY: 6.a 3 + 4 COS 8
4

OVALING: (J - K cos 28
2

BENDING: 6.a 1 ~ K COS 38

(b) Stress components

Figure 12-3. (Concluded)
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Figure 12-4. Ratio of in situ Strength to Laboratory Strength as a Function of Opening Diameter to Joint Spacing (Hendron-Aiyer, 1972)

d. Material variability. Absolute size may also in
fluence rock-opening performance through the
natural variability (or homogeneity) of the rock. The
larger the opening, the larger the interaction zone and
the more likely that strength and stiffness variabil
ity will be found. Estimate the variability ofthe rock
properties within the interaction zone by use of ap
propriate statistical sampling and testing ofeither the
interaction zone rock or another volume of rock. In
troduce these variabilities into your mathematical
simulations. In the event variabilities are large and
well defined, explicitly model them.

12-5. Reinforcement

a. Failure modes. Rock openings will usually have
to be reinforced. What constitutes failure and what
the reinforcement must do to prevent failure are func
tions of the severity of the ground-shock environment
and the strengths of the rock and the reinforcement.
The HARD HAT and PILE DRIVER underground
nuclear test events at the Nevada Test Site, in con
junction with the Hard Rock Silo Development

(HRSD) test program at Cedar City, Utah, have pro
vided information on the failure mechanisms oflined
and unlined openings in rock. What has become
vividly clear after studying these tests is that, ignor
ing simple spallation, two distinct types of ground
shock-induced failure of a rock opening are possible:
Material failure and mechanical failure. These two
generic types can be viewed as four failure modes:

- Swelling of the opening's walls from material
failure of the surrounding rock

- Swelling of the opening's walls from mechanical
failure of the surrounding rock

- Loss of structural integrity (large-scale
mechanical failure) of the opening's wall

- Spallation of the opening's walls due to the ten
sile reflection of the ground-shock wave front

b. Material failure. Material failure is characterized
by yielding, flow, and swelling of the rock within the
interaction zone to such an extent that there is a per
manent reduction in opening volume. This type of
failure can occur only when the in situ yield strength
of the intact rock is exceeded and when mechanical

12-8



failure is precluded. Material failure was dramatical
ly exhibited in the highly stressed close-in drifts of
PILE DRIVER (Distefano et aI, 1970).

c. Mechanical failure. Mechanical failure, on the
other hand, is characterized by relative movement
along macroscopic planes of weakness Uoints, frac
tures, partings, and separations) lying within the in
teraction zone. Mechanical failure actually begins
with the development of the opening during excava
tion, where it is manifested as a general loosening of
the rock adjacent to the opening. During ground
shock loading, the loosening effect is increased and
appears, under the best of conditions, as a swelling
of the opening walls. Various degrees of mechanical
failure were in evidence in the more remote drifts,
tunnels, and shafts of PILE DRIVER and in the
HRSD test events.

(1) Loss of opening wall structural integrity can
be triggered by the expulusion of unkeyed blocks of
rock into the opening resulting from (a) the enhanced
(or reduced) acceleration on the head-on (or back) face
of the opening, relative to the free-field, during rapid
changes in acceleration such as during initial engulf
ment, and (b) the tendency for tensile circumferential
straining, i.e., unkeying action, at the head-on and
back faces. Depending upon the circumstances, the
expulusion of rock blocks mayor may not lead to fur
ther loss of structural integrity. Evidence of this
mechanism was found in the PILE DRIVER and the
HRSD test event ROCKTEST II. In PILE DRIVER,
a rock block (roughly 0.6 by 1.2 by 204m) was expelled
from the newly excavated, unreinforced extension of
the main access shaft during the event (Distefano et
al., 1970). At this range the estimated free-field stress
was 7000 N/cm2 and the acceleration level was 20g.
In ROCKTEST II, a large rock block (roughly 1.2 by
1.2 by 204m) was expelled from the wall of a previous
ly tested cavity located in an adjacent test bed
(HANDEC In by the ROCKTEST II generated ground
shock (AJA, 1970). It is estimated that a free-field ac
celeration of 10 to 20g existed at the range of this
opening.

(2) These are two examples of the expulusion
triggering mechanism without further loss of struc
tural integrity. Whether this mechanism was respon
sible for the more serious mechanical failures seen
in PILE DRIVER and ROCKTEST II cannot
presently be answered. Other triggering mechanisms
are, of course, possible.

(3) The loss of structural integrity becomes
significantly more imminent with each attack
because of progressive degradation of the shear
resistance of the planes of weakness with each attack.
This fact was driven home by the report that the
unlined access tunnels of HARD HAT "were severely
damaged by the PILE DRIVER detonation, and large
quantities of rock fell into the openings" (Distefano

TM 5-858-3

et al., 1970). The PILE DRIVER acceleration environ
ment, less severe than the previous HARD HAT
environment, is estimated to have been 20 to 100g
at various points along the HARD HAT access
tunnels.

d. Reinforcement selection. Opening reinforcement
will not be required, provided:

- Either spallation does not occur, or its effect is
not critical, or spallation protection is provided
around the housed component itself, e.g., an
equipment canopy.

- Either joint spacing is larger than the opening
cross-sectional dimensions or opening collapse can
be tolerated.

- Either material failure does not occur, or the ac
cumulated inelastic deformations are functionally
tolerable for the number of bursts expected. (This
suggests that oversizing the opening cross
sectional dimensions might prove to be an effec
tive means of accommodating material failures.)

If anyone of these conditions is not met, opening rein
forcement will be required; in general, opening rein·
forcement will be required.

(1) Reinforcement concepts for deep-buried rock
openings are listed in table 12-1. To date, attention
has been directed almost exclusively to the develop
ment of rock-bolt and liner reinforcement.

(2) The technical effectiveness of rock-bolt and
liner reinforcement is determined more by the mix
and relative severity of mechanical and material
failure of the rock opening than by a threshold inten
sity (or range) of ground-shock environment.

(3) Rock bolts (with wire mesh) are virtually in
effective in preventing or controlling material failure
and cannot effectively be designed to accommodate
material failure. In the absence of material failure,
however, rock bolts can be effective in preventing or
controlling spallation and controlling mechanical
failure, provided that bolt anchorage can be main
tained for multiple bursts. Bolt lengths of one-half to
one times the opening diameter will be required. Bolt
spacing will be determined by the joint spacing and
pull-out capacity of the bolt.

e. Reinforced concrete liners. Integral reinforced
concrete liners are virtually ineffective in preventing
or controlling material failure of hard rock due to
their limited load and strain capacities. Highly rein
forced (ductile) liners are effective in preventing
spallation and mechanical failure of the opening.

f Steel liners. Built-up or massive monocoque steel
liners are effective in preventing or controlling
material or mechanical failure.

g. Backpacked liner. Backpaclred liners are vir
tually ineffective in preventing or controlling
material failure, but can easily accommodate
mechanical failure. The backpacked concrete liner

12-9
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Table 12-1. Reinforcement Concepts for Rock Openings

Strengthen Interaction-Zone Rock

Hard rock

Grout joints

Cement joints

Soft rock

Freeze

Impregnate

Weaken Interaction-Zone Rock

Reduce hard rock to rubble

Support Opening Wall

Gas

Liquid

Backfill

Ice

Sand

Foam

Elastomer

Rubble

Rock bolts

Liner

Integral

Continuous

Articulated

Backpacked

Continuous

Articulated

U.S. Army Corps of Engineers

can. be used effectively to prevent or control
mechanical failure, provided the backpacking is
relatively stiff.

h. Selection criteria. Select the optimum reinforce
ment concept by tradeoff of hardness, constructibil
ity, and costs

12-6. Design procedures for opening rein
forcement

a. Preliminary design to prevent/accommodate
material failure. Preliminary design procedures (Britt,
1977) are presented for the reinforcement of circular
cylindrical cavities. Extrapolation to openings with
noncircular cross-section is possible by judicious com
parison of elastic stress concentration factors. In some
cases, these procedures will also be adequate for final
design; however, in general, elaborate mathematical
simulations will be required to support final design.

12-10

(1) First, design the reinforcement to withstand
a material failure of the rock. Use the design pro
cedure provided below, or a similar procedure. As ap
propriate, account for the absolute size of the open
ing (para. 12-4).

(2) For cases where the opening diameter is not
small compared to the joint spacing, determine the
adequacy of the reinforcement evolved to resist
material failure of the opening. Use the procedure
presented in paragraph 12-6 below or a similar pro
cedure. Modify the reinforcement design as required.

b. Background. Drake and Britt (1976) have ex
tended static procedures of Newmark (1969) and Hen
dron and Aiyer (1972) to accommodate dynamic loads.
The salient features of this dynamic design method
are summarized here in charts suitable for
preliminary design of deep underground structures
in rock (figs. 12-5 to 12-30) from Britt (1977).
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tical hardened tunnel-liner structures subjected to
nuclear ground shock is small compared with the
duration of the loading pulse or free-field strf'ss, pet)
is adequately approximated by a ramp fronted step
load with rise time t r as shown in figure 12-5. This
load is a good approximation in most cases if the dura
tion of the triangular pulse describing the ground
shock stress is 5 to 10 times t max ' The equation of
motion (eq. 12-12) is put into dimensionless form us
ing the following elastic parameters:

£e Elastic limit or maximum elastic
strain

Ke Effective elastic stiffness
Re Ke(e == Maximum elastic resistance
Me Effective mass (massllength) in elastic

deformation

Te 2n g = Effective elastic period
~Ke

The dimensionless variables are then

c. Applications and limitations ofthe design charts.
The design charts are applicable to the preliminary
design of cylindrical lined tunnels in rock subjected
to the long-duration ground-shock loadings produced
by nuclear weapons. The theoretical model consists
of multilayered concentric cy linders of elastoplastic
materials with a time-dependent, axially symmetric
load representing the free-field stress applied to the
exterior boundary. Each element in the cross-section
is assumed incompressible and its yield governed by
a Mohr-Coulomb failure criterion. A first-order cor
rection factor is given to account for compressibility
of the materials.

(1) The following conditions should be approx
imated before using the design charts:

- The structure is composed of concentric cylinders
of circular cross section as shown in figure 12-5.

- The yielding of the structure and surrounding
rock is governed by the Mohr-Coulomb failure
criterion.

- The expected deformation (especially compaction)
of liner and rock is small.
The ultimate loading of the structure is nearly
axisymmetric.

- The duration of the loading is at least 5 to 10
times the response and engulfment times of the
structure.

(2) For example, use of the charts appears to be
appropriate for design of cylindrical tunnels with con
crete and steel liners sited in hard rock such as
granite. But the charts will provide only a conser
vative lower bound estimate of the response of struc
tures located in weak, highly compactible rocks such
as tuff.

d Problem formulation. Solutions of the theoretical
model are cast in the form normally used in structural
dynamics:

- t
t =-

Te

- t rt =
r T

e

PmaxA=-
Re

R(i) = R(d
Re

M(i) = ~
Me

(12-13)

(12-14)

(12-15)

(12-16)

(12-17)

(12-18)

d2£
M- = pet) - R(d

dt2
(12-12) where Pmax is the peak value of pet). Equation 12-12

becomes

where R(£) and M(£) are expressed as the bilinear
functions

where
M Effective mass (massllength)
£ Diametrical strain (positive inward)
t == Time
pet) External load (positive in compression)
R(d Internal load-resistance

Definitions of the effective mass and load-resistance
functions are given in the next paragraph.

e. Application of the analysis to obtain design
charts. For the purposes of design charts, the equa
tion of motion (eq. 12-12) and its solutions are put
into a dimensionless form. The effective resistance
and mass are approximated with bilinear functions
of normalized strain. Further, since the time tmax at
which the maximum strain (max occurs for most prac-

{
i for i ~ 1

== 1 + B(i - 1) for i > 1

{

I for i ~ 1

- 1 - C(i - 1) for i > 1

(12-19)

(12-20)

(12-21)
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and

K
B =~

Ke

lIR .-
K p = - for E > Ee (l.e., E > 1)

lIE

Ee liM .-
C = - - for E > Ee (l.e., E > 1)

Me liE

(12-22)

(12-23)

(12-24)

The effective resistance and mass functions R(E) and
M(E) can be determined when the values of r pj are
known. Drake and Britt give a relation for rpj involv
ing acceleration or inertial terms. If the design level
of maximum diametrical strain is not much larger
than about 2 to 5 percent, the inertial terms in r pj can
be neglected. A relatively simple equation for r p/rj
as a function of diametrical strain E at the interior
r = r j of the liner is

0, (or

(12-27)

(12-30)

(12-29)

(12-28)

(12-31)

lI(n
j

+ 2)

where

and the effective elastic stiffness is

the effective plastic resistance of layer i is

2 sin ~j
n· =--_:..-

j 1 - sin ~j

(
r ,)n. (rl )2[ ( r, )2]K j = K j_l =:; j + 2Gj r j 1 - r~j

where Yo = °and K o = 0. In the case nj =
~j = 0),

1 [(r ,)n; 1 (r ,)lim ~ ~ - 1 = In ~
nj-+O n j r j r j

Examples of bilinear fits to R(E) and M(E) curves are
shown in figure 12-6. The I-lines are better approx
imations for E < 2 percent, but the 2-lines would be
used if strains up to 4 or 5 percent were of interest.
The charts, figures 12-7 to 12-30, summarize the
maximum values of the normalized strain (max =

EmaxlEe , and dimensionless time fmax = tmaJI'e' at
which (max occurs for the parameters A, B, and C.
Note that A is a measure ofthe magnitude ofthe ap
plied load or free-field stress, B is a measure of the
stiffness of the rock-liner structure in plastic defor
mation, and C is a measure of the change in effective
mass or density as the structure yields. The deter
mination of Band C and the elastic normalizing
parameters from material properties is discussed in
the next paragraph.

f Determining chart parameters from material
properties. The geometry of the rock-liner system is
shown in figure 12-5. The number of concentric
material layers of the system is denoted by m.
Generally, the liner is represented by m-Ilayers and
the rock by the single mth layer. Each material
denoted by the subscript i is described by the proper
ties density Qj, shear modulus Gj, cohesion qj' the
angle of internal friction ~j, and Poisson's ratio Vj' In
some cases the unconfined compressive strength 0u

may be known instead of q. These parameters are
related by

q = 0u 1 - sin ~ (12-25)
2 cos ~

(12-26)

Also, Young's modulus E is often given rather than
G. Values of G are obtained from E and v using

EG=---
2(1 + v)

In Drake and Britt's model (1976) each material layer
yields from its inner boundary rj outward. When a
material layer is partially plastic and partially
elastic, the radius rpj denotes the boundary between
the interior plastic region and the exterior elastic
region. These boundaries are denoted by dashed lines
in figure 12-5. A material layer is entirely elastic
when rpj = rj' The layer is completely plastic when
rpj = rj+l which is the outer boundary of the layer.

12-38

Whenever equation 12-27 gives a value of rp/rj
greater than ri+ l/rj, the layer is completely plastic
and rp/rj = rj+l/rj must be used. To calculate rp/rj'
begin at i = 1, the inside boundary of the liner. In
this case Yj- l and K j_l are zero. Then with rpl/rl
known, Y1 and Kl can be calculated and hence also
rp2/r2' Continuing this process out to the rock (i = m)
surrounding the liner, all the Yj and K j can be deter
mined. In the equations for Yj and Kj, the outside
rock boundary rm+l should be taken as (Xl in the case
of nuclear ground-shock loading. The total resistance
function R(E) is given by

(12-32)
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wh~re Ym is zero if the liner and rock are elastic. The
effective mass is obtained from

strain, (c ,is related to the incompressible value_ max
Emax through

(12-33)

Here we cannot let r m+1 -+ 00 since M would be 00

also. Parametric studies have shown that an ap
propriate value of rm +1 to use in calculating M is
r m +1 :::: 3rm . Equations 12-32 and 12-33 supply the
effective resistance and mass functions needed in
determining the parameters Band C of the charts.
To obtain Band C from R(E) and M(r), the elastic
normalizing constant must first be computed from the
relations

(12-37)(C = 2(1 - v)(max
max

For the resistance calculation, take the outside rock
radius to be r4 = 00 so that l/r4 = O. For the effec
tive mass calculation use r4 = 3rs. For properties of
materials use the quantities listed below.

where v is an average of the Poisson's ratios of the
liner and rock. For common rock and liner materials,
v ranges from about 0.2 to 0.3 and 2(1 - v) = 1.5 is
adequate for most preliminary design calculations.

h. Example applications ofthe charts. * To illustrate
the use of the design charts, consider the following
steel and concrete liner sited in a relatively weak
granite. The inner liner is 1.5-in.-thick steel with an
inside diameter of 48 in. The steel and the granite
are separated by 11 in. of concrete. The radii rj
defined in figure 12-5 are then

rl = 24 in. I.D.
r2 = 25.5 in. I.D. plus thickness of steel
rs = 36.5 in. I.D. plus thickness of steel plus

concrete
(12-34)

m

[(r1)2 (r1)2]K = L 2G - --
e j=l J rj rj+l

Steel:
'11 7.5 x 10-4 psi-sec2/in.2

G1 12 x 106 psi
qi 27,500 psi
h = 0 deg
VI 0.27
0U2 55,000 psi

Concrete:
'12 2.25 x 10-4 psi-sec2/in.2

G2 2.13 x 106 psi
q2 2,000 psi
~2 = 37 deg
v2 0.25
0Ul 8,000 psi

Granite:
'Is 2.5 x 10-4 psi-sec2/in.2

Gs 4 x 106 psi
qs 2,900 psi
h 30 deg
Vs 0.25
0us 10,000 psi

(1) First determine the effective elastic stiffness
Ke, effective mass Me' and elastic limit Ee using equa
tions 12-34, 12-35, and 12-36. Expanding the sum·
mation in equation 12-34 for three material layers,
obtain

(12-35)

(12-36)E =e

Using equations 12-22, 12-24, and 12-27 through
12-36, values of Band C can be calculated. In prac
tice one may not use Ee as given in equation 12-36
but rather must fit "best" bilinear curves to R(r) and
M(r). In this way effective values. of Ke, Me' Ee, and
Re are obtained.. Usually, plotting a few points of the
R(E) and M(r) curves is adequate to allow one to draw
accurate visual fits to the curves. Static resistance
strain curves, R(E), can also be obtained using the
charts of Newmark (1970) and Hendron and Aiyer
(1972).

g. A first-order compressibility correction. The equa
tions described above and the charts of (max and tmax
(fig. 12-7 through 12-30) are for incompressible
media. The first-order correction factor given in Drake
and Britt (1976) may be used to approximately ac
count for the compressibility of the liner and sur
rounding rock. The corrected normalized maximum

where rm+l :::: 3rm. If the inner layer of the liner fails
first, then the elastic limit is

ql "nl + 1
2GI

*The units of density were chosen to be consistent with Pmax In psi and rl In Inches. To convert unit weight In Ib/h3 to density In psi.
sec2/ln2 divide by 667,000. To convert density In kg/m3 to density In pSI·sec2/ln2 multiply by 9.36 X 10-8.
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where rl/r4 ::::: rl/oo = O. Substituting the numerical
values of the parameters yields

+ 2.13 X 106[(~)2 - (~)21
25.5 36.5

+ 4 X lO6( ::U4
S )' } ~ 8.13 X 106 ps;

Similarly, Me = 0.231 psi-sec2 is obtained from equa
tion 12-35. Using equation 12-28, the value n l = 0
is obtained, and from equation 12-36 Ee = 0.00115.

(2) To determine resistance points in the region
of plastic deformation (E > Ee ), use equations 12-27
through 12-33. From equation 12-28 calculate
nl = 0, n2 = 3.02, and ns = 2.00. Next, using equa
tion 12-27 determine the ratios of the plastic boun
daries rpi to the inside radii ri starting at i = 1 and
working up to i = 3. Calculate for E = 0.01. When
i = 1, Yi- l = Yo = 0, Ki _1 = Ko = 0; hence,

= [ 4(12 x 106)0.01 ]1/0 + 2 = 2.95
2(27,500))/0 + i

But r2/rl = 1.0625. This means that the steel layer
is completely plastic, and hence, rpl/rl = r2/rl =
1.0625 must be used for E = 0.01 and larger strains.

(3) Y1 and K1 can now be evaluated using equa
tions 12-29, 12-30, and 12-31. Equation 12-31 ap
plies because nl = O. Since Yo = 0 and Ko = 0, the
equations reduce to

~ r2
Y1 = 2qt\jnl + 1 In = 2ql In - = 3334 psi

rl r1

and

K 1 = 2Gl(~~f[1 - ( ::1 f] = 2Gl(~~r[1 - (~~rJ = 0 psi

12-40

These values of Yland K1 do not change for increas
ing strain E since the plastic boundary rpi has reached
its maximum value.

(4) All information needed to calculate rp2/r2
from equation 12-27 is now available, and the result
is rp2/r2 = 1.33 and rp2 = 33.9 in. Thus, at the strain
E = 0.01 the concrete layer is about half plastic and
half elastic. For i = 2, equations 12-29 and 12-30
become

and

These values of Y2 and K2 can be substituted into
equation 12-27 to obtain rps/rs = 1.15 and rps = 42.0
in. For i = 3, equations 12-29 and 12-30 become, with
r4 = 00 and r 1/r4 = 0,

Ys = y 2(:;;r
s
+2qS~ [(~rs -1] = 16,900 psi

and

For the present example the number m of material
layers is 3. Thus equation 12-32 for the total
resistance of the liner-rock system becomes

R(E) = KSE + Ys

Substituting the values of K3 and Y3 above and
E = 0.01 yields RCO.Ol) = 47,000 psi, which is plotted
on the lower graph of figure 12-6. From equations
12-33 and 12-31 the effective mass M is calculated:

M = ri(l[e1 In(~)1(~r2 + ~~[(~r2 - IH(~rs

+ ~[(~)ns _1] + el In(~)
ns ~ ~1

MCO.01) = 0.33 psi-sec2

where the value r4 = 3rs has been used as suggested
previously.



(5) Using the same procedure as for E= 0.01, ad
ditional points at E = 0.005, 0.02, and 0.03 were
calculated and plotted, along with the elastic values,
in figure 12-6. Smooth curves were then drawn
through these points and the bilinear fits denoted (1)
and (2) were visually produced.

(6) From previous experience with similar struc
tures it was determined that the liner in the exam·
pIe could safely take about 2 percent strain without
buckling. This figure was then taken as the design
criterion for the structure. To apply the dynamic
design charts, the bilinear fits «1) in figure 12-6),
which are good up to 2 to 2.5 percent, should be used.
From these curves the effective elastic limit is Ee =

0.004, the effective elastic stiffness is K e = 7.5 X 106

psi, and the effective elastic period is Te = 2m! MiKe
= 1.1 msec. These values of Ee and K e should be used
instead of the results obtained earlier from equations
12-34 and 12-36. The effective maximum elastic
resistance from the fit (1) is then Re = 30,000 psi, the
effective plastic stiffness is K p = dR/flE :::: 2.5 X 106

psi, and the slope of the M curve in plastic deforma
tion is dM/dE:::: 15. The chart parameters Band Care
then obtained from equations 12-22 and 12-24.

B = K p :::: 2.5 X 10
6

:::: 0.33
K e 7.5 X 106

C = ~ dM = 0.004 15 :::: 0.26
Me flE 0.213

The B = 0.3 curve of figure 12-15a and b should be
used to obtain (max = EmaxlEe and tmax = tmaxlT3' For
a peak free-field stress P max = 43,500 psi (3 kilobars),
A = PmaxlRe = 43,500/30,000 = 1.45. For tr = 0
figure 12-15a gives (max:::: 7 and figure 12-15b gives
[max:::: 1.1. Hence, (max = Ee (m_ax:::: 0.004 X 7 = 0.028
or 2.8 percent and tmax = Tetmax :::: 1.1 msec x 1.1
:::: 1.2 msec. Using the average value of Poisson's ratio
v = 0.25, equation 12-37 gives a compressibility cor
rection factor of 1.5 and a corrected maximum strain
of E~ax = 4.2 percent. Thus, for a suddenly applied
load (tr = 0) and Pmax = 43,500 psi, the dynamic
strain is more than double the 2 percent design level
of maximum strain that has been assumed for the
structure. Figures 12-16 through 12-18 would be
used to determine the structural response if P(t) had
a nonzero rise time. In figure 12-17 for tr = 5 the
response is essentially quasi-static. These charts show
that for the present example the maximum static
strain is less than half the dynamic strain produced
by a suddenly applied load. At the lower stress level
Pmax = 29,000 psi (2 kilobars), A = 0.97. With tr =
othe charts give values of (max:::: 3 and ~ax :::: 0.8
which yield Emax :::: 1.2 percent and t max :::: 0.9 msec.
Using v = 0.25, the corrected maximum strain is
E~ax :::: 1.8 percent, which is within the design level.
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i. Design charts. The maximum dynamic response
of cylindrical underground structures subjected to the
long-duration ground-shock loading of nuclear explo
sions is summarized in figures 12-7 through 12-30.
The maximum normalized diametrical strain (max =
( IE and the dimensionless time of maximummax e
strain tmax = tmaxlTe are given in the ch_arts for the
characteristic parameters A, B, C, and t r where:

Te 2rcYMeIKe = Effective elastic period
A == PmaxlRe == Dimensionless maximum applied

load
B KplKe = Dimensionless plastic stiffness
C == (EeIMeXdMldE) = Dimensionless rate of change

of effective mass in plastic deformation
tr t/fe == Normalized rise time of applied load
The material properties needed to determine the
chart parameters are illustrated in figure 12-6; an
example using the charts is given in h above. Charts
are included in this appendix for normalized rise
times ranging from tr == 0 for a suddenly applied load
to t == 2 or 5 where the structural response is essen·r _
tially quasi-static. On the figures for tr == 2 or 5, some
of the tmax curves for the larger values of B have been
smoothed to produce readable "average" curves,
which deviate from the original ones by less than
about one fourth.

j. Preliminary design requirements to prevent
mechanical failure. (Bagge, 1972). The opening rein
forcement must prevent loss of structural integrity
(gross mechanical failure) under ground shock when
the ratio of opening diameter to joint spacing is not
small compared to unity. This section presents upper
bound design requirements for reinforcement that
will prevent loss of structural integrity (assuming no
material failure) of a circular cylindrical opening
under dynamic ground-shock loading perpendicular
to the opening axis. These requirements can also be
used for cylindrical openings with noncircular cross
sections-provided the deviation from circularity is
not severe-by use of an equivalent circular opening,
and for extrapolation to noncylindrical openings.
When the direction of ground-shock propagation is not
perpendicular to the opening axis, the component of
the free-field ground shock acceleration that is
perpendicular to the opening axis should be used.
Three types of opening reinforcement are considered:
integral liner, backpacked liner, and rock bolts.

(1) Consider the two cases shown in figure 12-31.
Imagine that the planes of weakness cannot sustain
tensile stresses and that the blocks of rock do not sup
port one another through wedging action. For the first
example (fig. 12-31a), which is the free field without
the openings, there will be little tendency for relative
movement between the cavity core and either of the
regions containing planes of weakness. In the second
example, however, there will be a marked tendency
for relative movement of the shadow region into the

12-41



TM 5-858-3

opemng during initial engulfment and the il
luminated region into the opening, as the free-field
ground-shock velocity begins to decay from its positive
peak. It is this marked tendency for relative move
ment of the rock into the opening that, if left un
checked by opening reinforcement, could cause loss
of structural integrity of the opening.

(2) To establish theoretical conditions for the
opening's loss of structural integrity, it is necessary
to postulate that unwedged blocks of rock exist in the
shadow or illuminated regions of the opening. The
three simple patterns of planes of weakness in figure
12-32 demonstrate the reasonableness of this postula
tion. A single set of planes of weakness does not create
a condition for critical mechanical failure (fig.
12-32a). For a set of nonorthogonal planes (fig.
12-32b), unwedged blocks of rock are presented when
the direction of ground-shock propagation is parallel
to the long diagonal of the formed blocks. Figure
12-32c shows that unwedged blocks of rock are
presented for orthogonal joint planes wherever the
direction of ground-shock propagation is parallel to
a diagonal of the formed blocks. A critical condition
also exists for the orthogonal set of planes whenever
the direction of ground-shock propagation is parallel
to a set of relatively compressible planes of weakness.
Since multiple sets of planes of weakness are almost
always encountered in practice, it is realistic to
postulate that unwedged blocks of rock exist in the
shadow and illuminated regions of the opening. The
following assumption has therefore been made re
garding planes of weakness:

The entire interaction zone of the cavity is cut
by several sets of planes of weakness of negligi
ble tensile strength in such a fashion that (1) the
characteristic dimensions of the blocks of rock
are small compared to the cavity diameter and
(2) the blocks of rock are not mutually supported
by wedging action.
(3) The postulation that the planes of weakness

have negligible strength is quite reasonable for
multiple-burst threats.

(4) It should be pointed out that the reinforcement
design requirements presented below are linearly
dependent upon (n the increment of the free-field
ground shock acceleration occurring over a period of
two engulfment times and (2) the magnitude of the
opening's radius.

(5) The following inputs are assumed to be
known:

- Free-field ground shock stress, velocity, and ac
celeration histories

- The stress ratio K behind the ground shock wave
front
The effective propagation velocity C of the ground
shock

- The weight density y of the rock

12-42

- The opening's radius R
(6) The following procedure can be used to deter

mine the design parameters for an integral liner, a
backpacked liner, or rock bolts: '

Step a. Calculate the engulfment time of the
opening: te = 2R/C. . '

Step b. Divide the free-field ground shock ac
celeration history into a succession of constant ac
celeration steps of duration 2te, as illustrated in
figure 12-33a.

Step c. Construct an incrementaJ free-field ac
celeration history as shown in figures 12-33b and c.
Assume that this history is an envelope history of
peak response for use in the state-of-stress equations
derived for the reinforcement.

Step d. Select trial values of the reinforcement
design parameters:

(1) Integral liner: h, E, YR
(2) Backpacked liner: h, E, YR, hbp ' Ebp, Y

(3) Rock bolts: Arb' S, L, Erb , Yrb. I.l
Step e. Calculate the state of stress in the rein

forcement using the applicable set of equations (given
below) with the envelope dA history constructed in
step c.

Step f Calculate the quasi-static stress history
of the reinforcement that arises from the normal in
teraction of the reinforcement with the free-field
ground shock.

Step g. Add the stress histories calculated in
steps e and f

Step h. Compare the peak stresses found in step
g to the allowable resistance of the reinforcement. (If
the stresses arising from the rigid-body acceleration
of the reinforcement itself are not negligible compared
to those in steps (and g, then they must also be taken
under consideration. Also, the buckling resistance of
liners must be considered.)

Step i. Reiterate steps d through h until an ac
ceptable state of stress is obtained.

k. Sample application. An integral liner of
thickness h, radius R, Young's modulus E, and weight
density YR is used to reinforce the opening (fig. 12-34).
The following assumptions are made:

- The liner thickness is small compared to the liner
opening radius (RIb ~ 5).

- The liner responds elastically.
- The liner responds in two uncoupled modes cor-

responding .to the uniform and ovaling com
ponents of loading.

- The periods of vibration of the liner are taken as
the breathing (To) and ovaling (T2) periods of
vibration of the free-standing liner under radial
loading:

~eR2 ~eR2 $i(R)2To = 2rr --, T2 = 2rr --' - - (12-38)
Eg Eg 3 h



- Peak response is taken as the sum of the peak
response in each mode without regard to phasing.

The peak state of stress in the liner (required effec
tive dynamic resistance) is:

TM 5-858-3

Full-Slip RocklLiner Interface (o'rr only)

N = R2y dA(l + K)DLF0

ON = R ~ y dA(l + K)DLFoh

OM = -2R(~r y dA(l - K) cos 28 DLF2

Fully Welded RockILiner Interface (o'rr and o're)

N = R2y dA(l + K)DLF0

M = -O.5R3y dA(l -K) cos 28 DLF2

N R
oN = h = R h y dA(l + K) DLF0

oM = ~~ = ±3R(~r y dA(l - K) cos 28 DLF2

M
1= - -R3y dA(l - K) cos 28 DLF23

0NM == ON + oM = R ~ y dA[(l + K)DLFo

± 3 ~ (l - K) cos 28 DLF2]

0NM = R ~ y dA[Cl + K)DLFo

± 4 ~ (l - K) cos 28 DLF2]

GROUND~

(a)

ASSUMED REGION OF
PLANES OF WEAKNESS

ILLUMINATED
REG ION""

GROUNO~ .--..flU

~~~~~

(b)

U.S. Army Corps of Engineers

Figure 12-31. Mechanical Failure of a Rock Cavity

SHADOW
REGION
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(c) Incremental free-field acceleration history
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U.S. Army Corps of Engineers

Figure 12-33. Construction of Incremental Free-Field Acceleration History
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U.S. Army Corps of Engineers

Figure 12-34. Liner Reinforcement
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where

DLF2

1 +

1 +

2.2(tdlTo)2

1 + 1.4 tdlTo

2.2(tdlT2)2

1 + 1.4 tdIT2

where

ko
Eh
-
R2

k2
3 Eh3
--
4 R4

m hy£

mbp hbpYbp

2~
TIC ~ y£

1.55 ~ ~
TIC R ~--;;

- Peak response is taken as the sum of the peak
response in each mode without regard to phasing.

The peak state of radial stress in the backpacking (re
quired effective dynamic resistance) is:

0bp = Ry dA[(l + K)DLF~ + (1 - K) cos 28 DLF2]

where

2.2(td!T~)2

1 + 1.4 tdlT~

2 w;g
TIC "y;

2.2(tdIT2)2
1 +----

1 + 1.4 t dIT2

1 +

= 1.55 ~ ~Eg
TIC R y£

DLF2

DLF~

R :g y dA(1 + K)DLF~
h

N R2y dA(1 + K)DLF~

1
M = - -R3y dA(1 - K) cos 28 DLF23

The peak state of stress in the liner (required effec
tive dynamic resistance) is:

OM = -2R(~r y dA(1 - K) cos 28 DLF2

t d = 2te = 4R/C

(1) A layer of backpacking material of thickness
h bp ' effective modulus of elasticity Ebp, and weight
density Ybp-is placed between the cavity wall and the
liner consIdered above. The following assumptions are
made:

- The liner and backpacking thicknesses are small
compared to the liner (opening) radius (Rih ~ 5,
Rlhb ~ 5).

- The liner and backpacking respond elastically.
The rock/backpacking interface does not transmit
shear stresses, i.e., the interface is a full-slip
interface.

- It is sufficient that only the radial restraining
stresses are reacted by the liner and backpacking.

- The effect of the backpacking is accounted for by
treating the backpacking as a massless radial
spring element of stiffness

in series with the liner flexibility, and by adding all
backpacking mass to the liner.

- The modified liner responds in two uncoupled
modes corresponding to the uniform and ovaling
components of loading.
The periods of vibration of the modified liner are
taken as the following variations of equations
12-38.

T; ~ 2, JY1 R
2 (1 + mbP) (1 + ko

)
Eg m k bp

, ~eR2fi5R)2T = 2TI -- -
2 Eg 3 h

12-47
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0NM = R ~ y dA[(l + K)DLF~
h

R± 4 h(l - K) cos 28 DLF2]

(2) Radially positioned rock bolts of cross
sectional area Arb' weight density Yrb' effective
modulus of elasticity Erb , and spacing s (each way)
are used to reinforce the cavity wall. The following
assumptions are made:

- It is sufficient that only the radial stress loading
is carried by the bolts.

- The bolts are anchored into the free field at a
distance L from the cavity wall.

- The bolts are allowed to respond inelastically.
- The bolt material is modeled as an elastic-

perfectly plastic material.
- The period of vibration of a bolt is taken as

The pretensioning stress required in the bolt to effect
no resistance at the face of the opening is:

S2
arb = Ry dA - [1 + K + (l - K) cos 28]DLFrb

Arb

where

12-48

~ 2R JE'bg

LC Yrb

= Ductility ratio, i.e., the ratio of max
imum response strain in the rock
bolt to the effective yield strain of
the rock bolt

The length of the rock bolt must satisfy some
minimum-length criterion. Just what this minimum
length should be is not at all clear. However,judging
from the load durations involved, it would appear that
the rock bolt must have a length of 4R, where zero
resistance is required at the cavity wall. It may be
tentatively assumed that it is sufficient to provide a
rock bolt length of 2R, with full resistance over the
entire length.

12-7. Excavation method.
The method used to excavate a rock opening has a
significant impact on the ground-shock hardness of
a minimally reinforced rock opening. The drill-and
blast method degrades both the strength and stiffness
of the adjacent rock by loosening existing joints and
by fracturing. Hardness is thus degraded for mini
mally reinforced openings. Specify boring whenever
possible for minimally reinforced openings, since bor
ing causes almost no degradation of the adjacent rock.
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APPENDIX A
PROBABLISTIC DESIGN OF HARDENED STRUCTURES

UNDER UNCERTAINTIES

A-I. General

a. The survivability requirements for a facility are
defined by specifying a minimum probability for the
facility's physical survival under a nuclear-weapon
attack and for retaining its physical integrity during
the specified endurance period (see TM 5-858-1, para.
4-4). Uncertainties underlie all steps of the design
process for meeting this requirement and must be
estimated in order to achieve a prescribed survivabil
ity goal.

b. TM 5-858-1 describes survivability models for
weapon-threat scenarios and uncertainties in threat
definition. Weapon-effect data and calculation of
uncertainties of each effect are provided in TM
5-858-2. Systematic approaches for estimating uncer
tainties as a basis of hardness verification are
presented in TM 5-858-6. Methods for estimating
uncertainties and probabilistic design of structures
are given in this appendix.

c. Uncertainties exist in input loads/displacements,
geometry, and material properties. Resistance
capacities are influenced by all three parameters.
Loads will influence resisting capacities if there is
coupling; for example, the moment-resisting capacity
of a beam column depends on the axial load. Uncer
tainties also result from approximations in
mathematical models. Construction-control tech
niques and tolerances also introduce uncertainties.

d. Methods for estimating the probability of sur
vival or failure of a structure under applied loads are
described in the literature (e.g., Ang Cornell, 1974).
In this appendix a brief summary of the theory is
given, followed by examples for determining uncer
tainties in load input, material properties, approxima
tions for analysis, and construction tolerances.

a::
o

III-Vl
4-

u.s. Army Corps of Engineers

A-2. Analytical basis for survival (failure)
estimates
a. Let S denote the largest combined load or load ef
fect (e.g., internal moment, stress) that is applied on
a structural component during its lifetime. Consider
S as a random variable with density function f8(s).
Let the corresponding strength of the component,
denoted by R, be a random variable with density func
tion fR(r). For a given component, the functions fS(s)
and fR(r) may appear as in figure A-I. For the pur
pose of the present study, assume that Rand S are
statistically independent.

b. The failure of the component is defined by the
event R < S; therefore, the failure probability is ob
tained as:

P f = peR < S) = 5~ peR < SiS = s) fs(s) ds

=r FR(s) fs(s) ds (A-I)

where

FR(s) = J: fR (r) dr (A-2)

is the cumulative distribution function ofR evaluated
at r = s.

c. Equation A-I is solved if the functions fs(s) and
fR(r) are known. For most practical cases, however,
obtaining these functions is extremely difficult or im
possible. For example, since S is the sum of load ef
fects from many sources (e.g., dead loads, live loads,
airblast, ground shock), the evaluation of fs(s) reo
quires a full knowledge of the stochastic laws and the
corresponding correlations for each load source.

r OR 5

Figure A-l. Load and Resistance Probability Density Functions

A-l
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where FR-S(O) is the cumulative distribution function
of R-S evaluated at zero. Since R-S can have both
positive and negative values, a normal distribution
is reasonable and can be prescribed. Let Rand 8 be
the means and oR and Os be the standard deviations
of Rand S, respectively. Using first-order linear ap
proximations (Ang-Cornell, 1974), evaluate the mean
and standard deviation of R-S as follows:

Likewise, the evaluation of fR(r) requires the
knowledge of the probability distribution for material
properties and behaviors, and even construction prac
tices. Therefore, an accurate evaluation of equation
A-I is impossible; nevertheless, if mean values and
standard deviations of variables are known, an ap
proximate evaluation of the probability of failure, Pr,
is possible by prescribing physically reasonable
distributions for Rand S. Even though this method
will not yield the actual failure risk, the nominal
failure risk obtained can be used as a relative
measure of the underlying risk, thus allowing for com
parison of various designs or structures.

d. Failure probability can be expressed with the
following alternative formulation. Consider R-S to
be the random variable. Failure will occur when this
random variable has a negative value. Therefore, Pr
can be obtained as

(A-9)

(A-ll)

(A-lO)

or

Therefore,

R - 0.75(30R = 8 + 0.75[30s

where QR = oRIR and Qs = os/8 are the coefficients
of variation. From the above derivation the strength
and load factors, 1lJ and d, respectively, associated with
the reliability index [3, are obtained as

has a value between 0.707 and 1.00; and generally
a = 0.75 can be assumed. Using equation A-8 in A-7
obtains

a= "o~ + O§
OR + aS

Probability of Failure [3

10- 1 1.28
10- 2 2.33
10- 3 3.09
10-4 3.72
10- 5 4.25
10-6 4.75
10- 7 5.20
10- 8 5.61

A-3. Reliability-based design factors

a. Equation A-7 can be used to obtain safety, load,
and strength factors associated with a desired level
of reliability. In the following sections the cases of one
and of multiple loads are discussed.

b. Consider the case of one load. The variabilities
due to Rand S may be separated. Let

~o~ + o§ = a(oR + as) (A-8)

where

f The value of [3 for design should be determined
on the basis of cost-benefit trade-off studies. For large
[3 the initial cost of construction is high; however,
future losses due to damage are unlikely. On the other
hand, for small [3 the initial cost is low, but future
losses due to damage are more probable. An optimum
value of (3 should be obtained from economic con
siderations. If such studies cannot be carried out, a
value of [3 should be determined through calibration
with other existing structures which require the same
level of reliability; i.e., first evaluate (3 for an existing
structure, then use that value to design a new struc
ture. In practical design situations, required values
of [3 are specified by codes or by the systems engineers.

(A-5)

(A-4)

(A-3)

R-S ~ R-8

0R-S ~o~ + o§

Then equation A-3 gives

Pr P (R - S < 0)

FR-S(O)

Pr =1 - ~ ( R-8) (A-6)
102 + 0

2
\j R S

where ~ denotes the value of the standard normal
probability. Finding the required mean resistance, R,
from equation A-6 gives

R = 8 + ~-1(1 - Pf)~O~ + o§

= 8 + [3~0~ + o§ (A-7)

where [3 = ~-1(l - Prr) is the value of the standard
normal variate at the cumulative probability (1 - Pr),
which represents the survival probability. This
parameter, therefore, can be regarded as a consistent
measure of survivability.

e. With the normal distribution assumed for the
performance function (R-S), the values of [3 for
various levels of failure probability are:

A-2
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Note that these factors must be applied to the mean
values of resistance and load, respectively, as in
dicated in equation A-I!. Corresponding to equation
A-ll, a safety factor, y, for reliability index {3 is ob
tained as

(A-23)

ttJ= 1 - 0.75 {3QR

d = 1 + 0.75 {3QS

1 + 0.75 {3Qs
y = 1 - 0.75 {3QR

(A-12)

(A-13)

(A-14l

where Qs. is the coefficient of variation of Si' From
this equation the load factor for Si is obtained as

(A-22)

Note that strength and safety factors remain the same
as given in equations A-12 and A-14, respectively.
For the multiple load case, therefore, equation A-15
modifies to

n
ttJR = 1: d-S,1=1 I I

or from

d. When multiple loads Sl' S2" .. , Sn are acting,
let

(A-24)

where di is evaluated as in equation A-22.

A-4. Bias and estimating errors

a. In A-2 above, S was defined as the combined load
or load effect, and R as the resistance of the structural
element. For example, in designing for the tension
reinforcement of a reinforced concrete beam, S is the
acting moment at the critical section and R is the
ultimate moment capacity. Both of these random
variables are generally functions of other variables.
For example, S is a function of each applied load (e.g.,
dead load, live load, air-blast, ground shock); R is a
function of material strength and dimensions. In prac
tice, distributions ofS and R are usually not available
and must be obtained in terms of distributions offunc
tion variables. Such derivations are often too com
plicated; thus, approximate methods are required. For
the purpose of generality consider Z as representing
either R or S. Let Z be a function of random variable
Xl' X2,· .. , Xn, i.e.,

(A-15)

(A-16)

This factor should be applied to the mean load to ob
tain the required mean resistance.

c. Equations A-12 to A-14 show that the design
factors ttJ, d, and yare all dependent on the required
reliability through the parameter {3. It is also observed
that these factors are related to the uncertainties in
resistance and load through the coefficients of varia
tion QR and Qs. For practical design situations,
evaluate QR and Qs and determine the design factors
for any required value of {3 from equations A-12,
A-13, and A-14. Based on these values, determine
the required mean resistance either from

(A-17)

with 8 = 81 + 82 + + 8n and

Os = lo§ + o§ + + o§ (A-18)'J 1 2 n

where Si and os. are the mean and standard de
viation of Si' Now let

10 2 + 02 + + 02
'" Sl S2 SnCl' = (A-19)

s Os + Os + + Os
1 2 n

Then using equation A-I0

R - 0.75 {30R = 81 + 82 + . . . + 8n

+ 0.75 {3Cl'S(OSl + 0S2 + ... +OSn)

(A-20)
or

where Xi may represent such variables as loads,
dimensions, and material strengths; and g(')
represents the relation of Z to Xi' On the basis of first
order approximations (Ang Tang, 1975), the mean and
coefficient of variation of Z are obtained as
Z ~ g(X1, X2, ... , Xn) (A-25)

+

where Xi is the mean of Xi obtained from unbiased
data, QXi is the coefficient of variation of Xi including
the inherent randomness as well as estimation errors;
i.e.,

(A-27)

A-3
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where Qg is the coefficient of variation associated
with the variability as well as modeling errors of the
function g( 0), and Qij denotes the correlation between
Xi and Xj . The subscript "0" implies that the partial
derivatives ag/aXi are to be evaluated at the mean
values, Xi'

b. When statistical data are biased, Xi must be
replaced by Nx Xi' where Nx represents the bias fac-

J
tor. Also, when the function g(o) is biased, i.e., either
systematically underestimated or overestimated, a
bias factor, N~, must be included in equation A-25.
Thus, for each Xi four values must be determined,
i.e.:

- Mean of sample, Xi
- Bias factor, Nx.

J
- Inherent randomness, dx
- Estimation error, !Ix

Also, for the function g(o) both the bias factor, Ng, and
the modeling error, Qg. must be determined.

c. Some examples are given in paragraph A-5
below for illustration only. The designer must select
an appropriate data base for each function, either

from existing test data or from simulated experiments
specifically designed for the structure that is being
designed.

E-5. Uncertainties in ground-shock
waveforms

a. The shape of the ground-shock waveform is dif
ficult to predict. It is therefore necessary to determine
whether elements responding to ground shock are
sensitive to waveform. Designers often synthesize a
simple, linearly or exponentially decaying wave and
an oscillatory wave (fig. A-2). Certain ground-shock
parameters are defined in advance. For the decay
wave type, these are: (1) rise time to peak positive par
ticle velocity, (2) positive and negative phase dura
tions, and (3) peak positive and negative velocity
amplitudes. For the oscillatory wave type, the ground
shock parameters are: (1) the number of cycles, and
(2) the period and peak velocity of each cycle.

b. Twenty-nine wave shapes are considered here
that use various amplitude ratios, duration ratios,
and phasing of the two types of velocity waveforms

--l- ~2 +3 ~
~-4-6 ~~

~~1r 11 +-'2
-lp-~~~

~~*'9 ~
t 21 ~1v23 ~

+25 ~~~
~

Figure A-2. Velocity Waveforms Used as Inputs (Ralph M. Parsons Co., 1962)
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tabulated in table A-I. These wave shapes have been
patterned after data obtained from five nuclear ex
periments and are given in figure A-2 (Parsons,
1962). The responses of undamped linear single
degree-of-freedom (SDOF) Systems to these inputs are
given in figure A-3.

c. The curves of figure A-3 give the response of an
SDOF system in terms of the ratio of a pseudo
velocity, wxm ' to the peak input velocity Vm' This is

TM 5-858-3

a standard way of representing ground-motion
spectra.

d. Peak relative displacements and peak absolute
accelerations are obtained, respectively, from the
relationships

Xm Pseudo-velocity divided by W

Gm Pseudo-velocity multipled by wig

Table A-1. Key to Wave Shape Combinations of Figure A-2 (Ralph M. Parsons. Coo. 1962)

Ampli tude Ratio Duration Ratio Phasing

Type I: Type II Type I:Type II

Al 2:1 A2 2:1 A3
B1 1: 1 B

2 1:1 B
3

C1 1:2 C 1:2 C
32

Shape Shape Shape
No. Combination No. Combination No. Combination

1 Type I 13 B
1

B
2

C3 25 C1 B2 C3
2 Al A

3
A

3
14 B

1 13 2 A3 26 C] C2 A3
3 13 3 15 B3 27 8_

.'>

4 C3 16 C3 28 C3
5 Al B

2
A

3 17 B
1

C
2

A
3

29 Type II

6 B3 18

7 C3 19

8 Al C2 A
3

20

9 8
3

21

10 C3 22

11 B1 A2 A3 23

12 B3 24

In Type B3 and C3 the shorter duration type is always centered on the
beginning or end, respectively, of the longer duration. Thus, in A 2B3
Type II starts first and is half over before Type I begins (see shapes
3, 12, or 21 on fig. A-2). In C2B3, on the other hand, Type I starts
first and is half over before Type II begins (see shapes 9, 18, or 27
on fig. A-2).

A-5
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Figure A-3. Responses of Undamped Linear SDOF Systems (Ralph M. Parsons Co., 1962)

The actual maximum relative velocity xmax is dif
ferent from the pseudo-velocity except in the special
case of a sinusoidal function:

where !x!max is exactly equal to wxm .

e. For an SDOF system of a given frequency there
are 29 peak velocity response values. The mean value
and the COY (coefficient of variation) obtained from
these 29 values have some statistical significance

x == xm sin(wt + ~) (A-28)

(Table A-2). Plots of the mean values and the COVs
as a function of frequency are used as a general design
tool, and are given in figures A-4 and A-5.

f Note that when mean and COY values are ob
tained, the ensemble should be well specified. If the
ensemble of the 29 waveforms is an ensemble of ac
tual waveforms (i.e., measured during explosions),
then the mean and COY relate to the actual response
of an SDOF system. However, if the 29 records are
synthesized for design purposes, the mean and COY
will be me~ningful only if similar to thp- total popula
tion of actual waveforms (i.e., have the same number
from each type of wave).

A-6



Table A-2. Coefficient of variation in design Parameters rGallo-Ang, 1976)

TM-5-858-3

Predicted
Basic Prediction Total

Parameter Mean, Variability COY, COV,

X X Ox t.
X

Q
X

£ 47.7 ksi 0.09 0.12 0.150
Y

(Nominal 40 ksi)

£ 64.0 ksi 0.07 0.12 0.139
Y

(Nominal 60 ksi)

£1 3.5 ksi 0.12 0.18 0.216
c

(Nominal 3 ksi)

£1 4.7 ksi 0.12 0.18 0.216c
(Nominal 4 ksi)

A 0.02 0.03 0.036s

b 0.04 0.02 0.045

d 0.07 0.05 0.086

k
1
k

3 0.72 0.12 0.05 0.130

n 0.59 0.05 0.00 0.050

A-7
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A-7. Simply supported, uniformly loaded
beam

a. Equivalent SDOF. The equivalent spring/mass
systems for the approximate models are given in
figure A-6 (COE, 1957) and are described below for
elastic range and plastic range. Mathematical sym
bols are those found in the AISC Standard Handbook.

b. Elastic Range. For the model during the elastic
stage, determine load, mass, and resistance as follows:

(1) Load factor. The deflected shape of the beam
under dynamic loading is considered to be the same
as that for static loading. For the simple supported
beam

A-6. Errors in use of mathematical models

a. In the design of structures the following simplify
ing assumptions are often made:

- Material behavior is elastoplastic.
- Wave input is triangular.

Damping is negligible.
- The structural element ber.aves as an SDOF

system.
These assumptions give the so-called equivalent
dynamic system. Equivalence is obtained by finding
a correspondence at all times between the displace
ment, velocity, and acceleration of the SDOF system
and the governing dimension of the actual structures.
Also, the external work must equal the sum of the
kinetic and strain energies for both the equivalent
system and the actual structure. There is often a bias
in the development of an equivalent system; the bias
often can be determined by comparing the
mathematical model with exact solutions.

b. An example of modeling equivalence is given
below (para. A-7) for a simply supported, uniformly
loaded beam. Expressions similar to those below can
also be obtained for the fixed-end beam as well as for
various load and support conditions for beams, slabs,
and other structural elements. With the load, mass,
and resistance factors known, a structural element
may be analyzed as an SDOF system to obtain its
response under dynamic load.

obtain KL, the ratio of equivalent load to actual load:

(A-35)

(A-34)

(A-33)

(A-36)

(A-32)

384EI
k = 5L3

& ke
R k
k is the load required to cause unit deflection of the
beam at mid-span; hence

where y" is the second derivative with respect to x
of the beam deflection equation. Integrating this ex
pression gives

Ye = Yc' then

where Me is the equivalent mass of the SDOF system.
Then Krn the mass factor is

where
Wa = Work done on the beam at any

time ·L

t = I0 ~yp (t) dx

We = Work done on the equivalent SDOF

system = !. P (t)
2 e Ye

(3) Resistance Factor. From Yc = 5pL4/384EI,
R = kyc for the actual beam, and Re = keYe for the
equivalent SDOF system, since

Pe(t) 16
K L = pmr = 25

where Pe(t) = Equivalent load on the SDOF system
(2) Mass Factor. From the relationship for kinetic

energies, (KE)a = (KE)e' obtain

J
L 1 ·2 1 .2

-m y dx=-M y2 2 e e
o

ke is obtained by equating the strain energy of the
deflected shape of the beam to that ofthe equivalent
system.

fL EI (y")2 dx = ! keY 2 = ! k y2 (A-37)
2 2 e 2 e

-0

(A-30)

(A-29)

with the mid-span deflection equal to

Yc = 5L4 . pet)
384EI

y = p(t)x (L3 _ 2Lx3 + x3)
24EI

The deflection of the equivalent SDOF system, Ye' at
any time is taken equal to the mid-span deflection of
the actual beam Yc' i.e. Ye = Yc'

(A-38)

From Wa = We (A-3l)

ke 16
k = 25

the same ratio as the load factor.
(4) Natural Period. The natural period of the

equivalent system is usually obtained by considering

A-10
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c. Plastic range. A linear deflection curve is as
sumed after a plastic hinge is developed at the mid
span. Then y = Yc tX and Ye = Yeo By equating the ex
pressions for worK: done, we obtain the load factor

Equating the expressions for the kinetic energy, the

mass factor K m = Me = !. Strain energies for
mL 3

beam and equivalent system are equated as follows.
Strain energy of the beam

the stiffness of beam and spring equal and obtaining
a load-mass factor K LM = KMIKL , then

T ~ 2. r;;; ~ ~ KLMmL (A-391
~-r: k

M u = [ Cc( 1 - Cc f~~d)] d + Cs(d - d') -p (d -2
d'

)

(A-44)

mathematical modeling by including an estimated
uncertainty when determining the load and capacity
factors for the structural element. Note that the er
rors in these examples were all one-sided. A bias fac
tor must therefore be used to account for such errors.

A-B. Uncertainties in resisting capacity of
reinforced concrete elements

a. General. There are uncertainties in the properties
of reinforced concrete sections that will influence the
accuracy of equations for moment and shear
resistance as given in chapter 6. These uncertainties,
adopted from Gallo-Ang (1976), are delineated below:

b. Uncertainties in moment resistance. The moment
capacity of reinforced concrete elements that fail
through yielding of the tension reinforcement is ex
pressed as:

(A-40)

(A-41)

Pe(t) 1
K L = pmr = 2

and

For the equivalent system, (SE)e = ReYe' since yc = Ye

R Ll8
2YcIL

(A-42)

where
Cc P + Ts - Cs

Ts Asfy

Cs A~ [Cfy - k3f~]

The constants k3 and 1")(= k2/k1k 3) depend on the
assumed concrete stress block distribution with k 3 ~

0.S5, 1") ~ 0.59, and

(A-43)
(A-45)

(A-47)

The resistance factor for the plastic range is 1/2, com
pared to 16/25 for the elastic (eq. A-3S).

d. Comparison with exact solutions. The equivalent
SDOF described above is approximate because of two
assumptions: (1) the static deflection shape is used in
stead of the modal shape, and (2) higher modes are
neglected. Exact solutions for undamped elastic
systems were compared with solutions by the approx
imation method; figure A-7 reproduced from CaE
(1957) shows the maximum possible errors in usint
an equivalent SDOF system. The loading in this case
is triangular with time. It is seen that the exact solu
tion gives higher values for shear at the supports',
mid-span moments, and mid-span deflections. In
figure A-S a similar comparison is made for a fixed
end beam under a uniform triangular load. The errors
in maximum moments and shears are known in this
example. The equivalent SDOF model gives results
on the unconservative side. Unless such explicit com
parisons are made between models and exact solu
tions, the designer should allow for errors in

Other symbols are conventional ACI notation. The
COY of Mu is obtained from the variations of its com
ponent variables using the methods described in
paragraph A-4 above. Figure A-9 gives the uncer
tainties in M u for three sets of conditions (Gallo-Ang,
1976). In the figures, eand e' are the mean values
of Aibd and A~lbd, respectively. P and Pa are the
mean values of the axial load and the balanced axial
load.

c. Uncertainties in shear resistance. Consider the
possibility that shear failure will occur before the
ultimate moment capacity ofthe member is exceeded.
The shear capacity is

(A-46)

where V c is the shear carried by the concrete and Vs
is the shear carried by the transverse reinforcement.
Using ACI notation

d
V u = Vc bd + s Ayfy

A-ll
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where

v, ~ 1.9V£f+ 25
00

0 M - ~i-})

~ 3.5"Vf; /1 + 0.002~
" bh

(A-48)

(A-49)

[(
19V1?]2 -

Q y = -J- . c Q~, + (2500 e(~ )d.)2
c v c 2 C Mm

]

1/2

(Qi + Q~ + Q~1M )
s m

when equation A-48 governs, and as

(A-50)

is an expression for the shear cracking stress in con
crete. The COV for VC is given (Gallo-Ang, 1976) as

Q = ~ [Q2 + { 0.002PIDh } 2 (Q2 + Q2 + Q2)]1I2
YC 2 f~ 1 + 0.002PlOh P b h

(a) Elastic range

p (t) p(t)L

R
• me

t L/2

(b) Plastic range
P (t)

e

p(t) = p(t}L

Load Mass Load-Mass Maximum Spring Dynamic
Strain Factor Factor Factor Resistance Constant Reaction
Range K

L ~ KLM
R k Vm

S.S. Beam

Elastic 0.64 0.50 0.78 8~ 384EI 0.39 R + O.llP
Range L 0
Plastic 0.50 0.33 0.66 8Mp 0 0.38 R + 0.12P
Range L

m

Fixed-End
Beam--
Elastic 0.53 0.41 0.77

12Mps 384EI 0.36 R + 0.14P
Range -L- ~

Elasto- 0.64 0.50 0.78 8 384EI
rCMps+Mpm) 0 0.39 R + O.llP

Plastic
Range

Plastic 0.50 0.33 0.66
8 .

0 0.38 RrC~lp s +Mpm) + O. 12P
Range m

A-12
Figure A-6. Two Examples of Dynamic Design Factors for Equivalent SDOF Systems (COE, 1957).
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when

Vc = 3.5~ 11 + 0.002 ~
\j bh

Q2 Q2 + [ r
s
r: 1 r[Q2 + (1 - C)Q~]V

U
d Vc

+ [ rs ~ 1 r[Q2 + Q2 + Q2 ]
s Ay fy

(A-53)

Figure A-I0 gives the COV for V c and Vu' The total
COV of Vu is given as a function of r s ' where

vcbo
r = (A-52)

s a __
~AJy
s

in which s is stirrup spacing. Figure A-I0c is based
on the expression

where

(
3.8.y:r;V

C

f~)c = 2 - or
0.002Plbh

1 + 0.002Plbh

depending on whether equation A-48 or A-49 is used
to calculate vC' The bias and prediction error
associated with evaluation of vc and Vu are given in
Gallo-Ang (1976). For vc' a bias factor of 0.96 to 1.29,
depending on the amount of reinforcement and the
axial load, is specified. The uncertainty due to predic
tion error is estimated to be about 16%. For the total
shear capacity, vu ' the bias factor and the prediction
error are estimated to be 1.14 and 16% for p=O, and
1.23 and 11% for P>O, respectively.

d. Uncertainties in stiffness. The stiffness EI of a
beam at yield is given by

My
EI = - (A-54)

~y

where ~y is the curvature at yield. Test data from ex
periments performed by a large number of in
vestigators are summarized in table A-3 (Gallo-Ang,
1976), giving the prediction uncertainty. In addition
to the prediction uncertainty I1x (tabulated values),
the coefficient of variation, dx ' of EI must also be
known. This is estimated to be about 0.20 for most
reinforced concrete members. The COV is stiffness,
therefore, for the first set of tests given in table A-3 is

QE1 = ~(0.20)2 + (0.20)2 = 0.28 (A-55)

1. 24 r----.r--...,.....---r----,---r--r...,.....--_r_-...,.....---...,---...,.....-~.,.........,....._r_""T""'""'1

V)
1. 20

UJ
=>
-J« SHEAR RATIO AT THE SUPPORTS:> z
~

0 1. 16
=> z: I-~ 0 =>
x - .-oJ

« I- 0
~ => V)

...J
UJ 0 UJ 1. 12l- V) I-«=> I- ~.-oJ
0 U, -
V) «, x
co x' 0
« UJ a::

a.. 1. 08..... a..
0 «
0 MOMENT RATIO AT HID-SPAN
I-«

1. 04a::

DEFLECTION RATIO AT MID-SPAN
1. 00

0.3 0.4 0.6 0.8 2 3 4 6 8 10
DURATION OF LOAD T

PERIOD OF FUNDAMENTAL MODE' T
n

Figure A-7. Maximum Possible Errors in Using an Equivalent SDOF System. Simply Supported Beam Subjected to a Linearly Decaying
Uniform Load. (COE, 1957)
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1.4
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...J
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0
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X I-- 0
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~ ...J
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LiJ V) I--
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Figure A-B. Maximum Possible Errors in Using an Equivalent SDOF System. Fixed-End Beam Subjected to a Linearly Decaying Uniform
Load.

(A-56)

Figure A-ll gives Cays in stiffness for symmetri
cally reinforced columns.

e. Uncertainties in beam-column interaction. Ell
ingwood (977) has investigated the uncertainties in
the estimate of the resistance of a reinforced concrete
beam column. Resistance at fixed eccentricity is given
by

( )
2]112

R = p2+(~

if thrust and moment increase in proportion until the
ulti~ate strength is reached. For this case M = Pe
where e is the eccentricity, and elh is the eccentricity
ratio (h = depth of beam). In addition to the uncer
tainties of material properties, dimensions, and
analysis assumptions discussed earlier, Ellingwood
has concluded that good concrete quality control ap
pears essential when elh is small. At large elh, bar
placement is the key parameter.

A-9. Tolerance in reinforced concrete
construction

a Tight tolerances increase construction costs; loose
or no tolerances can adversely affect structure func
tion and/or safety. Tolerances actually obtained in
concrete construction are much larger than commonly
expected (Birkeland et al., 1971). In hardened
reinforced-concrete structures, where heavier steel
reinforcement is used, specified construction

A-14

tolerances are more difficult to achieve, unless con·
struction control is very meticulously exercised.
Designers and constructors should arrive at a mutual
understanding of how tolerances should be considered
in design, controlled during construction, or enforc
ed by inspection.

b. As guidelines for dimensional tolerances con
sider the following:

(1) Recognize that published specifications for
concrete tolerances will probably be difficult to
achieve. Tolerances that the constructor considers
unusually severe or unrealistic will increase the con
struction cost with no guarantee that they will be
achieved. Assume that a realistic tolerance for most
concrete dimensions on surfaces is ±1 in.

(2) Select design concepts that will accommodate
realistically obtainable tolerances. Consider the im
pact on design if the specified tolerances are not met
and how these out-of-specification variations can be
accommodated.

(3) Scale the drawings so that the constructor can
easily identify critical dimensions and the inspector
can measure them directly.

(4) Select construction concepts that will directly
control critical dimensions.

c. As guidelines for placement of reinforcing bars
consider the following:

0) Bar placement errors in concrete columns can
result in excessive concrete cover over the exterior



bars, which causes decreased column capacities,
especially for high eccentricities of loading (Drysdale,
1975). Calculations based on actual location of column
reinforcing in more than 230 existing columns in
dicated strength reductions of greater than 15% in
some instances, with a mean reduction of 5 percent
(a bias factor of 0.95) and a coefficient of variation of
3 percent.

(2) Mean ultimate bending capacity may be
reduced. The combined effect of variability in bar
placement and beam dimensions was statistically
evaluated for more than 250 cast-in-place reinforced

TM-5-858-3

concrete beams and joints (Connolly and Brown, 1976)
showing a mean reduction of 4% in ultimate beding
moment capacity (a bias factor of 0.96).

d. In selection of tolerances, a cost-effectiveness
evaluation will show for each case if the use of larger
uncertainties in design will be more economical than
adherence to stricter tolerances in order to reduce the
design uncertainties. Sensitivity studies will be re
quired. Uncertainties in tolerances should be
estimated and their effect included in the design
process.

A-15
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(a) Symmetrically reinforced beam
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(b) Doubly reinforced beam
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(c) Symmetrically reinforced column

Figure A-9. Coefficients of Variation in Flexural Capacity f
c

=' 4.7 ksi, f
y

=' 47.7 ksi (GalhrAng, 1976)
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Figure A-10. Coefficients of Variations for Shear, Vc and V
u

(GallfrAng, 1976)
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Table A-3. Imperfection in the Estimation of Stiffness, EI (Gallo-Ang, 1976)

A-18

Prediction

Nwnber of Bias, COY,

Tests NX
!J.X

Beams with Concentrated Loads

31 0.79 0.20

40 0.64 0.20

19 0.79 0.15

17 0.81 0.04

12 0.93 0.14

119 0.76 0.21

Beams with Uniform Load

30 1. 08 0.11

90 1.05 0.14
/

1.02 0.22
(with top
reinforcement)

107 < 0.12

0.95
(without top
reinforcement)
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Figure A-Ii. Coefficient of Variation of Stiffness EI; (Gallo, 1976) f
c

= 4.7 ksi, fy = 47.7 ksi
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APPENDIX B
FINITE ELEMENT METHOD OF STRUCTURAL ANALYSIS

The above equations can be arranged in matrix form
as

o
o
o

1

o
o
o

1

1 0 0
f 21 1 0

[L] = f 31 f 32 1

enl f n2 f n3

and

d1 0 0
0 d2 0

[DJ = 0 0 d3

0 0 0

and therefore

1 f 21 f 31
0 1 f 32

[L]T = 0 0 1

0 0 0
(B-2)

(B-1)

+ a1nxn = b1
+ a2nxn = b2

. a

1n][X1

] ~b1]. a2n x2 b2
. . .
. . -=.
" .

ann xn bn

anx1 + a12x2 +
a21 Xl + a22x2 +

B-1. Solution of simultaneous equations

Computer analysis of structures usually leads to the
solution of a set of linear simultaneous equations.
Numerous methods are available for the solution of
these equations. One method that is used in most com
puter programs for structural analysis will be dis
cussed below. This method is usually called Choleski
matrix decomposition technique (Rubenstein, 1966).
A system ofn linear simultaneous equations may be
written in the general form

[

an a12 .
a21 a22 .

an 1 an2

or simply
The elements of matrices [L] and [D] to satisfy equa
tion B-5 can be obtained from the following relations

[A][X] = [B]

In almost all structural problems, the resulting
simultaneous equations are such that the coefficient
matrix [A] is symmetric and nonsingular. Thus, inA]
is symmetric and nonsingular, it can be expressed as
the product of a lower triangular matrix [L], a
diagonal matrix [D], and an upper triangular matrix
[U], so that

j-1
d· = a .. = L d f2 j = 1,2, ... n

J JJ m-1 m Jm

j-1
f .. = a·· = L f. d f. /d·

lJ lJ m-1 1m m Jm J

i = j + 1, ... n, j = 1,2, ... n
(B-6)

[A] = [L][DJ[U] (B-3) Using the above decomposition of [AJ, the
simultaneous equations B-5 can be written as

In addition, the matrices [L] and [U] are such that one
is the transpose of the other. [L][D][L]T[X] = [B] (B-7)

[L] = [U]T (B-4) Now, defining

Therefore, [A] can be written as the product of [Z] = [DJ[L]T[X] (B-8)

[A] = [L][D][L]T (B-5) equation B-7 can be written as

where [L][Z] = [B] (B-9)

B-1
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Thus, it is seen that the solution for [X] is obtained
in two steps; first solving equation B-9 (forward
reduction) and the equation B-8 (back substitution).
The elements of [Z] and [X] are given by

B-2. Force and displacement methods of
structural analysis

Methods of matrix structural analysis can be divided
into two categories, depending upon the nature of the
unknowns used in the formulation of the problem.
These methods usually are identified as force and
displacement methods. In the force method, forces in
the structural system are treated as unknowns, while
in the displacement method, displacements are
treated as unknowns. In principle, both of these
methods yield the same solution, since both are based
on the principle of structural mechanics. The force
method is also known as the flexibility-matrix
method. As mentioned before, the forces are selected
as unknown in this method. A sufficient number of
equations to solve for the unknowns are obtained us
ing the equilibrium and compatibility conditions of
the structural system. For statically determinate
structural systems, the necessary equations are
derived from the equilibrium conditions only. For the
statically indeterminate systems, both the
equilibrium and compatiblity conditions provide suf
ficient number of equations for the solution. The con
ventional structural analysis methods for solving
statically indeterminate structures such as virtual
work, elastic center, and column analogy fall into this
category. The displacement method is also known as
the stiffness-matrix method. (Recommended textbooks
are: Desai and Abel, 1972; Przemieniecki, 1968;
Rubenstein, 1966; and Zienkiewicz, 1971.) In this
method, the displacements of the nodes or joints are
used as primary unknowns. The unknown displace
ments are computed by the solution of a system of
linear equations obtained from the equilibrium con
ditions at the nodes. Since there are always as many
equilibrium equations as the unknowns, no distinc
tion is made between statically determinate and in
determinate systems by this method. The conven
tional structural analysis methods for solving
statically indeterminate structures, such as slope
deflection or moment distribution are based on the

B-2

(B-13)

(B-14)

[p] = [k][u]

[ Pl]=[kll kl2] [ul]
P2 k2l k22 u2

or simply

where kij , the element of the stiffness matrix [k], is
defined as equal to the force p. when u· = 1 and all

I J
other ue's are taken as zeros. Thus, kll for example
can be obtained by considering the bar to be fixed at
joint 2 and determining the force Pl at joint 1
necessary to displace the joint 1 by one unit (ul = 1).
If E, A and f represent respectively the Young's
modulus ofthe material, the cross-sectional area and
the length of the truss member, kll and k2l can be
obtained with reference to figure B-2a as follows. The
constant axial stress in the bar is given by

displacement method. Almost all of the general pur
pose computer programs for structural analysis that
are currently being used are based on the stiffness
matrix approach. This is because for complex struc
tures the generalization of the matrix operations
becomes simpler with the stiffness method. Therefore,
the force method will not be presented here and the
reader is referred to available textbooks which treat
matrix structural analysis. (Laursen, 1966; Martin,
1966; Przemieniecki, 1968; Rubenstein, 1966; Ural,
1971 and 1973; Wang, 1966.)

B-3. Stiffness properties of structural
elements

a. Basic matrix. An important step in the stiffness
matrix method of structural analysis is the computa
tion of the stiffness characteristics of the individual
structural elements into which the structure is
idealized for the purpose of the analysis. The stiffness
matrix of a structural element as used in the matrix
displacement method expresses a relationship be
tween the forces and displacements in the element.
Thus, the stiffness matrix is a basic and inherent
property of the element and is based on the geometry
and material properties of the element. In the follow
ing sections, the stiffness matrices for beam and truss
elements will be derived in a form suitable for the use
in the matrix stiffness method of structural analysis.

b. Stiffness matrix of a truss element. Figure B-1
shows a typical uniform truss element (or pin-jointed
bar). The displacements in the bar are assumed to be
completely described by the axial displacements ul
and u2 of its two ends, joints 1 and 2. The force
distribution in the element is described by the axial
forces Pl and P2 as shown at joints 1 and 2. The stiff.
ness matrix [k] of the bar relates the joint
displacements with the joint forces. Thus,

(B-I0)

(8-11)

i-I
zi = bi - L f im zm

m=1

and finally
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u.S. Army Corps of Engineers
Figure B-1. Uniform Truss Element

x

t P2 = k22

CD u2-,.--

x

CDtPl=k12

(b) Computation of kl2 and k 22

• u 1 = 1

--I_..L...-_ LJ I CD
jP1=k 11

(a) Computation of k ll and k2I

U.S. Army Corps of Engineers
Figure B-2. Bar Configurations for Computation of Stiffness Matrix Terms

and the constant strain is given by

(B-15) Therefore, by definition, kll = PI when til = 1

Therefore, the total displacement at joint 1 is given by k n = AE/£ (B-17)

(B-16) The equilibrium of forces requires that

or (B-18)

B-3
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Similarly, from figure B-2b k12 and k22 can be ob
tained as

Therefore, the force displacement relationship for the
element can be written as

and the complete stiffness matrix of the truss element
is given by

[

1 -lJ[k] = ~E (B-21)

-1 1

The element stiffness for the bar is derived here us
ing only the elementary principles of strength of
materials and basic definitions of the stiffness matrix.
The reader is referred to textbooks (Przemieniecki,
1968; Desai-Abel, 1972; Weaver, 1967) on the finite
element method or matrix structural analysis for a
formal and more complete derivation of the stiffness
matrix.

PI kn k12 k l3 k l 12 UI
P2 k21 k22 k 23 k2 12 U2
P3 k 31 k32 k 33 k3 12 U3

P12 k 121 k 122 k 123 k l212 U12 (B-22)

or

[p] = [k][u]

c. Stiffness matrix of a beam element. Figure B-3
shows a typical three-dimensional beam element. The
beam element between the nodes is assumed to be
straight and of uniform cross section. The beam is
capable of resisting axial forces, bending moments
about the two principal axes in the plane of its cross
section, and twisting moments (torques) about its cen
troidal axis. The forces PI ... P6 act at joint 1 while
the forces P7 ... P12 act at joint 2. Of these forces PI
and P7 are axial forces; P2' P3' Pa, and Pg are shear
ing forces; Ps, P6' Pn' and Pl2 are bending moments;
and P4 and PlO are twisting moments. Each of the
twelve loads is associated with a corresponding
displacement denoted by ul ... u12' The positive
directions of the forces and displacements are shown
in figure B-3. The force-displacement relation for the
beam can be written as

(B-20)

(B-19)
k 12 = -AElf
k22 = AE/f

r1J- ~E[1-lJr1J
~2 -1 1 ~2

Ps Us
U

P11 11 P7 u7
PlO u10

P9 u
9

P12 u
12

CENTROIDAL AXIS

COORDINATE SYSTEM

u.s. Army Corps of Engineers

Figure B-3. Uniform Beam Element
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It is seen that the stiffness matrix for the beam is of
the order 12 X 12. Since k ij is defined as equal to the
force Pi when Uj takes a unit value and all other ue's
are zeros, they can be computed similar to the case
for a truss element. It should be noted however that
by the principle of energy conservation, the stiffness
matrix k must be symmetric; also, it can be seen that
from the engineering theory of bending and torsion,
several terms in [kl become zero. As shown in the
following, of the 144 terms in [kl, only twenty terms
are nonzero and independent. The nonzero terms of
the stiffness matrix are computed as follows.

d. Axial deformations. From the engineering theory
of bending and torsion of a simple beam, it is seen
that the axial deformations are independent of the
other deformations. Therefore, the stiffness elements

methods (such as Slope Deflection or Moment
Distribution, AISC, 1970), that

k2 2
12 EIz

P2 ---
£3

k6 2
6 EIz

P6 ---
£2

ks 2
12 EIz

Ps - ----
£3

k12 2
6 EIz

(B-25)P12 =--
£2

ki4 = 0 ~
O

except i =4 and 10, j = 4 and 10 (B-24)k10j =

The nonzero stiffness elements k ll and k71 can be
evaluated from figure B-4a, similar to the computa
tions shown in b above. Thus, k ll = AE/f and k71 =
-AE/f, where A, E, and f represent respectively the
constant cross-sectional area, Young's modulus of the
material, and the length of the beam. Similarly, from
figure B-4a, k77 = AE/£.

e. Twisting deformations. Similar to the axial defor
mations of beam, the twisting deformations are in
dependent of all other deformations. Therefore, the
stiffness terms associated with twisting of a beam are

where Iz is the moment of inertia of the cross section
of the beam associated with the bending in the xy
plane (about z axis) (Oden, 1967). If the effect of
shearing strains on deflection are included, the stiff
ness coefficients in equation B-25 modify as follows
(Przenieniecki, 1968);

(B-26)

12 EIz

(l + 4>y) £3

6 EIzk 122 = -----
(1 + 4>y) £2

and 4> = 12 EIz
y G A £2

sy

kS 2

(B-23)
k 1 = 0 ~
k~j = 0 ~ except i = 1 and 7, j = 1 and 7

where Asy represents the effective cross-sectional
area of the beam in shear. It should be noted here that
if the effects of shearing strains are neglected, 4>y is
taken as zero. Shearing deformations are not signifi
cant for slender beams and hence can be neglected.
however, for deep beams (e;d~5) or for beams with
large radius of gyration compared to length (£ 1r~20),
the effects of shear strains on the total deformations
may be significant. Similarly, from figure B-5a or
from the condition of symmetry

6 EIzk 12 S = - k6 2 = - -----
(l + 4>y) £2

On the basis of the engineering theory of torsion of
a beam and the definitions of stiffness elements k44 ,

k lO 4' and k lO 10 are calculated as follows. From
figure B-4b, the total twist of the free end of the beam
is unity. Therefore, the twist per unit length is given
by 1If. Therefore, the total twist at joint 1 is given
by k4 4 = P4 = GJIf where GJ is the torsional stiff
ness of the beam cross section and GJ represents the
shear modulus of the material of the beam (Oden,
1967). From the equilibrium condition k lO 4 = PI0 =
-P4 = -GJ/f. Similarly, from figure B-4b, k lO 10 =
PlO = GJ

£
f Shear and bending deformations in x-y plane.

Figure B-5a shows the necessary configuration for
computing the terms, k22 , k62 , kS2 and k12 2' Neglec
ting the effect of shearing strains on deflections, it
can be shown using elementary structural analysis

kS S
12 EIz

(1 + 4» £3

(B-27)
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l-J
u

7
= 1 I I

--r-- I I

x x

-L Lz L~U = 1 I II L.J U = 0
1tPI =

k
11 tPI =k 17

DETERMINATION OF DETERMINATION OF k77
k

U
AND k71

(a) AXIAL STIFFNESS TERMS

r10
• k

104

u
IO

= 0

k I 0 10

= I

/GJ

DETERMINATION OF
k 44 AND k lO 4

x

Lz
'P4 "4 = 0

DETERMINATION OF k10lO

(b) Torsional stiffness terms

u.s. Army Corps of Engineers
Figure B-4. Beam Configurations for Computation of Axial and Torsional Terms in Stiffness Matrix
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DETERNINATION OF
kSS AND k12 S
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(a) Bending and shear terrns--x-y plane

DETERMINATION Of k33.
kS3 ' kS3 ' AND kll 3

-I
~k fP

3=k311 fP9'k911

Ps 511 u3 = Us ~ 0 ')

C~Pll=kllllLx Ull~ U9 = 0

DETERMINATION OF k11

(b) Bending and shear terms--x-z plane

u.s. Army Corps of Engineers

Figure B-5. Beam Configurations for Computation of Beam Bending and Shear Terms in Stiffness Matrix
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12 Ely

(B-30)

(1 + Q>z) £2

(4 + Q>z) Ely

(1 + Q>z) £

6 Ely

(1 + Q>z) £2

(2 - Q>z) Ely

(1 + Q>z) £

(4 + Q>z) Ely

£(l + Q>z)

6 Ely

and

kgg

where Asz represents the effective cross-sectional area
of the beam in ~hero: in the zx plane and ly represents
the moment ofmertIa of the cross-section of the beam
associated with the bending in the zx plane (about y
axis). As before, if the effects of shearing strains on
the deformations are neglected, Q>z should be taken
as zero.

h. Complete element stiffness matrix. From the com
putations of the individual stiffness coefficients of a
beam element, the complete relationsip between the

(B-28)

(8-29)

k6 6 P6
= (4 + Q>y) Elz

(1 + Q>y) £

ks 6
6 Elz

Ps - -
(1 + Q>y) £2

k12 6 P12
= (2 - Q>y) Elz

(1 + Q>y) £

Similarly,

(4 + Q>y) Elz
k 2 - ---<----

1 12 - (1 + Q>y) £

g. Shear and bending deformations in x-z plane.
The stiffness coefficients associated with the shear
and bending deformations in the x-z plane; ua, us' Ug

and un, can be derived on the basis of previous
results in f above. It should be noted, however, that
the sign convention shown in figure B-3 assigns dif
ferent positive directions for the bending moments in
the yx and zx planes. These differences are illustrated
in figure B-6, which shows that the positive direction
of the bending moments Ps and P n is opposite to
those ofP6 and P12. Figure B-5b illustrates the con
figurations necessary for computation of the stiffness
coefficients in the zx plane. From a comparison of
figures B-5a and B-5b together with the sign conven
tions shown in figure B-6, it is seen that the stiffness
coefficients including the effects of shearing strains
become

The stiffness coefficients associated with the rotations
u6 and u12 are computed from figure B-5a. Including
the effect of shearing strains on beam deflection, the
stiffness coefficients can be written as

U.S. Army Corps of Engineers

Figure B-6. Positive Directions of Shear Forces and Bending Moments
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element forces and their corresponding displacements
may be expressed as

AE
PI -- Ul

£

0
12 l.IJz

u2P2 ---
£3

P3 0 0
124>y

U3
£3

0 0 0
GJ

P4 -- U4
£

_ 6l.1Jy (4 + 4>z) lpy SYMMETRIC

P5 0 0 0 U5
£2 £

0
6l.1Jz

0 0 0
(4 + 4>y) l.IJz

U6P6 £2 £

-AE
0 0 0 0 0

AE
P7 -- - U7

£ £

0
-12 l.IJz 0 0 0 0 0

12 l.IJz
Ps --- Us

£3 £3

0 0
12 lpz

0
6 lpy

0 0 0
23l.1Jy

pg --- Ug
£3 £2 £3

0 0 0
GJ

0 0 0 0 0
GJ

PlO -- - 10£ £

P11 0 0
_ 6l.1Jy 0

(2 - 4>z) l.IJy 0 0 0
Gl.IJy

0
(4 + 4>z) l.IJy

£3 £ £2 £ 11

0
6 l.IJz 0 0 0

(2 - 4>y) lpz
0

6 l.IJz 0 0 0
(4 + 4» l.IJz

P12 ---
£2 £ £2 £

Ely
and l.IJz =

Elz (B-31)lpy =
(1 + 4>z) (1 + 4>y)

8-4. Finite element method in structural
mechanics

a. Introduction. The finite element method is essen
tially a generalization of matrix structural analysis
methods to solve problems in continuum mechanics.
The range of problems that may be solved by this
method may include two-dimensional plane stress or
strain distributions, plates, shells, axisymmetric
solids, and three-dimensional solids. The basic con
cept of the finite element method is the idealization
of a continuum by a structural system composed of
a finite number of discrete elements. Such a struc
tural system can then be solved using the matrix
methods of structural analysis. As discussed in
paragraph B-2, there are two matrix methods for

structural analysis, namely, the force method and the
displacement method. These two methods along with
their advantages and disadvantages are also ap
plicable to the finite element method. However, the
current usage is essentially restricted to the displace
ment finite element method in which the
displacements of the joints are treated as unknowns
of the problem. Thus, the finite element method
hereafter refers to only the displacement method. The
interested reader may refer to numerous textbooks
and technical papers on the subject for a review of the
historical development and a comprehensive back
ground of the finite element method: Przemieniecki,
1968; Ural, 1973; Desai-Abel, 1972; Clough, 1965;
Zienkiewicz, 1971; Argyris, 1968.

8-9



TM-5-858-3

Since each node is associated with two displacement
components (DOF)

(B-34)

(B-35)

{ d}

or

{

u(x,y)l
{ <V} = = [AJ{ d}

v(x,y)

where u(x,y) and v(x,y) describe the displacements in
X and Y directions at any interior point of the ele
ment and [ A(x,y) 1 represents a matrix whose
elements are the assumed shape functions of the
element.

where urn and vm are the displacements at node m
in X and Y directions. When equation B-33 is
substituted into equation B-45, a complete nodal
displacement matrix is generated. For the example,
this matrix becomes

e. Displacement functions. To describe the internal
behavior of the elements, general displacement ex
pressions (also called shape functions) as functions of
nodal displacements are assumed. This is an approx
imation on the actual behavior of the element. The
assumptions of displacement variations should be con
sistent with theory. In the example, the displacement
functions are written as

(B-32)

(B-33)m = 1,2,3

b. General formulation. To describe the general
steps necessary in the mathematical formulation of
the displacement finite element method, a rec
tangular plate under tension as shown in figure B-7
is selected as an example. The plate located in XY
plane is divided into triangular (finite) elements. The
state of stress in the plate is called plane stress. It
is recognized that the nature of the problem requires
only two degrees offreedom (DOF) per node, namely
the displacements in the X and Y directions.

c. Discretization. The basic step in the finite ele
ment analysis is the idealization of the structure by
an assembly of finite elements whose elastic proper
ties can be obtained. In the example selected, the
structure is divided into a sufficient number of
triangular elements connected at the nodes only. The
elements and nodes are usually numbered con
secutively. Let Nand M denote respectively the total
number of nodes and total number of elements in the
structure.

d. Nodal displacements. For a typical finite ele
ment, e, defined by corner nodes 1, 2, and 3, the
unknown displacements of the nodes are

y

.. ..

.. •

.......- ..

.....- ~

4-- •
..- ..
~ ..

u.s. Army Corps of Engineers
x

Figure B-7. Tw~DimensionalPlate Under Pure Tension
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where {o} is the stress matrix and [D] is the elasti
city matrix for the material. For the example problem
the [D] matrix from the usual isotropic stress-strain
relationship is given by

g. Stress displacement relation. With the strains
known at any point within the element, the stresses
(or forces and moments for some type of elements) in
the element may be calculated. Thus

where the integral is taken over the volume of the
element. If the stress distribution is uniform, i.e., if
the [B) matrix is not dependent on the coordinates,
the element stiffness matrix is given by

in which {E} is the strain matrix (vector) at any point
within the element and [B] is a matrix that is obtained
from [A] by appropriate differentiation. For the ex
ample problem, the strains are (Zienkiewicz, 1971)

(B-42)

(B-41)

(B-43)

(B-44)

M
[K] 2 [k]e

e=l

where V is the volume of the element.

[k]e = [B]T[D][B]N

[KJ{ U} = {F}

and the force-displacement relationship for the whole
structure becomes

i. Global stiffness matrix. Having computed ele
ment stiffness matrices for all the individual
elements, the global stiffness matrix [K] which ex
presses relationship between all the nodal
displacements and forces is obtained. The global stiff
ness matrix is assembled by summing up all the ele
ment stiffness matrices. Thus

when {U} contains displacements of all the nodes and
{F} contains all the nodal forces. If the loads are
distributed on the structure, they are appropriately
lumped at the nodes.

j. Displacements and stresses. Since the nodal forces
{F} are given, equation B-43 forms a set of
simultaneous equations in which {U} are the
unknowns. These equations are usually solved in
most finite element computer programs using the
Choleski decomposition method described in matrix
algebra textbooks. Finally, knowing the nodal
displacements, the stresses in individual elements are
computed using equation B-38 for each element.

k. Local and global coordinate systems. The stiff
ness properties of trusses and beams derived in
paragraphs B-3b and c above, are in terms of coor
dinate systems naturally associated with the
members. These are referred to as the local coordinate
systems. In order to sum the individual element stiff
ness properties as in equation B-42 to form the global
stiffness matrix a common coordinate system must
be established. The common coordinate system is
referred to as the Global Coordinate System. Before
the summation of the element stiffnesses are taken
place, the element stiffness matrices expressed in
terms of the local coordinate system must be express
ed or transformed into the global coordinate system
so that all the displacements and forces will be refer
red to a common system. Let [k] and {U} represent
respectively the element stiffness matrix and element
displacements in a local system and [k] and {'iJ } repre
sent the corresponding quantities in a global system.
The relationship between {U} and { 'iJ} can be ex
pressed as

{U} = [RJ{ U}

(B-36)

(B-37)

(B-38)

(B-40)

(B-39)

o
o

(l - v)

2

1 v

v 1

o 0

E

1 -v2

{E} = [B]{ d}

EX au
ax

{E} Ey av
ay

Yxy au + avay ax

[k]e =f [B]T[D][B]dv
V

f Strain-displacement relation. Having computed
the displacement distribution within the element, the
strain components at any point can be computed in
terms of the nodal displacements, {d} . The strain
displacement relations can be written as

{o} = ~ :; ( = [DJ{ E }l TXY)

[D)

where E is the Young's modulus and v is the Poisson's
ratio of the material of the plate.

h. The element stiffness matrix. With the strain
displacement and stress-displacement matrices com
puted, the next step is to compute the element stiff
ness matrix which expresses the force-displacement
relationship for the element. The derivation of the ele
ment stiffness matrix [k] by using the virtual work
principle (Zienkiewicz, 1971) gives
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where [Rj is a transformation matrix whose coeffi
cients are obtained by resolving the global
displacements in the directions of local coordinates.
The elements of [Rj are obtained from the direction
cosines of angles between the local and globl systems
(Przemieniecki, 1968). By considering the virtual
work quantity in both the local and global systems,
it can be shown that (Przemieniecki, 1968)

By comparing equations B-44 and B-47, the transfor
mation matrix can be written as

(B-47)
sin 8 0

o cos 8

or

(B-45)[kj = [RjT[k][Rj

Ul iiI cos 8 + vI sin 8
Uz Uz cos 8 + Vz sin 8

The global displacements iiI' VI' iiz, and Vz can be
resolved into the local components ul and Uz as
follows:

Consider as an example, a two-dimensional truss ele
ment as shown in figureB-8 with the indicated local
and global coordinate systems. The element stiffness
matrix of order 2 x 2 in the local system can be writ
ten from equation B-21 as

(B-49)

(B-48)

[Ii] = AE[~~~: ~ ]~l -l~ ~os Ii sin Ii 0 0 ]
LOcos Ii -1 1 0 0 cos Ii sin Ii

o sin Ii

[

COS
2

Ii cos Ii sin Ii -cos2 Ii -cos Ii sin Ii]
cos Ii sin Ii sin2 Ii -cos Ii sin Ii -sin2 Ii

= AE -cos2 Ii -cos Ii sin Ii cos2 Ii cos Ii sin Ii
L -cos Ii sin Ii -sin2 Ii cos Ii sin Ii sin2 Ii

[

COS 8 sin 8 0 0]
[RJ = o 0 cos 8 sin 8

The element stiffness matrix in global system is of
order 4 x 4 (associated with Ul' vI' uz, and vz) and
is given from equation B-45 as

(B-46)[1-lJ[kJ = AE

L -1 1

Y

SYSTEM

-
y v,

~J 8

•u,--L
.#

/' u1
.,/

X
GLOBAL COORDINATE SYSTEM

u.s. Army Corps of Engineers

Figure 8-8. Local and Global Coordinate Systems for a Plane Truss Element
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8-5. Finite elements

a. SAP. There are numerous types of finite elements
in use for solving continuum and structural
mechanics problems. The following is a brief descrip
tion of the elements available in SAP (Wilson, 1970).

b. Three-dimensional truss element. The truss ele
ment is the conventional space truss member than
can resist compression or tension along its axis. The
truss member is subject to three translations at each
end of the member as shown in figure B-9, which also
shows the local and global coordinate systems. The
global coordinate axes are denoted by X, Y, and Z,
and the local coordinates by Xl' x2' and x3' The coor
dinate axis Xl coincides with the line joining the end
nodes of the element. The axes x2 and x3are arbi
trary. The member stiffness matrix is of order 6 X 6.
The material and geometrical properties are defined
by the Young's modulus, the mass density, the cross
sectional area, the coefficient of thermal expansion,
and the weight per unit length of the element. A
uniform temperature change and inertia loads in
three directions can be considered as the basic ele
ment loads. Axial forces and stresses may be com
puted. Tensile forces are considered positive.

c. Three-dimensional beam element. The three
dimensional beam element is a straight, prismatic

Y

'2 \t"ly,P1 Y

p'i~:3 · "lx,Pl
x

u 1z ' Pl z

TM-5-858-3

member and is subject to three translations and three
rotations at each end. The generalized forces and the
generalized displacements associated with the six
degrees of freedom (DOF) at each end are shown in
in figure B-10, which also shows the local and global
coordinate systems. The local coordinate axis Xl
coincides with the line joining the end nodes of the
element. The x2-axis is selected so that it is normal
to the xl-axis. Finally, the x3 axis is chosen to be
normal to Xl and x2 axes to form a right-handed
system. The geometrical properties of the beam ele
ment are specified by an axial and two shear areas,
and three principal moments of inertia, two associated
with bending and one with torsion. The Young's
modulus, Poisson's ratio, and mass density are re
quired to define the material properties of the beam
element. The element stiffness matrix is of the order
12 x 12 and is obtained from the classical beam
theory including the effects ofthe shear deformations.
A provision for the member and boundary conditions
accounts for hinges and other releases. The element
loads consist of inertial loading (i.e., gravity) in three
directions and specified fixed end forces. Forces (one
axial and two shears) and moments (one torsional and
two bending) are calculated in the beam local coor
dinate system.

U P -
P i 2,' ~l

2y .~P2 LOCAL COORDINATE

~ u2x ' P2x SYSTEM

GLOBAL COORDINATE
SYSTEM

r-------------L--~ X

z

u.s. Army Corps of Engineers

Figure B-9. Three-Dimensional Truss Element
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z

(SHEAR) V3j ~ xl
v2 m /~

'( m f /1 TORQUE LOCAL
~ 3 v 1

m2~ L AXIAL

CD

~GLOBAL COORDINATES

}---------.:........----1~ Y

COORDINATES

x
u.s. Army Corps of Engineers

Figure B-IO. Three-Dimensional Beam Element

d. Plane stress and plane strain element. The plane
stress and plane strain finite elements (membrane
elements) are useful in representing an elastic con
tinuum that is subjected to in-plane forces only. The
quadrilateral is the basic membrane. While
triangular elements are available, they are not recom
mended for general use. The general quadrilateral
has twelve external DOF's (global), three per node.
The displacement functions within the quadrilateral
membrane may be represented by two second-degree
polynomials. In addition to the twelve external DOF's
three internal DOF may be chosen to define the two
polynomials. The three internal DOF's are associated
with the displacements at the center of the
quadrilateral. The local coordinate system for a mem
brane element is shown in figure F-l1. The local coor
dinate axis xl coincides with the line joining the
nodes I and J. The x2 axis is normal to the xl axis
and lies in the plane of the element, which may lie
in any direction. If the plane of the element coincides
with the global XY-plane, the element stiffness
matrix is of order 8 x 8; otherwise it is of order
12 x 12. The element loads may consist of gravity,
inertia and temperature loadings. The stress com
ponents are computed at the center of the element and
are referenced to the global coordinate system.

8-14

e. Axisymmetric solid element. The axisymmetric
solid elements are useful in representing an elastic
body symmetrical about one of the coordinate axes.
The quadrilateral is the basic axisymmetric element.
Triangular elements are available, but they are not
recommended for general use. As shown in figure
B-l1, the axisymmetric element consists oftwo DOF
per node point. Thus, the quadrilateral element has
a total of eight external DOF's. The displacements
within the quadrilateral axisymmetric element are
assumed to vary parabolically. In addition to the eight
external DOF's four internal DOF's are chosen to
uniquely define the two displacement functions. Two
of the four internal DOF are arbitrary and cannot be
associated with the displacements of any set of in
terior points. The element stiffness matrix for the
quadrilateral is of order 8 x 8 and is obtained by the
"static condensation" technique applied to a 12 x 12
matrix. The element must be axisymmetrical about
the global Z-axis and the Y direction is considered
radial. Thus, the local x2 x3-plane always coincides
with the global YZ-plane (fig. B-12). The element
loads consist of temperature, surface pressure, and in
ertia (in Z direction only) loadings. Stresses are com
puted at the center of the element and refer to the
global coordinate system.
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J----------------------;---I~X

GLOBAL COORD I NATES /

U.S. Army Corps of Engineers

Figure B-ll. Plane Stress and Plane Strain Element

U.S. Army Corps of Engineers

Figure B-12. Axisymmetric Solid Element
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f Three-dimensional solid element. The three
dimensional solid element is an eight-node hexa
hedral element shown in figure B-13 with three
translational DOF's per node point. The displacement
functions within the element are represented by three
complete second-order polynomials by arbitrarily
choosing nine internal DOF's. As in the case of the
axisymmetric element, the internal DOF's are not
associated with the displacements of any set of in
terior points. The final 24 x 24 element stiffness
matrix is obtained from a 33 x 33 stiffness matrix
by eliminating the nine internal DOF's by the "static
condensation" technique. In representing an elastic
continuum by the solid elements, the mesh should be
selected to give regular elements (cubes or rec
tangular prisms) as far as possible, since regular
elements generally produce superior results as com
pared to skewed elements. The local coordinate
system is a natural system for the element in which

the element maps into a unit cube. Element loading
consists of temperature, surface pressure, and iner
tia loading in three directions. Static stresses (six com
ponents) are computed at the center of the element
and at the center of each face. For the dynamic case,
stresses only at the center of the element are com
puted. All stresses refer to the global coordinate
system.

g. Plate and shell element. The plate and shell ele
ment is useful in modeling a thin shell or plate type
of structure in which in-plane and out-of-plane forces
and moments act upon the structure. A general
quadrilateral element (24 DOF's) and a flat triangular
element (18 DOF's) with six DOF per node are used.
The triangle should be used only for refining and/or
completing certain mesh layouts. Anisotropic
material properties may be defined for the stiffness
computation. Lateral pressure, temperature loading,
and gravity loading are typical element loads. The

y

'''----_=-v)-_..... u2

/ x,
LOCAL"
COORDINATES

8-16

>--------------7""""i.x
GLOBAL COORDTNATES

z
u.s. Army Corps of Engineers

Figure 8-13. Three-Dimensional Solid Element



local coordinate system for a quadrilateral shell ele
ment (1,2,3,4) is shown in figure B-14 and is defined
as follows:

x specified by I-J, where I and J are midpoints of sides
1,4 and 2,3.

z normal to x and to the line joining midpoints K and
L.

y normal to x and z to complete the right-handed
system.

This system is used to express all physical and
kinematic shell properties (stresses, strains, and
material law), except that the body force density
(gravity, etc.) is referred to the global coordinate
system (X, Y, Z). The final element stiffness matrix

TM-5-858-3

for the quadrilateral is of order 24 x 24 and is ob
tained from a 42 x 42 matrix by eliminating the in
ternal DOF by the "static condensation" technique.
For the purpose of computing the element stiffness
matrix, a quadrilateral is divided into four triangles.
Each of these constituent triangles consists of a mem
brane element and an overlaid bending element. Each
membrane triangle is the constrained linear strain
triangle with a total of ten DOF's. Each bending
triangle is a linear curvature compatible triangle
with a total of 14 DOF's (Clough-Felippa, 1968). When
the four constituent triangles are assembled together,
a quadrilateral element with a total of 42 DOF's, 24
external and 18 internal. The internal DOF's are then
eliminated by the "static condensation" procedure to
result in the final element stiffness matrix. For static

r

2

z

LOCAL/
COORDINATES

x

J-----------------------,....... X

z

GLOBAL COORDINATES

u.s. Army Corps of Engineers

Figure B-14. Shell and Plate Element
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or dynamic cases, stresses (three components) are
computed at the center of the element. All stresses
and moments are referred to the local coordinate
system. The three stresses or moment components are
expressed as force or moment values per unit length
of the plate.

k. Boundary spring element. The boundary element
is a one-dimensional spring element that can be used
to impose displacement boundary conditions, to con
strain displacements at the nodes in any arbitrary
direction, and to compute support reactions. If the
stiffness of this element is not provided as input, a
large stiffness spring is assumed. This element is also
useful in constraining the normal degrees of freedom
in a plane stress or plane strain problem in which the
plane region is not parallel to any of the coordinate
planes. Axial force and moment about the axis of the
element are computed.

i. Boundary dashpot. This is a one-dimensional
damping element and is available only in conjunction
with the linear or nonlinear dynamic analysis by
direct integration method. The element can be used
to provide structural damping and to provide a quiet
boundary (i.e., a nonreflecting boundary). One end of
this damping element is connected to a node; the other
end is assumed to be fixed. The direction of the ele
ment must be in one of the three global coordinate
axes. Thus, there can be a maximum of three damp
ing elements connected to a joint. The damping pro
vided by this element is linear and is proportional to
the velocity in the direction of the element.

j. Nonlinear elements. Nonlinear elements may be
combined with all types of linear elements to model
a complex structure with the nonlinear behavior pres
ent in certain of its members. The nonlinear element
connects to any two nodes. The stress in the element
(spring) is a function of the relative displacement of
the two nodes, whereas the damping force is a func
tion of the relative velocity of the two nodes. For a
translational spring the axis of the element is defined
by a vector from the first node to the second. A rota
tional spring connects any two rotational components
of the two joints. The material properties of the
nonlinear elements are arbitrary and must be sup
plied by the engineer, according to the data that are
appropriate for the application. The necessary input
consists of the coordinates of as many points as re
quired for defining the loading and unloading
modulus. Outside the limits of the specified points,
the curve is linearly extrapolated. Some examples are
shown for a one-dimensional nonlinear spring
element.

(1) General Nonlinear Elastic Element. Loading
and unloading are on the same curve. The spring may
be gapped with different compression and tension
gaps as shown in figure B-15a.
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(2) Nonlinear Loading-Linear Elastic Unloading
Elements. Loading is on a general nonlinear curve
but unloading is linear elastic with the specified
unloading modulus. Permanent plastic deformations
can develop and accumulate. This spring type is
shown in figure B-15b.

(3) Nonlinear One-Way Spring with Linear
Elastic Unloading. Loading is on a general nonlinear
curve but unloading is linear elastic with the specified
unloading modulus. The element is effective only in
tension or compression. The spring may be gapped.
Permanent plastic deformations can develop but can
not accumulate. This type of spring, as shown in
figure B-16a, is useful for representing cables and
other one-way members.

(4) Plastic-Hysteretic Element. This element, as
shown in figure B-16b, can be used to model an
elastic-perfectly-plastic hinge or an elastic-plastic
hinge with strain hardening. The element is also
useful in representing certain soil models.

8-6. Example problem solution
To illustrate the finite element method, the example
shown in figure B-17a is selected. The cantilever
beam carries a point load P at center. The beam is
idealized into two beam elements as shown in figure
B-17b. The global coordinate system is chosen to coin
cide with the beam axis so that the global and local
axes coincide for each element. Therefore, the element
stiffness matrices do not require any transformation.
Neglecting axial deformations, we assign two DOF
(rotation and transverse displacement) to each joint.
The displacements (including rotations) are denoted
by Ui' while the forces are denoted by Pi' Since the
transverse displacements at joints 1 and 3 and the
rotation at joint 3 are constrained, there are only 3
unknown displacements (U2, U3, and U4). The stiff
ness matrix for elements 1 and 2 can be obtained from
the general expression given by equation B-31 after
deleting the rows and columns corresponding to axial,
torsional, and out-of-plane bending DOF. The element
stiffness matrices for the two elements are given by
Przemieniecki (1968):

1 2 3 4 ~DOF

[2 6e -12 61l I

[kh EI 6e 4e2 -6e 2e2 2

e3 -12 -6e 12 -6e 3
6e 2e2 -6e 4£2. 4

(B-50)

3 4 5 6 -- DOF

[2 6e -12 61r I

[k]2
EI 6e 4e2 -6e 2e2 4
- -12 -6e 12 -6e 5e3

6e 2e2 -6e 4e2 6



P, M

(a) General nonlinear elastic element

P, M

(b) Nonlinear loading--linear elastic unloading element

u.s. Army Corps of Engineers

Figure B-15. Sample Nonlinear Elements
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P, H

(a) Nonlinear one-way--linear elastic unloading element

P, H

/
/

I
/

/

(b) Plastic--hysteretic element

U.S. Army Corps of Engineers

Figure 8-16. Additional Sample Nonlinear Elements
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The load vector consists of external loads Pz, Pa, and
P4 corresponding to U2, Ua. and U4. It is seen that
Pz = P4 = 0 and Pa = -P. Therefore, the force
displacement relation for the whole structure becomes

o

-p

o
(B-53)

(B-54)

-3 11--
2£ 2

o 1 £
5

o 32£2 0 0 1
5

o 15 0

o

1 0 0 4£2 0 0

from which we can solve for Ui's as

Having computed the unknown displacements Uz.
Ua, and U4, the forces PI' ps•and P6 can be computed
using [kh and [klz. Thus

EI -3 1 0- -
£3 2£

1 £
1- -

2 5

PI 5 P/16
Ps 11 P/16
P6 -3 P£/S

(B-51)

(B-52)

+- DOF,4

2£2J 2o 3
8£2 4

3

-6£
24
o

2

EI [4£2- -6£
£a 2£2

[K]

The global stiffness matrix [K] is formed by adding
the appropriate rows and columns in [kh and [k]2' It
should be noted here that [K] is of order 3 x 3 cor
responding to the three unknowns U2, U3, and U4.

Thus

EI[4£2 -6£
- -6£ 24
£3 2£2 0

Using the Choleski matrix decomposition technique,
the above equations can be written as

The solution for the example problem is illustrated
in figure B-17c.
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(c) Results
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Figure B-17. Cantilever Example
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APPENDIX C

COMPUTER SOFTWARE FOR FINITE ELEMENT ANALYSIS

c- 1. The engineer may select from many software
programs available for direct application to the
analysis of structure/medium interaction or structure
response calculations. A compilation of most of the
available software is given in this appendix (table
C-l). Continuous updating of software makes such
a compilation rapidly out of date. The engineer should
check with the source of the software for the latest
version.

C-2. Program characteristics, range of application,
element library, and other features of the software
are summarized. (Classification of software
characteristics and data on some of the software were
supplied by Information Systems Design, Inc., Santa
Clara, California.) Originators of the software pro
grams are listed in table C-2.

C-l
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Table C-l. Computer Software for Finite Element Analysis

I Program Name I

jjiJj,j;jjj/lJiiY· ~ Q. ~. <2f ~ c;
Item ~~ft~f/$'>:I'>:cf'>:.j~~t;~!JI;;

General s·tructures • • • • • • • • • • • •
Structural members • • • • • • • • • • • •

Finite Thick shells • • • • • •
clement Thin shells • •Program • • • • • • • • • •
Applications Ship structures • • • • • • • • • • •

Building and civil engineering • • • • • • • • • • •
Piping systems • • • • • • • •
Structure/medium interaction • • • • • • • • • • • •
Linear elastostatics • • • • • • • • • • • • •

Range of Nonlinear statics • • • • • • •Application Linear dynamics • • • • • • • • • • • • •
Nonlinear dynamics • • • • • • •
Heat transfer • • • •

Small displacement • • • • • • • • • • • • •
Large displacement • • • • •

Stress Small strains • • • • • • • • • • • • •Analysis Large strains • •
Thermal Effect • • • • • • • • • • • •
Plasticity • • • • • • •

Phenomena Viscoelasticity • • • •
Stability Buck! ing • • • •
Analysis lnstabili ty • • • • • •

Modal vibrations • • • • • • • • • • •
Vibrations Nonlinear vibration • •
and Linear dynamic response • • • •Dynamic • • • • • • • • •
Response Nonlinear dynamic response • • • • •

Damping • • • • • • • • • • • • •
Optimization •
Isotropic • • • • • • • • • • • • •
Aniseuropic • • • • • • • • • • • • •

Material Linear elastic • • • • • • • • • • • • •Properties Nonlinear elastic • • • • •
Temperature-dependent • • • • • • • • •
Elastoplastic • • • • • •
Viscoelastic • • • • •
Creep • • •
Monocoque • • • • • • • • • • • • •Material Layered • • • • • •Wall • •

Construction Sandwich • • • • • • • • •
Composite Material • • • • • • •

u.s. Army Corps of Engineers
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/
I Program Name I

l't}{fI,j~j"lJt!/"':> ~ ""'!.;!t;'"' c:;,pCJ:Q, ~~.§~"'~
Item $' ~1~ik ~ c:; c:r. 4- t7 ~~~

Axisymmetric variation only • • • • • • • •
General variation • • • • • • • • • • • • •

Loading Static • • • • • • • • • • • • •
Function of time • • • • • • • • • • • • •
Deformation-dependent • • • • • • • • •
Contact • • • • •
Point loads • • • • • • • • • • • • •
Line loads • • • • • • • • • • • •

Types of Surface loads • • • • • • • • • • • • •Loads Volume loads • • • • • • • • • •
Initial stress/strain • • • • • • • •
Thermal • • • • • • • • • • •
Centrifugal • • • • • • • •
Rod; bar; truss • • • • • • • • • • • •
Beam • • • • • • • • • • •
Plane membrane • • • • • • • • • • • •

Element Membrane in space • • • • • • • •
Library Plate • • • • • • • • • • •

Shell • • • • • • • • • •
Three-dimensional continuum • • • • • • • • • • • •
Axisymmetric • • • • • • • • • •
Crack--tip • • I •

lsoparametric • • • • • • • • • •
Formulation Displacement • • • • • • • • • • • • •

Random arrangement of nodes • • • • • • •
Automatic renumbering of nodes • • • • • • •
Substructuring possible • • • • •

Assembled Substructure iteration--different loadsStructure • • • • •
Modification w/o complete recalculation • • •
Joining of elements with different DOFs • • • • • • • • • • •
Local system of axes • • • • • • • • • • • • •
Prescribed displacement possible • • • • • • • • • • • • •

u.s. Army Corps of Engineers
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Table C-1. (Concluded)

/
I Program Name 1

jj~~{jjj"IiJj'" Q, ,§~~",,,,:
Item ~~! ~~~"':##",fl",$ clt;:t.tAJ)i

Axisynunetric • • • • • • • • •
General • • • • • • • • • • • • •

Support At boundaries only • • • • • • • • • • • • •Condition
At internal points • • • • • • • • • • • • •
Elastic foundation • • • • • • • • • •
Contact • • • • •
Friction • • • •

General Restart capability • • • • • • • • • • • • •
Software Possib·i Ii ty for selective output • • • • • • • • • • •Information

Free format input • • • •
Automatic mesh generation • • • • • • • • • • •

Data Automatic coordinate generation • • • • • • • • • • •Preparation
Automatic loading generation • • • • • • • • •
Plot routines • • • • • • • • • •
Interactive graphics • • •
Numeric results • • • • • • • • • • • •

Output Graphical • • • • • • • • • • •
Interactive postprocessor •

Diagnostics Minimal •
Extensive • • • • • • • • • • •
Data preparation manual • • • • • • • • • • •

Documen- Programmer's manual • • • • • • • •
tation Theory--Mathematical formula • • • • • • • • • •

Comparative sample problem solution • • • • • • • • • • •
IBM • • • • • • •
CDC • • • • • • • • • • • •

Operational Univac • • • • • • • • • • •
GE • •
Other • • • •

Program Fully operational • • • • • • • • • • •
Status Being developed • •

u.s. Army Corps of Engineers
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Table C-2. Originators of Computer Programs

Program Name

ADINA

ANSYS*

MARC

NASTRAN

NISA

NON SAP

SAGA

SAP*

SPAR

STARDYNE

STRUDL*

TRANAL

TRISAC

Originator

U.S. Bureau of Mines!
Massachusetts Institute of Technology (MIT)

Swanson Analysis Systems, Inc.

Marc Analysis Research Corp.

NASA!The HacNeal-Schwendler Corp.
(updates by Universal Analytics, Inc.)

Engineering Mechanics Research Corp.

University of California, Berkelev (UCB)

Agba~ian Associates

University of California, Berkeley (UCB)

Engineering Information Systems, Inc. (EISI)

Mechanics Research, Inc. (MRI)

Massachusetts Institute of Technology (MIT)

Weidlinger Associates

Agbabian Associates

Maintained By

Prof. Bathe, MIT

Swanson Analysis Systems, Inc.

Marc Analysis Research Corp.

NASTRAN!MSC version is by the
MacHeal-Schwendler, Corp.
NASTRAN!COSMIC version is by
Universal Analytics, Inc.

EngIneering MechanIcs Research Corp.

None

Agbabian Associates

University of Southern California

Engineering Information Systems, Inc.

Mechanics Research, Inc.

STRUDL!UNIVAC by the Univac Corp.
STRUDL!IBM by Multisystems, Inc. and
McDonnel Douglas Automation Co. (MCAUTO)

Weidllnger Associates

Agbabian Associates

*These programs are recommended for use by the Corps of Engineers as the programs are maintained
and easily available to the Corps.

u.s. Army Corps of Engineers
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Aboveground Facility:

Absorbent Boundary:

Artificial Reflection:

Availability:

Backpacked Liner:

Backpacking:

Balanced Load:

Balanced Moment:

Bedding Constant:

Breakdown Stress:

,/

CEP:

Closed Form:

Coefficient of Variation (COV):

Compression Mode Loading:

Deep Beams:

Deep-buried Facilities:

Deflection Mode Loading:

TM-S-8S6-3

APPENDIX D
GLOSSARY

Facility in which all or a portion of the structure pro
jects above the ground surface.

An artificial boundary in the continuum representing
the soil or rock surrounding a structure where
reflections of propagating waves are canceled by an
energy absorbing device such as a dashpot.

The reflection of energy from a finite element model
boundary acting as an artificial free surface.

The probability of a structure being in a functional
state at the start of attack at any point in time.

Liner separated from the rock by a layer of relatively
deformable material.

The placement of an energy absorbent material be
tween a structure and surrounding medium.

Axial load capacity at simultaneous assumed
ultimate strain of concrete and yielding of tension
steel (balanced conditions).

Moment capacity at simultaneous assumed ultimate
strain of concrete and yielding of tension steel
(balanced conditions).

A function of the compaction of soil beneath a horizon
tally placed cylindrical structure, its value used in
determining the flattening (horizontal deflection)
of the structure under load.

A shear stress limit in soils above which the shear
ing resistance increases as a result of grain
crushing.

Circular probable error of weapon strike-distance, i.e.,
the radius of the circle, centered at the aim point,
within which half the weapons of a statistically
large number of weapons would strike.

Mathematical solutions that do not need numerical
approximations. Numerical methods may be used
to obtain solutions from "closed form" formulations.

The rates of the variance to the mean value of a
parameter.

A loading distribution on a curved member such as
an arch or a dome that causes uniform compression
in the member.

Flexural members of small length-to-depth ratio
where shear deformations are of the same order as
bending moment deformations.

Facility buried deeply enough in the earth so that the
prime-mission materiel/personnel will physically
survive when weapons of the anticipated threat are
delivered with great accuracy and detonated
overhead.

An antisymmetricalloading of a curved member such
as an arch or a dome that causes a flexural deflec
tion, usually with a point of inflection at the crown.

D-1
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Design Reliability:

Deterministic Design:

DIF:
Discrete Interactors:

Downdrag Forces:

Drag Coefficients:

Ductility Ratio:

Dynamic Design Factors:

Dynamic Increase Factor (DIF):

Dynamic Pressure:

ELF:
EMP:

Endurance:

Energy-Absorption Capacity:

Failure Probability:

Fiber-Reinforced Concrete:

Flush Facility:

Free-Field Overpressure:

Hardened Structures:

0-2

The probability of a structure surviving a given level
of weapon effects considering all the uncertainties
in material properties, loading, analysis and con
struction procedures.

A design procedure that does not consider the ran
domness associated with loads, material properties,
structural behavior, and construction tolerances, or
the probabilities that are associated with the occur
rence of various loads or their possible
combinations.

Dynamic increase factors.
Springs and dashpots discretely placed along the

structure/medium interface to represent the stiff
ness and energy absorbing or radiating
characteristics of the medium.

The shear force between a structure and surrounding
medium due to the greater compressibility of the
medium under weapon effect loading.

A factor relating to shape, texture, and orientation
of a surface in a dynamic air stream to the atten
dant air drag force on the surface.

The ratio of the total deflection to the maxium elastic
deflection for a material.

A factor of design equivalence given as a multiplier
of a static response parameter to produce the cor
responding dynamic response.

The ratio of the dynamic to the static load capacity
of a structural member.

The dynamic air pressure associated with the air blast
from a weapon detonation.

Extremely low frequency.
Electromagnetic pulse, associated primarily with the
- high intensity radiation and conduction fields in-

duced by nuclear explosions, can produce extremely
high currents in conducting elements or disrupting
or destroying electronic components.

Combined transattack and postattack time frames in
which the facility must fulfill its functions.

The amount of energy that a structure can absorb dur
ing weapon-effect loading without collapse or
failure of the structure.

The probability of a structure failing to survive a
given level of weapon-effect loading considering all
the uncertainties in material properties, loading,
analysis and construction procedures.

Concrete containing high-strength fibers randomly
oriented in the aggregate material.

Facility countersunk in the ground so that the struc
ture roof is level with the ground surface.

The change in the static air pressure at a receiver
location caused by the air blast from a weapon
detonation.

Structures that have been designed to survive a given
level of weapon effects and remain functional.



Hardness:

HRSD:
Hysteresis Loop:

Hysteretic Cycles:

Integral Liner:
Lacing:

Mach Number:

Material Failure (rock):

Mechanical Failure (rock):

Partially Buried Facility:

Plastic Design:

Plastic Hinges:

PMMP:
Postattack:
Probabilistic Design:

Prolate Spheroid:

Protective Facilities-Subsystems:

Rebonding:

Rebound:

Reflected Pressure:

TM-5-858-3

The degree to which a structure survives an attack,
usually expressed in terms of the level of airblast
overpressure corresponding to the weapon effects
that a structure can withstand and remain
functional.

Hard Rock Silo Development
The area between the loading and unloading curves

on a stress/strain diagram for a material, usually
signifying the occurrence of plastic deformation of
the material in question.

Sequential loading and unloading cycles where each
deflection causes plastic deformation of the
material in question.

Liner placed directly against the rock.
Diagonal reinforcing steel provided to carry shear

loads in reinforced concrete structures.
The ratio of a shock wave velocity to the velocity of

sound in the ambient air.
Occurs when the in situ yield strength of the intact

rock with the interaction zone is exceeded and when
mechanical failure is precluded.

Characterized by relative movement along
macroscopic planes of weakness lying within the
interaction zone.

Facility beneath a soil cover deep enough to defeat
radiation and ejecta/debris impact, but shallower
than one structure diameter.

A design method for continuous steel structural
elements that defines the ultimate load as a func
tion of the strength of steel in the plastic range.

A yielded zone in a flexural element where the mo
ment resisting capacity is attained based on
elastoplastic behavior of the material.

Prime-mission materiel/personnel.
The time frame beginning after the last burst.
Consideration of the uncertainties in material proper-

ties, loading, analysis and construction procedure,S
during the design of a structure, relating safety and
serviceability criteria to a rationally defined risk
level.

Formed by the rotation of an ellipse about its major
axis.

Facilities subsystems that protect the prime mission,
materiel/personnel and other facility subsystems
from the weapons effects. '

The ability of a concrete section that has cracked
under tensile forces to resist transient compressive
stresses as a result of the closing ofthe crack under
cyclic load reversals.

The movement or load of a structure caused by the
release of strain energy during unloading.

The increase in the static air pressure at a structure
surface caused by the interception of an air shock
wave with the structure.
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Response Spectrum:

Service Life:

Shallow Buried:

Shear Walls:

SDOF:
Threshold of Collapse:
Transattack:

Uncertainty:

Yield Stress:

0-4

The peak response of single-degree-of-freedom
systems (SDOF) to dynamic inputs, usually plotted
as peak response absolute accelerations, pseudo
velocities, and relative displacements as functions
of the frequency of the SDOF. Also referred to as
shock spectrum.

The minimum period during which a structure re
mains functional without requiring major
rehabilitation.

A structure covered with at least one structure
diameter of soil, but not deep enough to withstand
a direct overhead weapon burst.

Structural walls whose load resistance is determined
by deformation due to shear as well as bending
moment.

Single-degree-of-freedom
Limit of structural usefulness.
The time frame between the first burst (or button-up)

and the last burst.
The amount (estimated) by which the predicted value

for a parameter may vary from the observed or true
value.

The average stress during yielding in the plastic
range. For structural steel the strain corresponding
to this stress usually is 0.005 in.lin. and for concrete
this value is usually taken as 0.002 in.lin.
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